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Abstract

Each orientable surface with nonempty boundary can be associated with a planar model,
whose edges can then be labeled with letters that read out a surface word. Then, the curve
word of a free homotopy class of closed curves on a surface is the minimal sequence of edges of
the planar model through which a curve in the class passes. The length of a class of curves is
defined to be the number of letters in its curve word.

We fix a surface and its corresponding planar model. Fix a free homotopy class of curves w
on the surface. For another class of curves ¢, let i(w, ¢) be the minimal number of intersections
of curves in w and c¢. In this paper, we show that the mean of the distribution of i(w, c), for
random curve ¢ of length n, grows proportionally with n and appraoches p(w) - n for a constant
w(w). We also give an algorithm to compute p(w) and have written a program that calculates
p(w) for any curve w on any surface. In addition, we prove that i(w, c) approahces a Gaussian

distribution as n — oo by viewing the generation of a random curve as a Markov Chain.



1 Introduction

The study of closed curves up to deformation on surfaces is related to many other studies, including
the structure of a Lie Algebra [1], periodic geodesics in non-Euclidean geometries [2], and the
pattern of continued fractions, which are generalized by curves on the triple punctured sphere [3].
Deformation classes of curves also have applications in the statistics of primes [4], which relate to
famous open problems in number theory such as the Twin Prime Conjecture. A property of curves
that is fundamental to these related studies is a curve’s geometric intersections. In this paper, we
study the distribution of the minimal number of intersections of curves in two free homotopy classes
of curves.

Surfaces and curves can be associated with words, or sequences of letters, in the following man-
ner: On any orientable surface S with nonempty boundary, consider a maximal set of disjoint arcs
with their endpoints on the boundary, such that removing these arcs does not render S discon-
nected. Both sides of each arc are associated with a distinct letter x and Z. Then to any free
homotopy class of curves on S, we assign a curve word, defined by the shortest ordered sequence
of the letters of edges of the arcs that a curve in the class enters. The length of a class of curves is
the number of letters in its curve word.

Properties of curve words that imply intersections have been of interest for many years. In
1984, Joan S. Birman and Caroline Series [5] discovered a combinatorial algorithm that determines
whether a curve is simple, or does not intersect itself, from its curve word. In 1987, Marshall Cohen
and Martin Lustig [6] created an algorithm to count the number of intersections between two curves
from their curve words. In 2004, Moira Chas |7] proved a bijection between intersections and linked
pairs, which are broadly, pairs of words whose corresponding arcs must intersect.

One type of intersections is the self intersection, which is the minimal number of times a curve
in a class geometrically intersects itself. Denote by C), the set of all classes of closed curves of length
n € N. Moira Chas and Steven P. Lalley [8]-[10] have studied the distribution of the number of
self intersections of curves in C),. In 2012, they proved that the distribution approaches a Gaussian
distribution as n — oo |11].

We investigate instead the distribution of the intersections of two classes of curves, with one
fixed and the other varying. Fix a free homotopy class of closed curves w on a surface S. Let ¢ be
a randomly chosen class of curves from C,,, and let i(w, ¢) be the minimal number of intersections
between curves in w and ¢. We study the distribution of i(w, c).

Computer generated data suggests that there exist positive constants p(w) and o(w) such that
the random variable w — o(w) - N(0,1) as n — oo.

Our work involves thenSQtudy of u(w). In our results Theorem and Theorem we present
a calculation for p(w) for any curve w, from which it follows that that u(w) is rational. We have
also developed an algorithm to calculate p(w) and written a program that calculates pu(w) for any

given closed curve w.



In addition, we model a randomly generated curve of infinite length as the result of a Markov
Chain. From the Markov Chain Central Limit Theorem [12], it follows that that a variable that
estimates i(w, ¢) approaches a normal distribution as n — co. In Theorem [6.7, we use this result
to prove that i(w, c) approaches a Gaussian distribution as n — oo.

An outline of this paper is as follows. In Section[2] we present fundamental definitions regarding
surfaces and curves. In Section [3] we present the theorem bijecting linked pairs to intersections
and give a few examples of linked pairs corresponding to intersections. In Section [, we give
computer generated data supporting our conjecture that i(w, ¢) approaches a Gaussian distribution
as n — o00. Section [5| contains our main results regarding the expected value of i(w,c) and its
calculation. Then in Section [6] we introduce Markov Chains and their relevance to arbitrarily long
curves. We then use the Markov Chain Central Limit Theorem to show that an estimate of i(w, ¢)
approaches a normal distribution as n — oo, which leads us to a proof that i(w,c) approaches a
Gaussian distribution as n — co. Finally, in Section [7, we summarize our work and describe future

goals.

2 Preliminaries

2.1 Swurfaces

On an orientable surface with at least one boundary component, we consider a maximum number
of disjoint arcs with both endpoints on boundary components such that the surface is not rendered
disconnected. If there are k arcs, we can number the arcs from 1 to k£ and consider an alphabet
A = {a,aq,...,a,a1,02,...,a;} with ai,aq,...,a; distinct letters. For each ¢ € {1,2,...,n},
we assign one side of the arc with a; and the other with a;. Upon removing the arcs, the surface
is a polygon with 4k sides, with alternating edges labeled with letters such that each letter in
the alphabet is used exactly once. This polygon formed is called the planar model. A surface
word associated to a surface is the cyclic sequence of letters read from the planar model in a
counterclockwise direction. For surface S, we choose its surface word and denote it by W(S). We
also define the length of a surface word to be the number of letters in a surface word, equal to twice
the number of cuts made in forming the planar model. For surface S, we denote the length of its

surface word as |S|.

a

Figure 2.1: Torus with One Boundary



Example 2.1. In Figure 2.1} the torus with one boundary component can be cut along the red
and blue arcs which are labeled with @ and @, and b and b, respectively. Upon removing these cuts,
we attain an octogon with alternating sides labeled with a,b,@, and b. Hence we read the surface

word as abab.

