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ABSTRACT. Recently, several papers proving lower bounds for the performance of the Sum Of
Squares Hierarchy on the planted clique problem have been published. A crucial part of all four
papers is probabilistically bounding the norms of certain “locally random” matrices. In these
matrices, the entries are not completely independent of each other, but rather depend upon a few
edges of the input graph. In this paper, we study the norms of these locally random matrices.
We start by bounding the norms of simple locally random matrices, whose entries depend on a
bipartite graph H and a random graph G; we then generalize this result by bounding the norms
of complex locally random matrices, matrices based off of a much more general graph H and a
random graph G. For both cases, we prove almost-tight probabilistic bounds on the asymptotic

behavior of the norms of these matrices.



1. INTRODUCTION

Recently, several papers proving lower bounds for the performance of the Sum Of Squares
Hierarchy on the planted clique problem have been published [12,17,22,27]. These papers utilize
many different techniques in order to prove these results; however, a crucial part of all four papers
is probabilistically bounding the norms of certain “locally random” matrices. In these matrices,
the entries are not completely independent of each other, but rather depend upon a few edges
of the input graph. In this paper, we study the norms of these locally random matrices. To the

best of our knowledge, these matrices have not previously been studied in random matrix theory.

1.1. Background and Motivation.

An important problem in the field of algorithm design is the planted clique problem, introduced
by Jerrum [18] and Kucera [20]. Let G(n,p) denote the Erdés-Rényi model for random graphs
on n labeled vertices, where each edge between any two vertices of the graph is included with
probability p. Then, in the planted clique problem, we are given a graph G = G(n,1/2,k),
created by first choosing a random graph from G(n,1/2) and then placing a clique of size k
randomly in the graph for k£ > log(n). The goal of the problem is then to recover the clique for
as small a k as possible given G. Though the problem was proposed over 20 years ago, the current
best polynomial time algorithms can only solve the planted clique problem for k = ©(y/n) [2].
Though a near-linear algorithm was developed for this value of k in [11], the issue of solving the
problem for smaller values of k has received significant attention.

The planted clique problem has also received attention due to its applications in several other
fields of mathematics. It has been used to explain the difficulty of sparse principal component
detection in [10], and its level of difficulty has led to proposals to base cyrpto systems on variants
of it in [3]. In addition, the planted clique problem has been utilized to show that evaluation of
certain financial derivatives is hard in [4], and it has also been used to show that testing k-wise
independence is hard near the information theoretic limit in [1]. The planted clique problem
also has applications outside of just mathematics; it is closely related to the problem of finding
large communities of people in social networks, and is studied in molecular biology with respect
to signal finding, a process dedicated to finding patterns in DNA sequences, in [26]. Due to the
versatility and the significance of the planted clique problem, understanding its difficulty with
respect to algorithmic design is an important open problem.

A potential technique for solving the planted clique problem is the Sum Of Squares Hierar-
chy. The Sum Of Squares Hierarchy, or the SOS Hierarchy, is a generalization of semi-definite



programming, a common and powerful tool for obtaining approximate solutions to combinato-
rial optimization problems. As with other hierarchies, the SOS hierarchy works by presenting
progressively stronger convex relaxations for combinatorial optimization problems parametrized
by the number of rounds r. The SOS hierarchy is known to be very powerful. In particular,
it is known that the Hierarchy captures the Goemmans-Williamson algorithm for max-cut [13]
and the Arora, Rao, Vazirani algorithm for sparsest cut [6], and [9] and [16] have shown that
the SOS hierarchy captures the sub-exponential algorithm for unique games of [5]. Despite this
knowledge, we do not have a good understanding of the performance of the SOS Hierarchy for
most problems. Most known lower bounds have their origins in [14, 15], though some of these
bounds were later independently rediscovered in [28]. Bettering the understanding the power
and the limitations of the SOS hierarchy is a major area of study in complexity theory, as doing

so would give great insight into the powers and limitations of general computation.

1.2. Outline.
Given a bipartite graph H with partite sets of size v and v and a random graph G, one can
create an (n+'u), X (nﬁ—'v), locally random matrix R whose entries are solely dependent upon the

presence of particular edges in G (see Definition 2 for an exact definition). We first bound the
norm of this matrix when our bipartite graph H is just K5, or the complete graph on two vertices;
while this case has been extensively studied, such as in [7], we investigate it in order to gain
intuition for the following sections. We then move on to the general case of any bipartite graph
H. We bound the norm of R in terms of u, v, ¢, and n, where ¢ is the size of a minimum vertex
cover of H. Finally, we study an even broader case, in which the matrix whose norm we attempt
to bound is based on a much more general input graph H. We utilize the same techniques as
before-namely, the trace method and certain theorems from graph theory—to calculate an upper
bound for this norm. We conclude by analyzing some of the ways in which the work in this paper
can be applied to prove specific cases in already-existing literature, such as in [17,22,27], as well

as suggesting future directions.

2. DEFINITIONS AND PRELIMINARIES

This paper utilizes several terms specific to matrix theory and graph theory, most of which
follow their standard definitions. We recall the following standard linear algebra definitions.
Given a matrix M, we refer to the element in the i* row and the j column of M by the term
M (i, j). In addition, given an m x n matrix M, the spectral norm of M induced by the Euclidean

2 norm is defined to be ||M]| = HmHaX ||Mwvl||, where v is an n-dimensional vector. We also define
v||=1



the trace of an n x n matrix M to be equal to tr(M) = Z M (i,i). Finally, we define the
eigenvalues of an n x n matrix M to be the n values \; such that there exists an n-dimensional
vector v with Mv = \v.

Because we are studying the norm of certain matrices, it is logical to develop a method to
analyze these norms. Throughout this paper, we utilize what is known as the trace method to

bound these norms.
Proposition 2.1. Given a matriz A, X/tr((AAT)k) > ||A]].

Proof. Note that if Aj, Mg, ..., \, are the n eigenvalues of a matrix M, then tr(M*) = A} + \k +
-+ A However, if Ay (M) is the largest eigenvalue of a matrix M, then ||A|| = /Amax(AAT).

Therefore,

R/tr((AAT)R) > R/ Apax (AAT)E > || A][.

3. BOUNDING THE NORM OF A SINGULAR LOCALLY RANDOM MATRIX

Consider a random graph G = G(n, %) with vertices labeled from 1 to n. We then define a

singular locally random matrix as follows:

Definition 1. Given a labeled random graph (V(G), E(G)) = G = G(n, 1) with |V| = n, create

an n X n matrix R, known as the singular locally random matrix, with the following entries:

Note that the singular locally random matrix is closely related to the adjacency matrix of a
graph; in fact, it is the additive inverse of the Seidel adjacency matrix.

Note that for all 1 < 4,5 < n, E[R(i,7)] = 0, as any edge (i,j) has probability 3 of being
included in G. In addition, note that R is symmetric, so R = R”.

This type of matrix and its norm have been studied extensively already. In particular, Wigner
showed in 1958 in [30] that the norm of such a matrix was O(y/n); in fact, this norm was shown
to be very close to 2y/n with high probability. Nonetheless, we still consider this example in our

report as it helps us gain intuition and better approach the following problems.



