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Determinants

2 X 2 matrices:

3 X 3 matrices:

a b c
det |d e f| =aei+bfg+ cdh—afh—bdi— ceg
g h 1
n X m matrices:
det (4) = [sgn(a) I1 Aw(‘)]
oc€Sh i=1
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Motivation

Linear systems.

Calculus.

o

o

o Control theory.
@ Engineering models.
o

Code generation.

We are interested in matrices with polynomial entries.
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Minor Expansion

Naive calculation requires ©(n!n) polynomial multiplications.

a b ¢ d afkp —aflo— agjp + agln + ahjo — ahkn
qet | € fg h|_— bekp + belo + bgip — bglm — bhio + bhkm

i 7 k1 + cejp — celn — cfip + cflm + chin — chjm

m n o p —dejo + dekn + dfio — df km — dgin + dgjm
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Minor Expansion

Naive calculation requires ©(n!n) polynomial multiplications.

a(f(kp —lo) — g(jp — In) + h(jo — kn))
_ —ble(kp —lo) — g(ip — Im) + h(io — km))
 +ele(Gp —In) — f(ip — Im) + h(in — jm))
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3 =0 9
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n
Minor expansion requires Zz( ) € ©(2"n) polynomial multiplications.
i

1=2
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Gaussian Elimination
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Gaussian Elimination

a b c
e

= det e—ga f—%b g— ,¢

o

det

e o
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Algorithms

Gaussian Elimination

a b ¢
det|€¢ [ g
AN = 4,

(k)
(Ic—i—l)_ (k) Az’,k
Ai,j _Ai,j o A(k)
kk
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Gaussian Elimination

a b c a b c
det [e [ g =det| O f—-gb g—¢c
AD = 4, AW =4, A =1,
(k) (k) 4 (k) (k) 4 (k)
PIGE R ON Ak A®) Ak+D) Aif A — Aig Ak,j
1,3 2 A(k) k,j 1,3 A(k—l)
kk k—1,k—1
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Gaussian Elimination

a b ¢ a
det|€¢ [ g = det 0
AN = 4,

(k)
NGO Az’,k A®) AU
iwj o iy k) kg Wi
kk

AV =4, Al =1,

k) A (k k) ,(k
A AL~ A A

k—1
A0

n
Fraction-free Gaussian elimination requires Z 0(i%) € ©(n*) polynomial

multiplications and divisions. i=1
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Algorithms

Comparison

Preservation of “simple” polynomials (e.g., those with few terms):

@ Minor expansion: Entries are preserved.

@ Gaussian elimination: Entries made more complicated each step.
Consider an n X n matrix with entries of the form > 7, a;z;:

¢ rati cost of ME
cost ratlio = ————————
cost of FFGE
N
N
AN
§
g
N
A
&@@““\(‘{&«L
ES ~
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Row Permutation

Let p, ¢ and r be polynomials with a, b and ¢ terms, respectively, with no
variables in common.
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Row Permutation

Let p, ¢ and r be polynomials with a, b and ¢ terms, respectively, with no
variables in common.

@ (pq)r requires ab + abc integer multiplications.
e (pr)q requires ac + abc integer multiplications.
@ (gr)p requires bc + abc integer multiplications.
We want to defer multiplying by polynomials with many terms.

@ Absolute value of determinant is invariant under row swaps.
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Experiment Setup

Random polynomial matrices:
e 9x9.
@ 5 variables.

@ For various values of p: an entry is 0 with probability p and has
between one and four terms otherwise. (Any number is equally likely.)

@ Each term is constant or linear in each variable.
Sort rows 7 in ascending order based on these scores:

e Control, no sorting.

o Number of nonzero entries in a row, Y., (r; # 0).
o Total number of terms in a row, > | nterms(r;).
°

Product of one more than number of terms for each entry of a row,
[T~ (nterms(r;) + 1).
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Data

Sorting methods:

—— Number of non-zeros

—— Sum of nterms(r;)

I —— Product of (nterms(r;) + 1)

erage calculation time ratio

Vi
I
T

8"A
/

0.0 \ Probabm matrix entry 1.0
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Further Questions

Define “complexity” of matrix entries:
o Number of terms.
@ Variables present.
o Context of a row.
Investigate specific types of matrices:
@ Bézout matrices.
Do more experiments!
@ Vary other criteria.
o Different algorithms and variations.
@ Crossover points between algorithms.

@ Machine learning.
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