2.2 Curves

We consider free homotopy classes of directed curves on a fixed surface S. Consider a curve u on
S. Suppose that u intersects a minimal number of the arcs which are removed from S to form the
planar model. A class of curves can be labeled by the ordered sequence of letters of the edges it
enters. We call this sequence of letters the curve word; for curve u, let its curve word be W (u).
We define the curve length anagolous to the length of a surface word: it is the number of letters in
the curve word. We denote the curve length of a curve u as |u.

When u intersects a minimal number of arcs, its curve word is reduced, meaning that for a curve
word ujugus . . Uy Wi # U1 for 1 <4 <k — 1, where T = x. For instance, the curve word aaaab
is not reduced, while aab is. For the remainder of this paper, a curve word denotes a reduced curve
word.

Our study involves, more specifically, classes of closed curves. Note that for classes of closed
curves, the curve word is cyclic, or word UjUjt1 - Uy U - - U1 18 equivalent to wujus e Uy
Hence we consider cyclically reduced curve words for closed curves, meaning that u; # w; 11 for
1 <i<k—1and u, # u. We use Wj(u) to refer to the curve word shifted by j — 1 places,
UjUG41 + o Upg| UL - - Uj1-

We have two types of words: cyclic and linear, or non-cyclic. Cyclic words correspond to closed

curves while linear ones are associated with open curves.
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Figure 2.2: Curve abb on Torus with One Boundary

Example 2.2. Figure displays a closed curve, drawn in green, on the torus with one boundary.
Upon forming the planar model abab, the curves become green arcs between labeled edges, as

shown. Then the curve word is abb, as the curve enters edges a, b, and b, in that order.

Example 2.3. Figure shows open curve baa on surface abab.



Figure 2.3: Open Curve baa on abab

Definition 2.4. Let the representative of a word w be the class of open curves with curve word w

if w is linear, or the class of closed curves with curve word w if w is cyclic.
The power of curve words can be seen in the following theorem:

Theorem 2.5. [15/ Fiz a planar model of an orientable surface S. There is a bijection between

curve words and free homotopy classes of closed curves on S.

Most of the topological properties of a free homotopy class of curves are recorded in a string
of letters. This allows us to study classes of curves by simply studying their corresponding curve
words.

If open curve u has curve word ujugus...uy,, let @ be the open curve such that W (u) =
W W1 U2 - - - U1 We let W (u) = Uy ljy[—1Ujg—3 - - - U1, so that W (@) = W (u). Essentially, if

we reverse the direction of each curve in u, we obtain 7.

3 Intersections of Two Curves

We now consider the interactions of two curves on a surface.

Definition 3.1. For any two free homotopy classes of curves u and v on the same surface .S, the
minimal intersection number of u and v, denoted by i(u,v), is the smallest number of intersection

points of u and v, counted with multiplicity.

Properties of curve words that imply intersections have been studied by many people, notably

by Moira Chas [7]. In this section, we review her results.

3.1 Extended Planar Model

For a surface S, fix a planar model and a surface word. Choose an open curve v on S with curve
word ujuz . .. uy,. Then an extended planar model of S is |u| — 1 ordered planar models where edge
u; of the ith planar model is connected to edge @; of the (i + 1)th planar model for 1 <i < |u| — 1.
Curve u can be drawn on this planar model, starting from edge w7 of the first planar model and

entering edge u;y1 of the ith planar model.

Example 3.2. Figure shows the extended planar model of open curve babb.
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Figure 3.1: Extended Planar Model of Curve babb on Torus with One Boundary

3.2 Linked Pairs Theorem

First we introduce a few definitions.

Definition 3.3. A power of a word W is the word formed by concatenating W with itself a number

of times. In particular, let W* denote the word formed by concatenating W with itself & times.
For example, the word abbabbabb is a power of the word abb. Specifically, abbabbabb = (abb)?.

Definition 3.4. We say that word v’ is a subword of a word W if «’ is a substring of W for some
ke N.

Note that a subword is a linear word, so the representatives of subwords are directed open

curves.

Definition 3.5. A linked pair is a pair of linear words (p, q) with |p| = |¢| such that one of the

following conditions hold:
1. p=pip2 and ¢ = q1q2 for p1,p2,q1,q2 € A
2. p=p1Rps and ¢ = q1 Rgs for a linear word R and p1,p2,q1,q2 € A
3. p=pi1Rps and ¢ = q1 Rgo for a linear word R and p1, p2,q1,q2 € A,
and any representatives of p and ¢ must intersect when placed in the same extended planar model.

Figure demonstrates a linked pair of the second type. The red edges are letters in R. Note
that for linked pair (p, q) of the second type, (p,q) is a linked pair of the third type.

This leads us to an important theorem:

Theorem 3.6. (Chas, M. (2004)) [7] For free homotopy classes of curves u and v, consider a pair
of representatives of u and v that intersect minimally. There is a bijection between intersections
and linked pairs (u',v"), for v’ a subword of W(u) and v' a subword of W (v).