In order to find a probabilistic bound for ||R||, we bound E[ X/tr((RRT)¥)]. Notice that

tr((RR")*) = tr(R?) = Z H R(i, z'jﬂ))

i1,82,...,d25 €[1,1]
where igp11 = 41 and [1,n] = {1,2,...,n}. This result is a simple application of matrix multipli-

cation. Therefore,

E[tr((RRT)*)] = E[tr(R*)] = E

Z (12‘13(@‘”#1))] _ Z E{f{lR(ij,ijﬂ)}

il,ig,...,igke[l,n] Jj= ’i1,’i2,...,i2k€[l,’n]
by linearity of expectation. Now, note that because E[R(7,j)] = 0, the vast majority of the

2k
terms E[ IT R(i;, z'j+1)} are (; in fact, the only time the expected value is non-zero is when each
j=1

consecutive pair of i’s is distinct and when each R(7,j) term appears an even number of times,

in which case the expected value will be 1. Therefore, we can calculate the number of choices

2%k
for iy, 19, ..., 1i9; that yield a non-zero value for E[ 1T R(;, z'jH)] and use that number to bound
j=1
2%k
E[tr((RRT)*)]. We can think of the sum E[ [T R(i;,i;41)] graphically as a sum over length 2k

j=1
cycles in the vertex set [1,n]. We use what is known as a constraint graph to represent this

cycle. In this case, the constraint graph consists of 2k vertices, each labeled from 4, to 79;; vertex
i; is connected to vertex i, for all 1 < j < 2k to represent the term R(i;,%;41), and a bold edge

is drawn between i, and 7 to signify that i, = .

Rli, 17)\
(i)

R(is, i)
FIGURE 1. An example of a constraint graph where k = 4, i, = i3, iy = g, and iy = ig.

Note that in a scenario where j of 2k variables are equal, we only draw 7 — 1 constraint
edges to represent that equality, rather than (;) This is because each constraint edge essentially
represents a restriction; the extra constraint edges do not add to these restrictions, so they are

not included.



2k
Proposition 3.1. In order for E[ [T Ry, ij+1)} to have a non-zero value, there must be at least
j=1

k — 1 constraint edges in the respective constraint graph; in addition, this bound is sharp.

Proof. We prove the first statement by induction on k. When k£ = 1, the statement is vacuously

true; E[ ]2_k[ R(ij,ij41)] = E[R(i1,42)?], which has a non-zero value regardless of constraint edges.
Now, Ja:slsume that the statement is true for £ = r, and consider & = r + 1. Assume

E[ 1%[1 R(ij, in)] # 0, and consider the constraint graph. If each vertex is adjacent to at least
j=

one constraint edge, then because each constraint edge is adjacent to two vertices, there are at
least @ = r 4+ 1 constraint edges, and we are done. Therefore, we only need to consider the
case where there exists a vertex that is not adjacent to any constraint edges. Call this vertex ;.

Then, note that the statement i;_; = ¢;4; must be true; if it was not, then the values R(i;_1, ;)

and R(ij,4;41) have no corresponding equal terms, which means E| 12_k[ R(ij,1;41)] = 0. But if
ij_1 =141, then R(i;_1,%;) = R(i;,1;41), meaning that we no longer ilgled to consider the vertex
t; and its adjacent edges. Therefore, we can treat the vertices ¢;_; and 7;;; as the same vertex,
as they are equal, meaning that we have essentially reduced the constraint graph to one on 2r
vertices. Then, by our Induction Hypothesis, this constraint graph requires at least r — 1 con-
straint edges to create a nonzero expected value, which means that our total constraint graph
requires at least r constraint edges, completing the proof.

In order to prove the sharpness of the bound, simply consider the case where i; = i;49_; for

all 2 < j < k. Then, R(i;,4;+1) = R(iogr1-1,t2ks0-) for all 1 <[ < k, which creates a non-zero

expected value. O
2k

Now, we utilize Proposition 3.1 to bound the maximum number of times that E[ [ R(i;,411)]
j=1

can take a non-zero value, and use that information to bound E[tr(R**)].

Proposition 3.2. Given a constraint graph on b vertices such that at least ¢ constraint edges
are required to create a non-zero expectation value, where each vertex has n possible values, let N
represent the number of choices for the b vertices such that the expectation value of the product

is non-zero. Then, N < (g)nb_c(b —c)¢ < b¥*nbe.

Proof. Treat the set of vertices as an ordered set S = {dy,ds, ..., dp}.
Because there must be at least ¢ constraint edges, there must be at least ¢ elements of S that
are duplicates of other elements, so we can choose a set I C Sj, of ¢ indices such that for all

j € I, there exists m ¢ I such that d; = d,,,. There are (g) choices for I. We can then choose



the elements {d; | j ¢ I}. Each element has at most n possible values so there are at most n’°

choices for these elements. Finally, we choose the elements {d; | j € I}. To determine each d; it
is enough to specify the m ¢ I such that d; = d,,,. Each such d; has b — ¢ choices, so there are
at most (b — ¢)¢ choices for these elements. Therefore, N < (lc’) nb=¢(b — c)°.

Now, note that (i) < b4, as (i) = (bf’cl)!c! < (bflc)! < b As (b — ¢)° < b° this completes the
proof. ([l

Corollary 3.3. Let N represent the number of choices for the variables (iy,1s,. .., i9) such that

2k
E[ [T R(ij,ij41)] #0. Then, N < (2k)*~2pk+t,
j=1

Proof. Apply Proposition 3.2. Note that b = 2k and ¢ = k — 1 by Proposition 3.1. This implies
the desired result.
OJ

Corollary 3.4. E[tr(R*)] < (2k)*2nk+1,

2k
Proof. Recall E[tr(R?*)] = E R(i;,7;41)|. By Corollary 3.3, the number of
AR
7j=1

i1,i2,...,i2K €[1,n]
2%
choices for (i1, 4, . . ., i) that yield a non-zero value for E[ [T R(i;,i;41)] is at most (2k)2F2n**1;

7=1
2%

in addition, IE[ IT R(;, z'j+1)] < 1 for all choices of (i1, i, .. .,i2). These two observations com-
j=1

plete the proof. B O

Now, note that for any matrix R, tr(R*) must take on a nonnegative value. Then, by Markov’s

inequality and Proposition 3.4,

Eftr(R?*)]

€

Pltr(R?) > | < e = P[tr(R*) > (2k)2 2041 /] < e,

This leads us to our main theorem for singular locally random matrices:
Theorem 3.5. Given a random graph G = G(n, %) and R its singular locally random matriz,
for all e € (0,1),
Pl[|R|| = ev/n(log(n/e) +2)] < e.

Proof. Note that ||R|| < X/tr((RRT)*) = X/tr(R?*) for all positive integer k. In addition,
Pltr(R*) > (2k)*2nf ! /] < e = P[R/tr(R?*) > X/(2k)%*2nk+1/e] < e




But %/(2k)%*-2nkt1/e < %/ (2k)2knkt1 /e = 2k\/n(n/e)V/*. Setting k = [log(n/€)/2], we see
that %/(2k)2k—2nk+1/e < ey/n(log(n/e) + 2).
Therefore, P[ X/tr(R*) > ey/n(log(n/e)+2)] <e. As||R|| < X/tr(R?*), the claim follows. O

The important part of Theorem 3.5 is noticing that ||R|| is O(y/nlog(n)). Though it is known
that ||R|| is O(y/n), the methods utilized in this section can be modified to yield similar results

in the following sections.

4. BOUNDING THE NORM OF A SIMPLE LocALLY RANDOM MATRIX

In this section, we generalize the technique utilized in the previous section to create a bound

for all matrices of a certain form.

