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A B

• Bipartite Graph
• |A| = |B|
• Preferences

1,4,2,5,3

2,1,5,4,3

2,1,3,5,4

4,1,3,5,2

5,2,3,1,4

3,5,2,4,1

5,3,4,1,2

2,1,5,4,3

4,2,1,3,5

5,3,2,4,1

Requirements for stable matchings



A perfect matching is not 
stable if vertices a, b, a’ and 
b’ such that:
• There is an edge ab but a 

prefers b’
and
• There is an edge a’b’ but b’ 

prefers a

A B

…, a, …, a’, …

…, b’, …, b, …

b’

ba

a’

Definition of a stable matching
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Gale-Shapley Algorithm
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1. Applicants apply for
favorite job.

Gale-Shapley Algorithm
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1. Applicants apply for
favorite job.

2. Preferred applicants are
hired temporarily, rest
rejected.

Gale-Shapley Algorithm
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1. Applicants apply for
favorite job.

2. Preferred applicants are
hired temporarily, rest
rejected.

3. Applicants that aren’t hired
temporarily apply for next
choice. 

Gale-Shapley Algorithm
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1. Applicants apply for
favorite job.

2. Preferred applicants are
hired temporarily, rest
rejected.

3. Applicants that aren’t hired
temporarily apply for next
choice. 

4. Repeat 2 and 3 until
everyone is hired.
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4. Repeat 2 and 3 until
everyone is hired.
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1. Applicants apply for
favorite job.
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hired temporarily, rest
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1. Applicants apply for
favorite job.

2. Preferred applicants are
hired temporarily, rest
rejected.

3. Applicants that aren’t hired
temporarily apply for next
choice. 

4. Repeat 2 and 3 until
everyone is hired.
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1. Applicants apply for
favorite job.

2. Preferred applicants are
hired temporarily, rest
rejected.

3. Applicants that aren’t hired
temporarily apply for next
choice. 

4. Repeat 2 and 3 until
everyone is hired.

5. All applicants are hired
permanently.

Gale-Shapley Algorithm



A B

…, b, … ba

Proof that it produces a perfect matching

Assume the opposite is true:
• If the process is over a must have

applied to b.
• From that point on b has to have a 

temporarily hired applicant.
• Contradiction



A B

…, a, …, a’, …

…, b’, …, b, …

b’

ba

a’

Proof of stability

Assume the opposite is true:
• a must have applied to b’ before

applying to b.
• Either a was rejected directly or

temporarily hired and then rejected. In 
both cases, b’ must have found a vetex
x that he prefers to a.

• If x is not a’ then b’ even prefers a’ to
x. 

• Contradiction because it would imply
that b’ prefers a’ to a.



1,4,3,2

3,4,1,2
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Does the algorithm produce the best matching?

Gale-Shapley matching
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Does the algorithm produce the best matching?

Gale-Shapley matching
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Does the algorithm produce the best matching?
The vertex gives the edge 4 points because
it’s connecting it to its favorite vertex

Gale-Shapley matching

The vertex gives the edge 1 point because
it’s connecting it to its least favorite vertex
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Does the algorithm produce the best matching?
The vertex gives the edge 4 points because
it’s connecting it to its favorite vertex

Points in total

Gale-Shapley matching

The vertex gives the edge 1 point because
it’s connecting it to its least favorite vertex
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Does the algorithm produce the best matching?
The vertex gives the edge 4 points because
it’s connecting it to its favorite vertex

Gale-Shapley matching
Gale-Shapley with
switched roles

The vertex gives the edge 1 point because
it’s connecting it to its least favorite vertex

Points in total
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Does the algorithm produce the best matching?
The vertex gives the edge 4 points because
it’s connecting it to its favorite vertex

Gale-Shapley matching
Gale-Shapley with
switched roles

The vertex gives the edge 1 point because
it’s connecting it to its least favorite vertex

Points in total
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Gale-Shapley matching

Gale-Shapley with
switched roles

Does running it from both sides produce
the best matching?
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24

20

Gale-Shapley matching

Gale-Shapley with
switched roles

Different matching

Does running it from both sides produce
the best matching?
