Figure 3.2: Linked Pair

Specifically, the intersection associated with a linked pair (p,q) is the intersection of the rep-
resentatives of p and ¢ in their shared extended planar model. We demonstrate the linked pairs

corresponding to intersections in the following example:

Example 3.7. Displayed in Figure are the curves a and abb on surface abab. We observe a

b‘; b

a

minimal of two intersections.

Figure 3.3: Curves a and abb on abab
a
da
/]
a
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b
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Figure 3.4: Extended Planar Model of Linked Pairs (aa, bb) and (aaa, bab)

[onl]
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Pairs (aa,bb) and (aaa,bab) are linked pairs, as shown in Figure Both aa and aaa are
subwords of a while bb and bab are both subwords of abb. Then the two intersections of a and abb

correspond to the linked pairs (aa, bb) and (aaa, bab).

4 Empirical Distribution

With a computer, for a fixed curve w and positive integer n, we can study the distribution of i(w, c)

for ¢ € C,. We used a program in Java that computes the complete set C), and determines the



number of linked pairs (@', ¢) for ' a subword of W(w) and ¢’ a subword of W(c). By running
this program and, for each k, determining the number of classes of curves ¢ satisfying i(w, c) = k,

we created histograms.

Intersections of a and Curves of Intersections of abb and Curves of
Length 15 Length 15
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Figure 4.1: Intersections with a and abb on abab

Since it takes O(c™) time to generate C),, we only ran the program for n < 15. A clear pattern
emerges rather quickly; even at n = 15, the distribution appears to approach a normal distribtuion.
We see this in Figure for w = a and w = abb on the torus with one boundary component with

surface word abab.

5 Expected Number of Intersections of a Fixed Curve with Curves

of Length n

In this section, we look at the mean E.cc, i(w,c) of the distribution of i(w,c) for fixed class of

curves w and a random class of curves ¢ in C),,. We show that E@ approaches a constant p(w)

as n — 0o, which we can calculate.

5.1 Formula for the Mean

Recall that a multiset is a set in which repeated elements are considered distinct. Because inter-
sections are implied by linked pairs, we simply need to find the multiset C” of all words ¢’ for which
there exists a subword w’ of W (w) such that (w',¢’) is a linked pair. We also consider a multiset
D’ of half the words in C” of length at least 3 that will be used in Lemma m and Theorem
Determining all elements in C” can be done by considering individually each subword w’ of our
fixed curve word W (w). We denote the first character of w’ by w], the last by w), and the middle
|w'| — 2 characters by R, such that w’ = w]Rw). To find a word ¢’ such that (&', ') is a linked pair,
we search through all values of ¢} and ¢, for ones that give that (u', ¢| Rc)) is a linked pair. Then
we add ¢ = ¢ Rc}, to C’ and, if || > 3, to D’. Since ¢ also gives (w’,¢/) is a linked pair, we must
also add ¢ to C’. Define C[’i’j] to be the multiset of all words in C” with length at least i and at

most j. Then C' = C[/2,2} UD'U (Uuep{c}).



Let E. be the expected number of times a word ¢ is a subword of a random curve word of
length n, divided by n. The process of randomly generating k consecutive letters in a curve word
is equivalent to choosing the first at random from |S| possibilities, and each successive letter from

|S| — 1 possibilites. Then, we can give E~ an explicit formula:

1

E, = —
|SI(S] = 1)l

Let y,(w) be the sum of E for all |¢/| < m. Then p,,(w) is equal to

Hm (W> - Z Eo

el | |[<m

1
= SIS = P

el | |[<m

We want to show that the sequence { i (w)}m approaches a constant p(w). To facilitate calcu-

/

[3,Jw]-+2)> Such

lations, we first show that we can partition the curves in C[’3 o0 into sets [c] for ¢ € C

that [¢/] contains exactly one word of length |¢/| + k|w| for k > 0.
Lemma 5.1. Fach word ¢ € C[’3’|w|+2] determines a set of words Lc’] € C’[’Sm), with ?ll €[] if there
exists i and j such that ¢ = | Rchy, and " is either | R[W;(w)]'cy or ¢, R[W;(w)]'c,. Each word

d" e C['3 o) belongs to exactly one of these sets.

Proof. Define sz‘ j to be the multiset of all words in D’ with length at least i and at most j. It

suffices to prove that each word ¢ € D/

3, |w]|+2]
that each word ¢” € D’ belongs to exactly one of these sets.

3 lwl2) et d = d|Rd, for ¢}, € A and R a subword of W(w). If

W(w) = wiws ... w)y|, suppose that R = wjw;j1 ...wj g1 for some positive integer j and indices

determines an set of words [(/] € DEB o) = D" and

For any curve ¢ € Df

taken modulo |w], such that (w;_1Rw; ||, ¢ Rey) is a linked pair. Then let any word ¢” be in [¢'] if
" = | R[W, g (w)]*c; for some integer value of k > 0. Note that [¢/] contains exactly one element
of length |¢/| + k|w| for each k > 0.

It is clear that ¢’ € D] ) since (wj—1R[W; 4 r|(w)]*wj 4 k), ") is a linked pair. Also, given

[3,00 J
d e ngpo), we can write ¢’ as ¢ [Wj+|R|(w)]kc/2’ for some values of ¢{, R, j,k, and ¢, with
|R| < |w|. Then ¢ = {Rdj € Df3 lw|+2] OF A" e |d]. O
We can now group the words in C’[’gm) by sets [¢] for ¢ € C[/3,|w|+2]' For a fixed ¢’ € C[/37\w\+2}’

let i, (w, ') be the sum of all E.r for ¢ € [¢] and || < m. In the following Lemma, we show

that the sequence { i, (w, d)}m approaches a constant u(w, ).