Definition 2. Consider a bipartite graph H with partite sets X = {z1,2s,...,2)x|} and Y =
{y1,y2,...,yv}. Then, given a graph (V(G), E(G)) = G = G(n,3) with |V| = n, create a

n!
(n—[X])!

ordered sets of |X| distinct numbers from 1 to n, and columns indexed by ordered sets of |Y|

X (n—TYI)! matrix R, known as a simple locally random matrix, with rows indexed by

distinct numbers from 1 to n. Then, if A = {a1, as, ..., a)x|} and B = {b1, b, ..., by}, the entry
of R indexed by A and B is defined as

0 ANB#0
(—1)FPAB ANB =10

R(A, B) =

where E(A, B) is the number of pairs (7, j) such that edge (x;,y;) exists in H but edge (a;,b;)

does not exist in G.

Note that the singular locally random matrix is obtained when H is just K5. In addition, note
that E[R(A, B)] = 0 for randomly chosen A, B. Say |X| = u and |Y| = v. Now, in order to find
a probabilistic bound for ||R||, we instead bound the norm of a closely related matrix.

Let m = u + v, and set Vi, V5, ..., V,, to be a partition of {1,2,...,n} into m disjoint sets.
Note that the total number of choices for the sets V' is m", as each element of {1,2,...,n} can

belong to one of m possible partition sets. We can then define a matrix closely related to R:

Definition 3. Given A = {ay,as,...,a,} and B = {by,by,...,b,} subsets of {1,2,... n}, let

v..(A, B) be a (nf—'u), X (n’i—'v), matrix in which Ry, v, (A, B) = R(A, B) if a; € V; for all

,,,,,

.....



Denote Ry, v, as R'. We bound [|R'|| by bounding E[ %/tr((R'R'")*)] and then use this
information to bound ||R||. Consider the bipartite graph H. Define S, ,, to be the set of all sets

of u distinct numbers chosen from 1 to n and define S, , similarly. Then, notice

Eltr(RRT)*)] =E

k
> ( [ 7 (Asj—1, Boj) R (B, A2j+1))]

A17A3 ----- A2k—1esn,u j:].
BQ,B4,...,BQ}C€Sn7v

— Z E

A1,A3,.., Aok _1E€Snu
B2,B4,...,Bap€Sn v

k
[T B/ (Asj 1, Boj) R (Ba, Asj1a)

J=1

by linearity of expectation. Denote ﬁ R/(Ag;j_1, Ba;)R™(Baj, Agji1) as P(Ay, ..., By). Simi-
larly to the previous case, because E[Fg'_(jél, B)] = 0, the vast majority of the terms E[P(Aj, ..., Ba)]
are 0; the only time the expected value can be non-zero is when each consecutive pair of A’s and
B’s is disjoint and every edge of G involved in the product appears an even number of times. In
this case, the expected value will be at most 1. So, we can calculate the number of choices for
Ay, By, ..., Ag_1, By that yield a non-zero value for E[P(Ay, ..., By)| and use that number to
bound E[tr((R' RT)*)]. In order to represent E[P(Aj, ..., Bo)], we use another constraint graph.
This constraint graph is similar to the one in Proposition 3.1. In this constraint graph, there
are k(u+wv) vertices sorted into 2k sets. These vertices are labeled A1 = {ay.1,a21,...,au1}, Bs =
{b1.2,b22, ..., bya}, As = {a13,a23, ..., aus}, ..., Bar, = {b1ok, b2k - - -, by }. Two vertices a,,
and b,.; are adjacent in the constraint graph if and only if |¢ — s| = 1 and =, and y, are adjacent

in H, where ap = apop+1-

Figure 2a: H. @

Figure 2b: An example of the constraint graph for

the given example of H, where k = 2.



Now, in order to bound the number of choices for Ay, By, ..., Aor_1, Boy that yield a non-zero
expectation value, we can introduce the constraint edges again. However, note that due to the
definition of R, constraint edges can only exist between vertices of the constraint graph that are
created by the same vertex of H, as it is impossible for two vertices that are not created by the
same vertex of H to be equal, as they correspond to different disjoint sets V;, and the value of

the variable must be in its respective set.

Lemma 4.1. In order for E[P(Ay,..., Bo)] to have a non-zero value, there must be at least
q(k — 1) constraint edges in the respective constraint graph, where q is the size of a minimal

vertex cover of H; in addition, this bound is sharp.

Proof. In order to prove this proposition, we first show that the given bound is an upper bound
then show that it is sharp by Konig’s Theorem [19].

First, note that in order for E[P(A,..., Bo)] to have a non-zero value, every edge in the
constraint graph must have an equal counterpart by virtue of the constraint edges; this ensures
that any edge that appears in the product appears an even number of times, creating a non-zero
expected value.

It is easy to see that at most ¢(k — 1) constraint edges are required; namely, if V' is a minimal
vertex cover of H, then if z; € V, set a;1 = a;3 = -+ = a;01-1, and if y; € V', set bj.0 = bjy =
-++ = bj.or. Each such set of equalities corresponds to & — 1 constraint edges, meaning that there
are q(k — 1) constraint edges total. In addition, every edge in the constraint graph will have an
equal counterpart by this method. If (x;,y;) € H, at least one of x; and y; is in V' by definition;
without loss of generality y; € V. Then, this implies that for the edges in the constraint graph of
the form (a;.1,0j2), (bj.2, @i3), (a3, b54), - - -, (bjiok, ai1), each edge (@;2m—1,b;2m—2) has the equal
counterpart (a;2m—1,bjam) for 1 <m <k, as bj 2,—2 = bj 2. Therefore, because each edge in the
constraint graph is created by some edge in H, and all the edges in the constraint graph created
by a certain edge in H are matched with an equal edge, this implies that this set of constraint
edges is enough to create a non-zero expected value.

Now, we must show at least g(k — 1) constraint edges are required. Because H is a bipartite
graph, we can apply Konig’s Theorem, which states that there exists a matching of size ¢ in H.
Consider the ¢ disjoint cycles of length 2k in the constraint graph that are created by the ¢ edges
in the matching of H. Because R’ is defined so that constraint edges can only exist between
vertices ap,, and ap, or between b,.s and b,.y, as two vertices not of this form do not belong to
the same set V;, any constraint edge created can affect at most 1 of the ¢ cycles, due to the fact

that all the cycles are disjoint and thus are impossible to link with a constraint edge. Therefore,



each cycle requires at least k — 1 constraint edges by Proposition 3.1, implying that the ¢ cycles
require at least ¢(k — 1) constraint edges total, completing the proof.
OJ

Corollary 4.2. Let N represent the number of choices for the sets Ay, Bs, ..., Agi_1, Boy such
that E[P(Ay, ..., By,)] #0. Then, N < ((u + v)k)2*-Daplutv-aktae

Proof. Apply Proposition 3.2. In this situation, b = k(u + v) and ¢ = ¢(k — 1). This implies the
desired result.

O

Corollary 4.3. E[tr((R'R™)*)] < ((u + v)k)?*k-Daputv=ak+a,

k
HR/(AQj—la By )R (Baj, Agj11) | . Then,

Jj=1

Proof. Recall that E[tr((R'R™)*)] = Z E

Aq,A3,... Ao _1E€Sy
B2,Ba4,...Bop €Sn,m

by Proposition 4.2, the number of choices for Ay, Bs, ... As,_1, Boi, that yield a non-zero value
k

[T R/(Asj1, Boj) R (Baj, Agi1)

j=1

k
[T B/ (Asj 1, Boj) R (Ba, Asj11)
j=1

for E is at most ((u 4 v)k)2F—Naplutv=ak+a. in addition,

E

< 1. These two observations complete the proof. 0

Now, note that for any graph G on n vertices, tr((R'R'")*) must take on a nonnegative value.

Then, by Markov’s inequality and Corollary 4.3,

E[tr((R'RT)")]

€

Pltr((R'RT)F) > | < e = P[tr((R'RT)*) > ((u+ v)k)>F-Daplutv-okte /o < ¢

This allows us to bound the norm of our special matrix.

Proposition 4.4. Given a random graph G = G(n, %), R its simple locally random matriz
created by a bipartite graph H with partite sets of size u and v and minimal vertex cover of size
q, and R’ the matriz created by partitioning the row and column elements of R, then if ¢ > 1

and n > e?,

PR > e ™5 ((u+ v) log(n'/))"] < e
Proof. Note that ||R'|] < %/tr((R'R'T)*) for all positive integer k. In addition,

Pltr((R'R™T)*) > ((u 4 v)k)?k-Daplutv=okte o) < ¢ —

10



%/t ((RRT)E zf/ ((u + v)k)2k—Dap(urv-ok+a /e] < e,

v

But %/ ((u+ v)k)2EDanltv=ak+a /e < ((u+ v)k)in "7 " (nd/e) /2",
Setting k = [5log(n?/e)] we find that ((u+v)k) 2" (n/e)V/2k < etn 5 ((utv) log(n?/e))4.

Therefore, P 2%/Gr{(RRT)) 2 en™ 5 (u + v) log(n/e))7] < . As [|R| < %/a((WRT)),

the claim follows. O

We can now use our bounds for ||R'|| to bound ||R|| through the following lemma.

Lemma 4.5. Let M be a matriz and B,p be positive numbers such that

(1) M = %ZVU“? - My, ... v, for some matrices {My, ...y, } where N is the number of
possible Vi, -+, V,,
(2) For each choice of Vi, , Vi, for all x € [5, N], P(||My,,... v,,|| > Bx) < &5

then P(||M|| > B) < p.
Proof. The result follows from the following proposition.

Proposition 4.6. For all j € [0,1g N|, the probability that there are more than 22]% matrices
My,.... v,

m

such that || My, ... v,,|| > 2771 B is at most .

Proof. We prove this by contradiction. If the probability that there are more than 22]% ma-

trices My, ... v,, such that ||[My, .. v, || > 2/7'B is greater than 3£+ then the probability that

m

[[My,... v, || > 2/7'B must be greater than zF=. Plugging in « = 27!, this gives a contradic-

tion. O

Using this proposition, with probability at least 1 — ZUg d 5771, for all integers j such that
such that ||[My, ... v,.|| > 27! B. When
this occurs, for all integers j such that 0 < j < [lg N| — 1, there are at most 22]% matrices
My, ... v, such that 277'B < [|My, .. v,,|| < 2/B. Moreover, there are no matrices such that
HMVl V.|l > 2U8NI=1B. This implies that with probability at least 1 — Y150 s |[M]] <

Ly Ztlg N 222152 < B, as needed. Since 1 — ZUgnJ 5771 > 1 — p, the result follows. O

0 <j <lgN, there are at most 22]% matrices My, ... v,

m

Proposition 4.7. Set M = R and My,
utv—gq

p € (0,1), let B = (u+v)"™ein" 2 ((u+ v)log(8n9/p))?. Then, conditions (1) and (2) of
Lemma /.5 holds true for these values of M, B, and p.

v.., where ¢ > 1 and n > e3. For all

..........

Proof. We must show both (1) and (2).

11



v,, because given a non-zero term M (A, B), R'(A, B) has

.....

Note that M = %>, | My,

probability = u+v of equaling M (A, B) among all possible Vi, Vs, ..., V,,; therefore, as My, v, =

_____ Vins part (1) of the Lemma holds.

Now, we must show (2); that P[||My,, .v,.|| > Bz] = P[||R|| > Cz] < 555 [

where C' = B/(u + v)*". If we let f(z) = etn 5 ((u + v)log(64n%23/p))?, P[||R!|| > f(z)] <
) =10

by Proposition 4.4. Define g(x) = @ Note that 111(1)1+g(x) = —o0, and lim g(z
z—>

T—00

for all €

.....

64x3

. . 3q 3q
However, in the domain x > 0, ¢/(x) has only one zero; at * = {/ 2. Asn >e® v = ¢/ L <

64nd — ’ 64n4
YE<ifh-i<1
Therefore, for © > 3, g(z) is decreasing. But we know that P[||R'|| > f(z)] = P[||R/|| >

>
2g(z)] < g&5. Therefore, as C' = g(1/2), for all z € [3, N], P[||R'|| > Cz] < P[||R'|| > zg(z)] <
0

5103 as desired.

Note that ((u + v)log(8n?/p))? = (u + v)?(log(8n?/p))?, and e? < 3“Tv*T4  Therefore, B =
(u 4 v)"etn T (u + v) log(8n?/p))? < (3u + 3v)"+n "2 1og?(8n?/p). We use this bound
to simplify the constants involved in the bound in our main theorem.

Now that we know our particular values of M, B, and p satisfy the conditions of Lemma

4.5, we apply the aforementioned lemma, leading us to our main theorem about simple locally

random matrices:

Theorem 4.8. Given a random graph G = G(n, %) and R its simple locally random matriz
created by a bipartite graph H with partite sets of size u and v and minimal vertex cover of size

q, if q>1andn > €3, for all e € (0,1),

P{||R| > (3u + 3v)"+" 9"~ (log(8n7/p))] <

In addition to an upper bound, our previous work allows us to calculate a simple lower bound
for E[||R]|].

Theorem 4.9. Given a random graph G = G(n, %) and R its simple locally random matrix

created by a bipartite graph H with partite sets of size u and v and minimal vertex cover of size

iRl > (2 1)

Proof. The statement follows from the fact that ||R|| > ||R'|| for all R’, as R’ is a matrix created

q,

u+v—q
2

by filling certain rows and columns of R with 0’s. In addition, because we know Proposition 4.1

12



is sharp, there exists a constraint graph with ¢(k — 1) constraint edges that yields a non-zero
expectation. Then we can pick Vi, Vs, ..., V,, with V; = {L%j + 1, [%j +2,... L%j}

so that tr((R'R7T)*) is at least (2 — 1)lwtwk—alk=l)  Ag klim Yitr((RRT)s) = ||R'||, and
—00

. 2% . 2k [ T (wto)k—g(b=1) n B .
lim J/tr((R'R7T)k) > lim — -1 =|—-1 , the claim follows.
m

k—o00 k—o00 m

O

Similarly to the singular locally random matrix case, the constant factors are not extremely
relevant; it is more important to consider the asymptotic behavior of ||R|| for large values of
n. Therefore, the important part of Theorem 4.8 is noticing that ||R|| is O(n"z " log?(n)). In
addition, Theorem 4.9 tells us that E[||R]|] is Q(nw), giving us relatively close upper and

lower bounds for ||R]|.