!/

(3w +2)s the sequence {tim(w, )} approaches a constant p(w,c)

Lemma 5.2. For some ¢ € C

equal to
— 1)l
(SI-v .
(81— D=1

9



with
LMJ

/ AN Eo ! { .
[ (w, ¢) — p(w, )| = (1S] — 1)|w\ 1 |:(|S| — 1)|w|]

Proof. From Lemma we have that, for ¢ € C[/37|w| +o] [¢/] contains exactly one word of length
|c'| + k|w| for each integer k > 0. Then

i (w, ¢ = Z Eqn
creld], | |<m
-y 1
N |SI(1S] = D=1

ereld], |’ |<m
L7VL7\C/|J
1 [w]

1
EEE ;) [<rS| - 1)klwl]

m—|c’|
B S I e Ml
REEE (IS] — 1)kl — 1
m—|c’|
_ (18] — 1)kl — [qs_lmwﬂ = -
(|S] — Dlwl —1
- (S| - 1)~
no_ -
pulw, ) = RS -Eu.

For any € > 0, there is a value of mg for which

|t (w, ) = p(w, )|

E. [( 1 )M] 2]

~(sT-nk -1 (s
<e€
for all m > mg. Therefore, p(w, ') is the limit of the sequence { i, (w, ) }m- O

Let g, (k) be the number of elements of C’ with length equal to k. This leads us to our following

result about the mean of the limiting distribution.

Theorem 5.3. Fiz a surface S and its surface word. For fized class of curves w, {pm(w)}m

converges to

gw(2) :| + ( (|S| _1)|w| Z gw(k)

w0 = |zt 2) * | o 2, BT T |
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such that

m—|c’|
E. 1 L [w] J
) =l = | G |
€0 juwl+2)
Proof. Let € > 0. Set pu(w) equal to
Z Eo + Z ,u(w,c’)
c'€Cly ) '€Cl3 1ui+2)
_ (S| — 1)
= 2 Bt 2 B
'€y ) €0 lwl+2)
1 S| — 1)l 1
B Z [SI(1S]—1) " (|é‘||—|1)|w)|—1 / Z |1S](IS] = 1)lI=1
c 60[272] c 60[3’@'_‘_2]
_[ 9w (2) ]Jr (EIE 3 9w (k)
o - — 1)l — — 1)k-1
SI0sT=D] * |s/=0R =17 _ 2= ISI0SI- D
We have that
Z E. + Z i (w, &).
c’ecfm] Clecf3,|w|+2]
Because by Lemma
m—|c|
(w0, ¢) = (e, ) be S Ly
w,c) — plw, )| = . )
S (IST— D=1 [(Is]- 1)
there exists mg such that for all m > my,
@) =@l = || X Bt Y mwd) || X Bt Y pwd)
c'EC[’m] c eC[3 | +2] c 602 2 c EC[3 | +2]
= Z (:U’m(wa C/) - ,U,(O.), cl))
C'ECT 42
m—|c’|
. Z EC’ |: 1 { [w] J
- S — D)l —1 [ (|S] = 1)l
v \0ST-D) (ST-1)
< €.
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Corollary 5.4. I[EcecnM s bounded.

n

Proof. This is clear as g, (k) is bounded for all k: Because there are 2 - |w| choices for w’ for which

(W', ) is a linked pair, and less than |w| choices for each of ¢} and ¢}, we have that
gu(k) <2+ |w]?.

Furthermore, there are finitely many 3 < k < |w| + 2. O

Corollary 5.5. lim,_, Ececnw e Q.
i(w,c)

Proof. The expression obtained for lim;, o Eccc, =~ in Theorem is a finite sum of rational

numbers, so the sum is also a rational number. ]

But we can calculate g, (k) from the curve word of w. For fixed surface S, we fix a planar model

and surface word. We define a function d : A2 — Z. On surface word z;2s . .. 2|5, let
j—i—1 ifi<j

d(zi,2) = |S|+i—j—1 ifi>j
0 if i = j.

d(Zi,Zj)

Figure 5.1: d(z;, z;)

Note that d is essentially counting in a counterclockwise direction the number of labeled edges

in the planar model of S between z; and z;.

Definition 5.6. Fix a planar model and surface word of a surface S. We say that an edge z; is

between two edges z; and z; if either i <[ < j, j <i<I<|S|,orl < j <i.

Then d(z;, z;) counts the number of edges z; that are between z; and z;. Now we can find a

formula for g, (k).

Theorem 5.7. For fized class of curves w on a fized surface S with fized planar model and surface

word, let the curve word of w be wiws ...wy,|. Then the function g, (k) is given by

2. Y d(@r, wirn) - d(wisr, @) if k=2

Ju(k) = w
2- lell [d(@i, wit1) - d(With—1,With—2) + d(wit1,@;) - d(@izp—2, witk—1)] if3 <k <|w|+ 2,

12



where indices are taken modulo |w|.

Proof. Since for linked pair («', '), we have that |w'| = |¢/|, we consider all subwords w’ of W (w’)
of length k for each 3 < k < |w| + 2.

First we consider k = 2. Each w’ of length 2 is of the form w;w;11 for 1 < i < |w| and indices
taken modulo |w|. Then either ¢| is between w; and w;y1 and ¢} is between w; 41 and w;, or ¢ is
between w;+1 and w; and ¢ is between w; and w;y1. The first case gives d(w;, wit1) - d(wit1,w;)
possibilities, and the second gives d(wj+1,@;) - d(w;, w;+1) possiblilities, for a total of 2 [d(w;, wit1) -

d(wjt1,w;)] possible values of (¢}, ;). Summing across all values of i gives

||

gw(z) =2 Z [d(wilv wi+1) : d(wiJrl?(’Ti)] .
=1

Now consider 3 < k < |w|+2. For ' = wiwjt1 ... witk—2witk—1, with indices taken modulo |w|,
let R = wit1wita...witk—2. Since there is a bijection between words ¢’ = ¢ Rc, € D" and gﬁa,
gw(k) counts twice as many words as there are words of length &k in D’. Therefore we can count
the number of linked pairs (w', ¢’) with ¢ = ¢|Rc, € D’ for ¢}, ¢}, € A and multiply by 2 to account
for words ¢ = c,Rc} not in D'.

Then we are looking for the number of pairs (¢, ¢}) such that («', ¢} Rc}) is a linked pair. There
are two cases. The first is if ¢} is between w; and w11 and ¢, is between w; 1 and W12, which
gives a total of d(w;,w;+1) - d(witk—1,Witk—2) possible pairs (|, ). The other case is where ¢} is
between w; 11 and w;, and ¢, is between w;15—2 and w; 11, which gives d(wj+1, ;) d(@Witk—2, Witk—1)

possibilites. If we sum these two cases across all values of ¢ and multiply by 2, we get that

||

)=2- Z (@i, wit1) - d(Witk—1,Witk—2) + d(wit1,w;) - A(Witk—2, Witk-1)] -

O

Once g, (k) has been found for 2 < k < |w| + 2, limy,—,n0 El(w 9 can be calculated. A computer
can both determine g, (k) as well as perform the calculations. We have written such a program

z(w c)

that outputs the mean of the limiting distribution of , using the process described in this

section. The output of the program is two relatively prime positive integers k1 and ko such that

wlw) = % The value of % matches the experimental mean calculated by another program that

considers i(w, ¢) for each ¢ € C,, individually.

5.2 Example Calculation

We now calculate p(w) for w = abb to demonstrate the process of calculation concretely.

Example 5.8. Let w = abb on surface abab. We calculate ju(abb).

13



First we find gu,(2). All subwords w’ of abb of length 2 are {ab, bb, ba}. Since d(b,a) = 0, there

are no words ¢’ of length 2 such that (ab, ¢') or (ba, ) is a linked pair. Hence the only linked pairs

Figure 5.2: Curve abb on surface abab

with || = 2 are (bb,aa) and (bb,aa), or g.m(2) = 2.

Now we need to find ggpp(k) for 3 < k < |abb| + 2 = 5. In the following table, we consider each
value of k and find each subword w’ of abb of length k. Then if ' = wjw} ... w), we find d(w],w)),
d(w),wh ), dwh,w}), and d(wj_,,w,). Then the total possible values of ¢’ such that («’,c) is a

linked pair is 2 - [d(w],w}) - d(wh,w), ;) + d(wh,w)) - d(w),_|,w})], which we also record, under the

“Total” column.

W] o | dey.wh) | depep) | dwh ) | d@_.wp) | Total
3 abb 2 1 0 1 4
3 bba 1 2 1 0 4
3 bab 0 0 2 2 8
4 abba 2 2 0 0 8
4 bbab 1 0 1 2 4
4 babb 0 1 2 1 4
5 | abbab 0 2 2 0 0
5 | bbabb 1 1 1 1 4
5 | babba 0 2 2 0 0

Then ga(3) = 16, gapy(4) = 16, and gap(5) = 2. Now we calculate ji(abb) = Y- . ccv E:

S Ee= Y, Bet Y, )
dec CeC'2,2] ¢€C% w42
2 27 K
_[ G % Xy e
IS|(]S| — 1) 26 3<k<|abb|+2 [S10ST=1)
2 (16 16 4
T 4-3 026 \4-32 4.3 4.3
31
==
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6 Gaussian Distribution

We have studied the mean of the distribution, and now we look at its shape. In this section, we
prove that i(w, ¢) approaches a Gaussian distribution as n — co. First, we must introduce Markov

Chains, which are instrumental to this proof.

6.1 Markov Chains

A Markov Chain is a sequence of random variables (X; : ¢ > 0) that take on values in a state space

S and satisfy
P(Xp+1=2|X,, = X0, Xono1 = X1, .., Xo = x0) = P( X1 = 2| X, = ).

In other words, in a Markov Chain, the value of the next variable X,,11 is only dependent on the
value of X,.

For our problem, we study only finite state Markov Chains, or where S is a finite space.

The probabilities at time t associated with transitioning from one state to another are called
transition probabilities. For a finite state Markov Chain whose transition probabilities between
states are independent, we can assign a transition matriz P such that P; ; is the probability of
transitioning from state ¢ to state j.

A finite state Markov Chain is irreducible if it is possible to get from any state to another. A
state r is recurrent if P(X; = r for infinitely many ¢) = 1. For a recurrent state r, let the first
return time of r be equal to 7(r) = inf{i > 1 : X; = r}. A Markov Chain is recurrent if all its states
are recurrent. For a recurrent Markov Chain, P(X, = x) as n — oo approaches a fixed constant
for each value of x € S. For finite state Markov Chains that are both irreducible and recurrent,
there is a unique stationary distribution w(x) of the Markov Chain, which is the probability that
X, =z for n — oo, or w(z) = P(X, = z|n — o0).