5. BOUNDING THE NORM OF A COMPLEX LOCALLY RANDOM MATRIX

In this section, we consider norms of matrices that are defined using a much more complex
graph for H. We utilize the same technique used in the past two sections to bound the norm of
all matrices of this form. We first begin with a definition that allows us to rigorously define the

type of matrices we are dealing with.

Definition 4. Given a graph (V(H), E(H)) = H and a random labeled graph (V(G), E(G)) =
G(n,1/2), let S be the set of all injective functions ¢ from V(H) to V(G). In addition, given a
function ¢ € S, we then extend ¢ to be a function from F(H) to possible edges of G by setting
&(h1, ha) = (¢(h1), @(ha)), where hy, hy € V(H). Finally, we then define ¢(E(H)) to be the set
of all possible edges in F(G) that are mapped to from H by ¢, and ¢(E(H)) \ E(G) to be the
set of possible edges in GG that are mapped to by ¢ but do not exist in G.

Now that we have defined such a function ¢, we can define our complex locally random matrices.

Definition 5. Consider a graph (V(H), E(H)) = H with two disjoint subsets of V(H) X =
{@1,29,...2x)} and Y = {y1,y2,...yv|} such that no edges of H exist within X or within Y.
Then, given a random graph (V(G), E(G)) = G(n,1/2), let M be the ( nl_ x (n—TT!YI)! complex

n—|X|)!

locally random matrix created by G and H, where the rows of M are indexed by ordered subsets
of {1,2,...,n} of size | X| and the columns of M are indexed by ordered subsets of {1,2,...,n}
of size |Y|, with the entry of M indexed by the row A = {a;,as,...,a/x|} and the column
B = {b1,bs,...,byy|} being

13



Z(_1)|¢(E(H))\E(G)|
¢
where the sum ranges over all injective functions ¢ from V(H) to V(G) such that ¢(x;) = a; for

all 1 <7< |X|and ¢(y;) =0b;forall 1 <j <|Y].

This type of matrix is much more complicated than simple locally random matrices; for simple
locally random matrices, X UY = V(H). However, we can still apply the previous techniques
with some modification in order to bound the norms of these matrices.

Denote Z = V(H) \ X \Y = {21,2,...,2z}, and say |X| = u, |Y]| = v, and |Z| = w
for convenience. Now, in order to find a bound for ||M]||, we instead consider a closely related
matrix.

Let m = |V(H)| = u+ v+ w, and set V}, V5, ..., V,, to be a partition of {1,2,...,n} into
m disjoint sets. In addition, let 6 to be a bijective function from V(H) to [1,m]|. Now, define

My,

...V, i the following manner:

Definition 6. Given our matrix M and V;, Vs, ..., V,, a partition of {1,2,...,n} into m disjoint
sets, then My, v, is a (n%'u), X (n%'v), matrix with the rows indexed by ordered subsets of

{1,2,...,n} of size u and the columns indexed by ordered subsets of {1,2,...,n} of size v, with

the entry of My, v, indexed by the row {ay,as,...,a,} and the column {by, by, ..., b,} being

.....

Z<_1)|¢’(E(H))\E(G)\
&
where this time the sum only ranges over injective functions ¢’ from V(H) to V(G) such that
¢'(x;) = a; forall 1 <i <, ¢'(y;) =b; forall 1 < j <w, and ¢'(hy) € Vi) for all hy € H.
Note that in particular, this means that if there exists some i for which a; ¢ Vj(,) or there

exists some j for which b; ¢ Vj(,.), then the entry is 0.

Denote My, v, as M’ for convenience’s sake. We can then define the entries of M’ in a

-----

different method using the following definition and proposition.

Definition 7. Given three sets A = {aq,as,...,a,}, B ={b1,ba,...,b,},and C = {¢1,¢9, ..., ¢u},
with each element of the sets in [1, n], then define Q(A, C, B) = (—1)1¢'(FINE(G) where the func-

tion ¢’ is the unique injective function, if it exists, from V' (H) to V(G) satisfying ¢'(x;) = a; for

all 1 < i<, ¢(y;) =bjforall 1 <j <o, ¢(2) =cpforal l <k < w, and ¢'(hy) € Vyay)

for all hy € H. Note that if no such function ¢ exists, then Q(A,C, B) = 0. Finally, define

QT(B,C,A) = Q(A,C, B).

14



Utilizing this definition, we can find another way of calculating M’(A, B). Substituting the ¢’
in Definition 6 with Q(A, C, B), we can derive the following proposition.

Proposition 5.1. Given an altered complex locally random matriz M’, then the entry of M’

indexed by the row A = {ay,as,...,a,} and the column B = {by, by, ..., b,} is

E Q(A,C, B).
1<c1<n
1<c2<n

lgc;,gn

We now bound ||M’|| and then use this information to bound ||M]|.

In order to find a probabilistic bound for ||M’]|, we bound we bound E[ %/tr((M'M'T)k)).
Define S, ,, to be the set of all ordered sets of u distinct numbers chosen from 1 to n, and define
Sp similarly. Finally, let S}, be the set of all ordered sets of w numbers chosen from 1 to n,

allowing repetition. Then, notice that

E[tr((M'M™)*)] = > E| ] M'(Ayj-s, By 1) M (By; 1, Asji1)

Ay, As,. Agg—3€ESn,w LJ=1
B3,B7,...,B4j,—1E€Sn,v

T
— E E HQ(A4j_3,C4j—27B4j—1)Q (B4j—1704j»A4j+1)
A1,As5, Ay _3€Sn . LJj=1
B3,B7,...,B4j,—1E€Sn,v
C2,C4,...C4p€S], 4

by linearity of expectation, where A1 = A;.

Denote ﬁ Q(Ayj_3,C4j 2, Byj_1)QT (Byj_1,Cyj, Asjr1) as P(A1,Cy, ..., By—1,Cyi.). Similarly
to the sinéﬁiar matrix case, because E[Q(A, C, B)] = 0 for randomly chosen A, B, and C, the
vast majority of the terms E[P(Ay, Cy, ..., By—1, Cy)] are 0; in fact, the only time the expected
value can be non-zero is when each consecutive pair of sets of variables is disjoint and every edge

of GG involved in the product appears an even number of times, in which case the expected value is

at most 1. So, we can calculate the number of choices for Ay, Cs, ..., By._1, Cy that yield a non-
zero value for E[P(Ay,Cs, ..., By_1,Cy)] and use that number to bound E[tr((M'M'T)*)]. In
order to represent E[P(A;,Cy, ..., Byx_1, Cyx)], we use another constraint graph. This constraint

graph is similar to the earlier one; however, it is slightly more complicated, as there is an extra

set, of vertices involved.

15



In this constraint graph, there are k(u + 2w + v) vertices sorted into 4k sets. These vertices
are labeled A; = {a1.1,a2.1,...,6u1}, Co = {C12,¢209,. .., Cua}, By = {b1.3,b23,...,by3},Cs =
{c14,C04, . Cwu}, As = {a15,a05, ..., @us}, - -, Cae = {C1ak, C24k - - -, Cwar ). Note that, in par-
ticular, the sets describing the sets of vertices are labeled A, Cs, Bs, Cy,..., and repeat this
pattern exactly k times. Two vertices a,, and b, s are adjacent if and only if |¢ — s| = 2 and z,,
and y, are adjacent in H, where ap, = apup41. Similarly, ap,, and ¢, are adjacent if and only if
|¢—o| =1 and =z, and z, are adjacent in H, and b,.; and ¢, are adjacent if and only if |s —o| =1
and b, and ¢; are adjacent in H. Finally, ¢, and ¢y, are adjacent if and only if o = o' and 2

and zp are adjacent in H.