We can also define a reward function f : S — R to be a function on the states of a Markov Chain
to the real numbers. Finally, to state a formula for the variance, we let 79 and 7 be independently
and identically distributed positive random variables. Then we have the following Central Limit

Theorem for finite state Markov Chains:

Theorem 6.1. (Markov Chain Central Limit Theorem [12]) Let X = (X, : n > 0) be an irre-
ducible, positive, and recurrent Markov chain on a discrete state space S. Then,
n—1
T X.) —
Lizo JX) =nnf o1

nz2

(B[]0 (F=mf)(X;)])?

2 _
as n — oo for o° = B[]
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6.2 Markov Chain Estimate of i(w,c)

As we are looking at the limiting distribution of i(w,c), we are looking at curves of arbitrarily
large length. Hence we can view the process of generating a random curve ¢ € Cy, as generating
an infinite sequence (y; : ¢ > 0) of random characters y; € A, where P(y;+1 = 7;) = 0 and
P(yiy1 =) = \5\%1 for x # ;.

The process of selecting each character one by one can be seen as a Markov Chain with state
space equal to the alphabet A. However, we can instead let the state space S,, of a Markov chain be
all reduced words of length m for some m. Then the transition matrix P has P; ; = \Sl%l if the word
formed by the last m — 1 characters of 7 is equal to the word formed by the first m — 1 characters
of j, and P;; = 0 otherwise. For instance, for surface S = abab, Py ppa = % and Pbmé,mb = 0.
Then generating a random curve ¢ € Cy, can be viewed instead as a sequence of random variables
(Y;|i > 0), where Y; corresponds to the word y;+1¥it2 - .. Yitm.-

The stationary distribution m(z) of this Markov Chain has 7 (x) = W for all z, since
Y; is equally likely to equal each word of length m.

We say that a word w begins another word w’ if the string formed from the first |w’| letters of
w is equal to w’. Then we can define a reward function f(z) :S,, — R to be the number of words
¢ € C' that z begins. Then f(x) < oo for all x because x has finite length and hence can only
begin finitely many elements of C’. Essentially, f(z) accounts for all words in C” with length less
than or equal to |z|, so that we count occurrences of words ¢ € C’ with |¢/| < m in the Markov
Chain.

In random curve ¢ = y1ya . . . Yn, let N(c, [i,7]) be the random variable that counts the number of
times a word ¢’ € C' with length between i and j inclusive appears as a substring y;y; 1 . . Yitle|-1
of c. Then N(c, [2,m]) = >""" f(Y;). For large m, N(c, [2,m]) offers an approximation of i(w, c).
Furthermore, N(c,[2,m]) approaches a normal distribution as n — oo, which we state in the

following lemma:

Lemma 6.2. For any m € N,

N(e,[2,m]) —nrf

J

— o(w)N(0,1)

for c € Cy, as n — oo for some constant o(w).

Proof. Applying Theorem [6.1{ to N (¢, [2,m]), m, and f as defined gives the stated result. O

In other words, for any m € N, the Markov Chain Central Limit Theorem is sufficient to prove

/
(2,m]®

Define Gy, = o(w) - N(0,1), or the limiting distribution of W as n — oo, and let h,, be

the random variable with distribution G,,.

normality for the number of occurences of the elements in C

It remains to generalize this normality to when all elements of C’ are considered. But as the

length of a word ¢ € C’ increases, the expected number of times it appears as a subword of the
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curve word of a curve ¢ € C), for fixed n decreases, so intuitively, the effect of longer words ¢ € C’
on the value of i(w,c) = N(c,[2,00]) should be small. Furthermore, as m increases, N(c, [2,m])
yields a sharper and sharper estimate of i(w, ¢) for ¢ € C),. The fact that MW — oN(0,1)
as n — oo for any arbitrarily large m suggests that N(c,[2, 00]) = i(w,¢) apgﬁoaches a Gaussian

distribution as n — oo as well. We prove this in the following section.

6.3 Proof of Gaussian Distribution

Consider the sequence {G, } . If it has a limit G, then let h be the random variable with distribu-
tion G. We want to show that the distribution of w approaches G. This bounding can be split
into considering three differences: i(“;f) and N(C’E’m]), N(C’E’m]) and h,,, and h,, and h.

In Theorem [6.7} we assert the existence of the limit G of {G,,} as a result of Theorem and

Lemma [6.6] We also consider the difference in the third difference between h,, and h.
(c.[2,m])

The second difference, between N and hy,, is a result of Lemma m Hence we have left

N(c,[2,m]) N (c,[m+1,00])

and = .
n n

Let p(c, ¢’) be the number of times that ¢ is a subword of ¢, for word ¢’ and curve word ¢ of

to consider the first difference between 2

length n. For n € N and ¢ € C'['3 wl+2]’ define X (¢/,n,m) to be the maximal possible number of

occurences of words ¢’ € [¢] with |¢’| > m in ¢, divided by n, over all ¢ € C),, or:

ple, )
X(c = .
(c',n,m) = max E -

nc”E[c’],|c”|>m

Then w < ZC’EC[’ " ]X(c',n,m).
3, |w|+2
We say that a word ¢’ is located at a position i in a curve word W (c) for ¢ € Cy, if ¢ = y1y2 . . . Yn

and ¢ = ¥iYit+1 .- Yip|e|—1- This leads us to the following lemma limiting the number of words ¢”

in fixed [¢/] that are located at a certain position.

Lemma 6.3. At most one word ¢’ € [c/] can be located at any position i in a curve word W (c), for

a fized ¢ € C’[’3’|w‘+2}.

/11

Proof. We first prove that for any two distinct words ¢” and ¢ both belonging to the same set [¢/]

7

& can be located

for ¢ € Cf and for any 1 < i < n—max(|c”|,|c"|)+1, at most one of ¢’ and ¢

[3:]ewl|+2]7

at position i of curve word W (c). Suppose that ¢ € D/

[3,|w[+2]
Also, suppose without loss of generalization that |¢’| < |¢”’|. Then we can write ¢’ = ¢} Rc, and

A = cg,’R[I/Vj(w)]”fcﬁl for some k£ > 1.

Suppose for the sake of contradiction that ¢’ and ¢ are both located at positition . Then

(the other case follows similarly).

" equals the first |¢”| letters of ¢, or ¢|Rcl, = c4Rwj, so ¢, = w;j. As ¢’ € C’, the pair
(" wj_|g—1Rwj) = (¢} Rehy,w;_|gj—1Rwj) is a linked pair, but this is a contradiction as ¢j = w;
contradicts the definition of a linked pair.

Now suppose there are K words ¢ € [¢] located at a position 7. If K = 0, then the result

clearly follows. Else, consider ¢’ located at position i. Then no other ¢’ € [¢/] can also be located
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at 7, or K = 1. ]

The following lemma is another bound on, for fixed ¢, the number of ¢’ € [¢/] that can exist in

a curve word.

/1!

Lemma 6.4. For m > |w| + 2 and two words ¢’ and ", with ||, || > m, both belonging to the

ui

same set ['] for ¢ € C[’3 w|2]7 Suppose " is located in ¢ at position i1 and " is located at position

19 with 11 < 19. Then 19 — 11 > ‘C//’ — |w[ — 2.

Proof. Suppose that ¢ € DE3,Iw|+2] as the other case is similar. Let ¢/ = ¢/ Ricj and ¢ = ¢/ Radly.

For the sake of contradiction, suppose that io — i1 < |¢’| — |w| — 2. Then the first |w| characters of

Rs, equal to Wj(w) for some j, are contained within Ry. Furthermore, since is > i1, ¢'Wj(w) is

contained within Rj, implying that ¢{” = w;_1, contradiction. O
Finally, we bound X (¢/,n,m) for ¢ € C'[’3 wl+2] with a value that depends on m and is indepen-

dent of n.

Lemma 6.5. Form > |w|+2, ¢ € C['3’|w|+2], 0<X(d,n,m) < m_|1 i

Proof. First recall that 0 < w < X(c,n,m), hence X(c,n,m) > 0.

Let K be the number of occurences of words ¢’ € [¢/] with |¢/]| > m +1in ¢ € C,. If
C = Y1Y2-..Yn, let the words ¢’ € [/] of length greater than m contained in ¢ be ¢, ¢, ..., ..
Furthermore, suppose that c;»’ is located at position ¢, and that 11 <o < --- <ig. By Lemma

ij # 1j4+1, so we have i1 < iy < --- < ig. By Lemma Qi1 — G5 > |c;-’\ — |w| — 2. Then

K-(m—|w[-1)=K-[(m+1) - |w| - 2]

= (K —-1)-[(m+1) = |w| = 2]+ [(m+1) = |w| - 2]
K-1

< Z [1¢f] — lw] — 2] + |k
j=1

<n

or
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We now have an upper bound for X (¢, n,m) that decreases as m increases.

Before we prove that i(w, ¢) approaches a normal distribution as n — oo, we must first consider
its variance. Let o072, (w) be the variance of the distribution of W By Lemma we
have that {07, ,,(w)}n is a sequence that converges to a constant o7, (w). We consider the sequence

{02,(w)}n and show that this also converges to a constant o (w).
Lemma 6.6. There exists a value of o?(w) such that, for m > |w| + 2,

21wl

m— |w|—1

4.\t 2.|C 2
20) = ()] < otz -a<w>+<| BWQ]') |

lom(w) —o(w)] <
and

m— |w| —1 m— |w| —1
Then {o2,(w)}m converges to o?(w).

Proof. For sufficiently large mq < ms, note that

oy (@) = omy (@)l < D X (¢ 00,m)

/ !
'€C03, w]+2]

|Cls ol 2]

my — |w|—1

1%l ol 421

Since for any € > 0, we can choose m arbitrarily large so that PP P

< €, {om(w)}m is a Cauchy
sequence that converges to a constant o(w), with

!
2O o4

lom(w) —o(w)] < =1

Then,
2|03 w2
m—|w —1"

2.|C!
_ 2 % e < om(w) < o(w) +

o) m— |w| —1

or

4-1C" 2. |C" ?
2 [3,|w|+21|0(w)+< | [3,w+2]|> <2 ()

m— |w| —1 m— |w| —1

4.|C! 2.|C! 2
< o*(w) +7‘ Blolt2 5 (w) + (l [3’w+2ﬂ> )

m— |w| —1 m— |w| —1
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SO

4 1% 2 1Cly iz
0%, () — o2(w)| < el (W |

m— |w| —1 m— |w| —1

IC}

2
4- 2-|CY.
For any € > 0, there exists m such that #““_*12]' co(w) + <7|Wf|:||_+12]|> < ¢, hence o2, (w)

converges to o2(w). O
We can now prove that the distribution of i(w, ¢) approaches a Gaussian distribution as n — oo.

Theorem 6.7. Fiz a free homotopy closed class of curves w on a surface S. Then for c € C, for

n €N,
— o(w)N(0,1)

as n — oo for positive constant o(w).