Figure 3a: H. Figure 3b: An example of the constraint graph for

the given example of H, where k = 2.

Now, in order to bound E[tr((M’M'")*)], we must calculate the minimum number of constraint
edges required in our constraint graph to bring about a non-zero expectation value, as that will
help bound the number of choices for Ay, Cy, Bs, Cy, As, ..., By_1,Cy that yield a non-zero
expectation value for the product E[P(A,Cy, ..., Biy—1, Cu)l.

Lemma 5.2. In order for E[P(A1,Cs, ..., By_1,Cu)] to have a non-zero value, there must be
at least q(k — 1) + dk constraint edges in the respective constraint graph, where q is the mazimal
number of vertex-independent paths from X to Y in H and d is the number of vertices of C' with

positive degree; in addition, this bound is sharp.

Proof. Consider ¢ vertex-independent paths from X to Y. Create a multiset S = {s1, S2,...5,}
of size ¢ including the sizes of all the vertex-independent paths from X to Y, where the size of

a path is defined to be the number of edges in the path.
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Note that any path of size s; in H corresponds to a cycle of size 2ks; in our constraint graph;
this cycle requires ks; —1 dependencies by Proposition 3.1. Therefore, as the dependencies caused

by two different cycles are entirely disjoint due to the cycles being disjoint, the total number of
q q

dependencies required by just the ¢ vertex-independent paths is Z(ksl —1) = kz(z Si) — q.

i=1 i=1
Consider the vertices in Z of positive degree but not in the ¢ paths. Of the d vertices with

positive degree in Z, because each pair of paths is disjoint and a path of length s; corresponds to
q

q
exactly s;—1 vertices in C, exactly Z(Sl -1) = (Z s;) —q vertices of C are included in paths, so

i=1 i=1
q

there are d— ((Z s;)—q) vertices of Z with positive degree not included in the paths. Each of the
i=1
vertices in Z of positive degree is adjacent to some edge in H, and that edge is repeated 2k times
in the constraint graph; therefore, as each edge of G that appears in the constraint graph must
appear an even number of times in the constraint graph, any particular vertex of positive degree
can, in all of its appearances in the constraint graph, only take on at most k& values. However,
the particular vertex appears 2k times in the constraint graph, once in each set of vertices of
the form C}, so it must have at least k dependencies among those 2k appearances. Therefore,
q q
there are required to be a minimum of (d — ((Z si) —q))k + (k(z si)—q) =qlk—1)+dk

i=1 i=1
dependencies in the constraint graph.

In order to prove the sharpness, we utilize Menger’s Theorem [23]. First, note that the existence
of ¢ vertex-independent paths from X to Y implies that there exists ¢ vertex-independent paths
from X to Y, with first vertex in X, last vertex in Y, and all internal vertices in Z. This
statement is true becausee given these ¢ vertex-independent paths, if any of them have internal
vertices in X or Y, we can simply shorten these paths until they have only first and last vertices
in X and Y.

Now, Menger’s Theorem states that because there are a maximum of ¢ vertex-indepedent
paths from X to Y in H with all internal vertices in Z, there is a set S € V(H) with |S| = ¢
such that all paths from X to Y pass through at least one vertex of S. Consider such a set S.
Using S, we will create ¢(k — 1) 4+ dk constraint edges that yield a non-zero expectation value
for E[P(Ay,Cy, ..., Byx_1,Cy)] as follows.

For all vertices z; € X such that x; € S, set a;;1 = a;5 = -+ = a;45—3. Note that this requires
k — 1 dependencies per vertex in S. Similarly, for all vertices y; € Y such that y; € S, set
biz = biz = -+ = biar—1. In addition, for all vertices z; € Z such that z; € 9, set ¢;0 = iy =

-++ = Cji. This requires 2k — 1 dependencies per vertex in S.
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Now, consider all vertices z; € Z such that z; ¢ S and z; has positive degree. Note that if
there existed a path from z; to X that passed through no vertices in S, there cannot exist a
path from z; to Y that passes through no vertices in S, as that would imply that there was a
path from X to Y not passing through any vertices on S. So, if there exists a path from z;
to X passing through no vertices of S, set ¢4 = ¢, Cis = Ci10, - - - Ciak = Cizo. Otherwise, set
Cis2 = Cia, Cisg = Cisg, - - -, Ciak—2 = Cizag. Lhis requires k dependencies per vertex.

Now given an edge in the constraint graph (ay,,, b..s) with |¢—s| = 2, then either x, or y, isin S
or else there would exist a path from X to Y not in S; therefore, either (a4, brgr2) = (Apg, brig—2)
or (ap;s—2, bris) = (Gpst2, brs) by the constraint edges. Similarly, given (a4, ¢t.,) With [p—o| = 1,
either ¢.y—1 = ¢pg+1, which implies (a,.q, ¢t.q—1) = (Qpyg, Ctg+1), OF 2 ¢ S and x, € S, which implies
(p20—q—2, Ct:20-q—1) = (Ap:20—g+2; Ct:20—g+1)- A similar argument applies to edges of the form
(Ct.o, by.s). For edges of the form (¢, ¢pp), it can be shown that either (cpo, crr o) = (Cto—2, Cri0—2)
oI (Cto, Ctr0) = (Ctiot2, Cor 042)-

Finally, note that for if S contains exactly j vertices in Z, then the total number of constraint
edges used in this method is (k — 1)(|S| — j) + (2k — 1)j + (k)(d — j) = q(k — 1) + dk, meaning
that the bound given is sharp.

O

Corollary 5.3. Let N represent the number of choices for Ay, Co, ..., Byx_1, Bax such that
E[P(A1,Cs, ..., Bip_1,Cu)] # 0. Then, N < ((u + v + 2w)k)#(d+0)=2ap (utvi2w—d=qk+q

Proof. Apply Proposition 3.2. In this situation, b = k(u + v + 2w) and ¢ = g(k — 1) + dk. This

implies the desired result. [l
Corollary 5.4. Eftr((M'M'T)5)] < ((u + v + 2w)k) (@02 (utvt2w-d=gktq,

Proof.

k
H Q(A4j—3, Chj—2, B4j—1)QT<B4j—17 Cyj, A4j+1)

J=1

Recall that Etr((M'M'T)F)] = > E

A1, A5, Agk—3€Sn,u
B3vB77'~~7B4kflESn,'u
02704,.‘.04]665%’1‘]

Then, by Proposition 5.3, there are at most ((u -+ v + 2w)k)?#(d+a) =24y (utv+2w=d=0)k+q chojces for
k

Ay, Cy, ... Byg_1, Cy that yield a non-zero value for E H Q(Ayj—3,Cyja, B4j_1)QT(B4j_1, Cyj, Agjs1)

)

j=1
k
in addition, E HQ<A4j—3’C4j—27 B4j_1)QT(B4j_1, O4j,A4j+1) S 1. These two observations
j=1
complete the proof. O
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Now, note that for any graph G on n vertices, tr((M’M'")*) must take on a nonnegative value.

Then, by Markov’s Inequality and Corollary 5.4,

]P)[tr((M/M/T)k) Z ((u U+ 2w)k)2k:(d+q)—2qn(u+v+2w—d—q)k+q/€] S €.

This allows us to bound the norm of our special matrix.

Proposition 5.5. Given a random graph G = G(n, %), M its complex locally random matriz
created by H, and M’ the matriz created by partitioning the row and column elements of M, then

if ¢ > 1 and n > e2(4+9),

utv+2w—d—q

P[||M'|| > X002 ((u+ v + 2w) log(n?/e))?] < e.
Proof. Note that ||[M'|| < X/tr((M'M'T)F) for all positive integer k. In addition,

P[tr((M/MIT)k) Z ((u 4o+ Qw)k:)2k(d+q)—Qqn(u+v+2w—d—q)k+q/€] S € —>

]P’[ 2k /tr((M’M/T)k) > 2<c/<<u Lo+ 2w>k)2k:(d+q)—Qqn(u+v+2w—d—q)k+q/€] <e.
But Q{C/((u T+ 2w)k.)2k(d+q)—2qn(u+v+2w—d—q)k+q/€ < ((u+v+2w)k)d+qnu+v+22wfdfq (nq/e)l/Zk'
Setting k = dfm log(n?/e)| we find that ((u+ v+ 2w)k)d+qn%m(nq/e)l/2k is at most
ut+v4+2w—d—gq
M T (4 0 o 2w) log(nf/€))0.
Therefore, P[ %/tr((M/MT)F) > 2@+ n 5= (y+v+2w) log(n?/e)) 1] < e. As || M|| <

X/tr((M'M'T)k), the claim follows.

O

Proposition 5.6. Consider when ¢ > 1 and n > 39, Set Q = M and Qvi..v,, =
77777 v... Forallp € (0,1), let B = (utv4z)utvtzedldtay ((utv+2w) log(8nd/p))4+a.

Then Conditions (1) and (2) of Lemma /.5 holds true for these values of Q, B, and p.

utv+2w—d—gq
2

Proof. We must show both (1) and (2).

.........

probability ( of equaling Q(A, B) among all possible Vi, Vs, ..., V,,; therefore, as

1
(uFvtwyrore
Qw,,..v,, = m™ My, v, part (1) of the Lemma holds.

Now, we must show (2); that P[||Qv,,..v,.|| > Bz] = P[||M']] > Cx] < &5 for all z € [§, N],
where C' = B/(u+v+w)* . If we let f(x) = e2(d+a) p M= ((u+v+2w) log(6423n?/p))*+a,

P[||M'|| > f(x)] < &5 by Proposition 5.5. Define g(z) = @ Note that lir(r)lJrg(x) = —o00, and
T—
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3/ e3(d+a)p A

lim g(x) = 0. However, in the domain x > 0, ¢’(z) has only one zero; at © = T
T—00

nZedﬂ] /e3é’i;z)ﬁ< 3/17_ / __<
Therefore, for z > 1, g(z) is decreasmg. But we know that P[||M'|| > f(x)] = P[||M'|| >
2g(x)] < ghs. Therefore, as C' = g(1/2), for all z € [3, N], P[||M'|| > Cz] < P[||M'|| > zg(x)] <

53, as desired.

O

Note that ((u + v + 2w)log(8n?/p))4t? < (u + v + 2w)" ™ (log(8n?/p))4?, and et <
32u+20+2w  Therefore, B < (3u+ 3v 4 6w)2u+20+2wn 5= (160(8p4 /p) )4+, We use this bound

to simplify the constants involved in the bound in our main theorem.

Theorem 5.7. for all e € (0,1),

utv+2w—d—q
2

P[||M]| > (3u + 3v + 6w)** 22y (log(8n1/¢))?1] < e.
In addition, our previous work allows us to calculate a simple lower bound for E[||M||].

Theorem 5.8. Given a random graph G = G(n, %) and M its complex locally random matriz
created by a graph H with partite sets of size u and v and middle set of size w, with a maximum

of q vertez-independent paths from set X to set'Y and with d middle vertices of non-zero degree,

Bl > (% - 1)

Proof. The statement follows from the fact that ||M|| > ||M’|| for all R’, as R’ is a matrix created

then if m =u + v+ w,

utv4+2w—d—gq
2

by filling certain rows and columns of M with 0’s. In addition, because we know Proposition 5.2
is sharp, there exists a constraint graph with ¢(k — 1)+ dk constraint edges that yields a non-zero
expectation. Then we can pick Vi, Va, ..., V,, with V; = {[2C0] 41 |20 1o |20} 40
that tr((M'M™)¥) is at least (& — 1)(“+”+2“’)k a(h=1)=dk = Ag Jim /(M M'TYE) = || M|, and

ol n (utv+2w)k—q(k—1)—dk n utvtdw_d-q
lim X/tr((M'M'T)%) > lim (— — 1) = (_ — 1) , the claim
m

k—o0 k—o0 m
follows.

O

u+v+2w d—q

Therefore, Theorem 5.7 tells us that ||M|| is O(n
us that E[||M][] is Q(n*™ 5=

strong upper and lower bound for ||M]].

(log(n))¥t4), and Theorem 5.8 tells

). Together, these two statements allow us to find a relatively
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6. APPLICATIONS

Norm bounds on locally random matrices have been needed in proving lower bounds for the
Sum of Squares Hierarchy for the planted clique problem several times. These bounds have
previously been handled case by case. Theorems 4.8 and 5.7 are unified theorems that give norm
bounds on all such matrices.

One example of the applications of this work is in [22]. Section 9 of this paper focuses on

bounding the norm of an (n) X (n) locally random matrix R, with entries defined as
a a

2° —1 VAW =0,{(v,w):veV,weW}C EQG)
R, (V,W) =< —1 VAW =0,{(v,w):veV,we W} ¢ E(G)
0 VAW #£0

where V' and W are subsets of [1,n] of size a. Define Ry to be the simple locally random matrix
created by a random graph G = G(n,1/2) and the bipartite graph H; then, create the matrix

R, = Z Ry, where the sum ranges over all bipartite graphs H with both partite sets of size a
H
and |E(H)| > 0. Because |E(H)| > 0, it can be shown that ||Ry|| is O(n®"z log(n)) for all H by

Theorem 4.8. Because the norm is subadditive, this would imply that ||R.|| is O(n® 2 log(n)) as
well. However, it can be shown that R/ is just an extended version of R,, in which every row and
column is repeated a! times; therefore, because R, is a submatrix of R., ||R,|| is O(n® 2 log(n)),
which is what a major part of [22] focuses on proving.

Similarly, Theorems 4.8 and 5.7 give a direct proof of probabilistic norm bounds shown in [17]

and [27], though the details are omitted for sake of space.

7. CONCLUSION AND FURTHER STUDIES

In this paper, we analyzed the norms of certain matrices that were associated with random
graphs G = G(n,1/2). We proved that the simple locally random matrix R created by such a
graph G and a bipartite graph H with partite sets of size v and v and minimal vertex cover of
size ¢ had a norm that was O(n"2 " log?(n)) with high probability and had an expected value
that was Q(nm%) More generally, we also showed that the complex locally random matrix
M associated with G and a graph H with two sets A and B of size u and v had a norm of size
O(n% (log(n))?4t4) with high probability and had expected value that was Q(n%),
where w = |H| — u — v, ¢ is the maximum number of vertex-independent paths from A to B,

and d is the number of vertices in V/(H) \ A\ B of positive degree.
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As described in the previous section, special cases of these bounds have appeared in analyzing
the performance of the Sum of Squares Hierarchy on the planted clique problem. The general
bounds presented in this paper will very likely be useful for further analysis of the Sum of
Squares’s performance on the planted clique problem, which would allow one to more accurately
calculate the power of the SOS Hierarchy and possibly determine a better algorithm for finding
planted cliques. In addition, the bounds in this paper may be useful for analyzing the performance
of the Sum of Squares Hierarchy on other problems as well.