Proof. Recall that h,, is the random variable with distribution G,,, the limiting distribution of
w, which by Lemma is a Gaussian distribution. Since the sequence {G, }., has controlled
mean by Theorem and controlled variance by Lemma it approaches a limit Gaussian
distribution, G. Let h be the random variable with distribution G.

Let P(,4)(w) denote the probability that a variable z falls in the range (a,b). Consider € > 0.

It suffices to show that there exists ng such that for all n > ny,

1(w,c
’P(a,b) < ( )) — ]P)(a,b)(h)’ < €.

n

By the triangle inequality,

’]P’(a,b) (Z(u;; C)> - P(a,b)(h)‘ < ‘P(a,b) <i(w’c)> —Plop) (W)‘
+ ‘P(a,b) (W) - P(a,b)(hm)‘

+ ‘]P)(a,b)(hm) - IP)(a,b) (h)‘ .

We proceed to show that there exists mg and ng so that for m > mg and n > ng, each summand

is less than g
\Cf3,|w\+2]\ _ 2'|C[’3,\w\+2l|

m—|c’|
i E 1 L [ J
First, set €1 = 22 g = — 29T and ey = c [ ] ]
’ 1 m—lw[—1 7 2 m—|w|-1 > 3 ZC’GCfs,\sz] (sl=pll=1 | (|S|-1)ll
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There exists mg > |w|+ 2 such that for all m > my, the following three inequalities are all satisfied:

W < (6.1)
€3-0(w)+ea- 0_52 p(w €
o) () = ' 6 o
€3-0(w)+e-b—ex-p(w €
o(w) - (o(w) — e2) ' G o

Pa,b) <i(°jL’6)> —Plap) <W) ‘, which we want to show
is less than § for sufficiently large m (m > myg), independent of n. By Lemma we have that

i(w,c)  N(c[2,m])

’ < > X(dnm)

/ !
€0 Jwf+2]

- |C[3 il
— w1

Recall that ¢; = M Then from Equation for m > mg, €1 = % < 5. We have the

—lwl— ||

following two equatlons.

P(a) <Z(wc)> > Plopa) (N(C[Zm])>

n

and

These imply that

n

The next summand is ‘P(a’b) (M) Pap)(hm) ‘ By Lemma we have that there exists

n

N(c,[2,m €
IP)(a,b)< (e, 7[1 ])) IP>(CL,b)(hm < 3

ng such that for n > ng, )‘
Finally, we have the summand |P(,)(hm) — P(ap)(h)|- Let Ay be the random variable with

21



distribution equal to N(0,1). Then

Pa,p)(hin) = P(a—m(u) b—umm)(hN)

om(w) 7 om(w)
and
Py (h) = P<aw<w> o)) (hn).

o(w) 7 o(w)

We then have that

‘]P)(a,b) (hm) - IED(a b)

(25tmie) b—um(w))(hN) —P(a—mm bu(M))(hN)‘

om(w) 7 om(w) o(w) 7 o(w)

IA

B

min (S5, £ ) 220 22401 (7
+P(min(b*um(w) b*u(w)>7max<b pm(w) b= u(w)>>

om(w) 7 o(w) om(w) ’ o(w)
clampmw) a—pw)] | b= pm(w) b—u(w)‘

om(w) o(w) on(w) o)

2:|C
From Lemma we have that |0, (w) — o(w)| < % = €9, and from Theorem

E. 1 | =
) =l = 2L | oy [(|5| - 1>|w|] —
CEY%s wl+2)
Then
a—pm(w)  a—pw) S a—pw)—e  a—pw)
Om(w) o(w) o(w) + €2 o(w)
_ —€3-0(w) —€2-a+ ez - p(w)
o(w) - (o(w) + €2) ’
and

a—pmw) a—pw) a—pw) te a—pw)
Om(w) o(w) o(w) — e o(w)
_ 63'0’(&))4—62'&—62'/,&(00).

o(w) (o(w) — )
€ “+eg-a—ex-p(w € 3
3 0'(((4)))'(;((0)—262’;( )‘ < § by Equatlon SO

a — pm(w) a—#(w)‘ _ g

—e3-0(w)—e€z-atex-p(w
But | =7ty <

om(w) o(w)
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Similarly,

om(w) o(w) o(w) + e o(w)
—€e3-0(w) —€2-b+ e pu(w)
o(w) - (0(w) + €2)

b—pm(w) b—pw) b—pw)—es b—pw)

and
b—pm(w) b—pw) b—pw)te b-pw)
Om(w) o(w) o(w) — € o(w)
e o(w)te-b—e-p(w)
o(w) (o(w) —e)
so since _635(%).(_;(2315622'# (w)‘ < 63'2(8)?22('2)_?65(@’ < & by Lemma we have that
b () b w)| _ e
om(w) o(w)
as well.
Therefore,

Now we return to our original equation, and see that for m > mg and n > ny,

’]P)(a,b) (Z(u;; C)> - P(a,b)(h)‘ < ‘P(a,b) <i(w’c)> —Plop) (W)‘
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7 Conclusion

In this paper, we studied the distribution of i(w, ¢) for fixed curve w and ¢ € C), for some n € N.
We have found an explicit calculation for the mean of the distribution of i(w, ¢), and have written
a program in Java that computes lim,,_ Ew for any fixed curve w. We have also proved that
the distribution of i(w, ¢) approaches a Gaussian distribution as n — co.

In the future, it would be useful to investigate the standard deviation of this distribution in
order to fully quantify it. While there is a way to readily calculate the mean, it remains to be

shown whether the standard deviation can be likewise calculated.
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