A further research question is whether the norm bounds on these matrices can be tightened
by removing the polylog factor from the upper bounds, which would result in a much stronger
approximation for the norms of these matrices. In particular, better approximations in the trace
method and Proposition 3.2 may help lower or possibly remove this polylog factor. In addition, it

might be fruitful to consider locally random matrices with a different distribution for the entries.

8. ACKNOWLEDGEMENTS

The author thanks the Program for Research in Mathematics, Engineering, and Science
(PRIMES-USA) at MIT for supporting this research. In addition, the author thanks Aaron
Potechin, the mentor for this project, for suggesting this project and providing invaluable guid-
ance along the way. Finally, the author thanks the PRIMES-USA faculty, including Dr. Tanya

Khovanova, Dr. Pavel Etingof, and Dr. Slava Gerovitch, for making this research possible.

22



[1]

REFERENCES

Noga Alon, Alexandr Andoni, Tali Kaufman, Kevin Matulef, Ronitt Rubinfeld, and Ning Xie. Testing k-wise
and almost k-wise independence. In Proceedings of the thirty-ninth annual ACM symposium on Theory of
computing, pages 496-505. ACM, 2007.

Noga Alon, Michael Krivelevich, and Benny Sudakov. Finding a large hidden clique in a random graph.
Random Structures and Algorithms, 13(3-4):457-466, 1998.

Benny Applebaum, Boaz Barak, and Avi Wigderson. Public-key cryptography from different assumptions.
In Proceedings of the forty-second ACM symposium on Theory of computing, pages 171-180. ACM, 2010.
Sanjeev Arora, Boaz Barak, Markus Brunnermeier, and Rong Ge. Computational complexity and information
asymmetry in financial products. In ICS, pages 49-65, 2010.

Sanjeev Arora, Boaz Barak, and David Steurer. Subexponential algorithms for unique games and related
problems. In Foundations of Computer Science (FOCS), 2010 51st Annual IEEE Symposium on, pages
563-572. IEEE, 2010.

Sanjeev Arora, Satish Rao, and Umesh Vazirani. Expander flows, geometric embeddings and graph parti-
tioning. Journal of the ACM (JACM), 56(2):5, 2009.

Z Bai and YQ Yin. Limit of the smallest eigenvalue of a large dimensional sample covariance matrix. 1993.
Boaz Barak, Fernando GSL Brandao, Aram W Harrow, Jonathan Kelner, David Steurer, and Yuan Zhou.
Hypercontractivity, sum-of-squares proofs, and their applications. In Proceedings of the forty-fourth annual
ACM symposium on Theory of computing, pages 307-326. ACM, 2012.

Boaz Barak, Prasad Raghavendra, and David Steurer. Rounding semidefinite programming hierarchies via
global correlation. In Foundations of Computer Science (FOCS), 2011 IEEE 52nd Annual Symposium on,
pages 472-481. IEEE, 2011.

Quentin Berthet and Philippe Rigollet. Complexity theoretic lower bounds for sparse principal component
detection. In Conference on Learning Theory, pages 1046-1066, 2013.

Yael Dekel, Ori Gurel-Gurevich, and Yuval Peres. Finding hidden cliques in linear time with high probability.
Combinatorics, Probability and Computing, 23(01):29-49, 2014.

Yash Deshpande and Andrea Montanari. Improved sum-of-squares lower bounds for hidden clique and hidden
submatrix problems. CoRR, abs/1502.06590, 2015.

Michel X Goemans and David P Williamson. Improved approximation algorithms for maximum cut and
satisfiability problems using semidefinite programming. Journal of the ACM (JACM), 42(6):1115-1145, 1995.
Dima Grigoriev. Complexity of positivstellensatz proofs for the knapsack. Computational Complexity,
10(2):139-154, 2001.

Dima Grigoriev. Linear lower bound on degrees of positivstellensatz calculus proofs for the parity. Theoretical
Computer Science, 259(1):613-622, 2001.

Venkatesan Guruswami and Ali Kemal Sinop. Lasserre hierarchy, higher eigenvalues, and approximation
schemes for graph partitioning and quadratic integer programming with psd objectives. In Foundations of

Computer Science (FOCS), 2011 IEEE 52nd Annual Symposium on, pages 482-491. IEEE, 2011.

23



[26]

[27]

[28]

[29]

[30]

[31]

Samuel B. Hopkins, Pravesh K. Kothari, and Aaron Potechin. Sos and planted clique: Tight analysis of
MPW moments at all degrees and an optimal lower bound at degree four. CoRR, abs/1507.05230, 2015.
Mark Jerrum. Large cliques elude the metropolis process. Random Structures €& Algorithms, 3(4):347-359,
1992.

Denés Konig. Grafok és matrixok. matematikai és fizikai lapok, 38: 116-119, 1931.

Ludék Kucera. Expected complexity of graph partitioning problems. Discrete Applied Mathematics,
57(2):193-212, 1995.

Jean B Lasserre. Global optimization with polynomials and the problem of moments. SIAM Journal on
Optimization, 11(3):796-817, 2001.

R. Meka, A. Potechin, and A. Wigderson. Sum-of-squares lower bounds for planted clique. ArXiv e-prints,
March 2015.

Karl Menger. Zur allgemeinen kurventheorie. Fundamenta Mathematicae, 10(1):96-115, 1927.

Yurii Nesterov. Squared functional systems and optimization problems. In High performance optimization,
pages 405—440. Springer, 2000.

Pablo A Parrilo. Structured semidefinite programs and semialgebraic geometry methods in robustness and
optimization. PhD thesis, Citeseer, 2000.

Pavel A Pevzner, Sing-Hoi Sze, et al. Combinatorial approaches to finding subtle signals in dna sequences.
In ISMB, volume 8, pages 269278, 2000.

Prasad Raghavendra and Tselil Schramm. Tight lower bounds for planted clique in the degree-4 SOS program.
CoRR, abs/1507.05136, 2015.

Grant Schoenebeck. Linear level lasserre lower bounds for certain k-csps. In Foundations of Computer Science,
2008. FOCS’08. IEEFE }9th Annual IEEE Symposium on, pages 593-602. IEEE, 2008.

NZ Shor. Class of global minimum bounds of polynomial functions. Cybernetics and Systems Analysis,
23(6):731-734, 1987.

Eugene P Wigner. On the distribution of the roots of certain symmetric matrices. Annals of Mathematics,
pages 325-327, 1958.

Eugene P Wigner. Characteristic vectors of bordered matrices with infinite dimensions ii. In The Collected

Works of Eugene Paul Wigner, pages 541-545. Springer, 1993.

24



	Dhruv Medarametla
	1. Introduction
	1.1. Background and Motivation
	1.2. Outline

	2. Definitions and Preliminaries
	3. Bounding the Norm of a Singular Locally Random Matrix
	4. Bounding the Norm of a Simple Locally Random Matrix
	5. Bounding the Norm of a Complex Locally Random Matrix
	6. Applications
	7. Conclusion and Further Studies
	8. Acknowledgements
	References

