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Abstract

We create a partition bijection that yields a partial result on a recent
conjecture by Schiffmann relating the problems of counting over a finite
field (1) vector bundles over smooth projective curves, and (2) represen-
tations of quivers.

1 Introduction

A vector bundle on a curve is a family of vector spaces, one associated with each
element of the curve, that is “continuous” in a certain way. A representation of
a quiver - that is, a directed graph - assigns one vector space to each vertex, and
one linear transformation from the source vector space to the destination vector
space for each edge. The analogy between the former and the latter quantity
is one motivation for Schiffmann’s work [4] in counting isomorphism classes of
geometrically indecomposable vector bundles on a curve over finite fields, since
in previous works Kac [2], Hua [1], and others have counted isomorphism classes
of absolutely indecomposable representations of quivers over finite fields.

Let ¥, be the quiver with one vertex and g edges. Schiffmann conjectures [4]
that the quantity A, , 4(0), arising from the problem of counting isomorphism
classes of geometrically indecomposable vector bundles of rank r and degree
d over a smooth projective curve of genus g, is equal to the value at ¢ = 1
of Ay, », Kac’s A-polynomial in the variable ¢ counting the number of abso-
lutely indecomposable representations of 3, over F, of dimension r. As further
motivation, Schiffmann notes that the only difference between the formulas for
Agr,a(0) and Ay, (1) is a term —[(A) in an intermediate formula of the former
quantity.



2 Basic definitions

We will use the definitions in a paper by Hua [1] for Ax (o, ¢) and Hs, (o, q)
in Q[q], and power series Px,(X1,...,X,,q) in X1,..., X, with coefficients in
Qlg]. Since X, has only one vertex, the dimension vector « is simply a positive
integer and n = 1. For convenience we will not use n again in this context, and
will refer to Ps, (X1, q) simply as Py, (X, q). Note that As, (k,q) = Asx, »(q)-

We now state the formula for A, 4(0) in a manner which mirrors Hua’s
formula for Ay, (k,q).
Definition. Following Hua [1] and Macdonald [3], let ¢;(¢) = (1 — ¢)(1 —
q?) -+ (1—¢") for any [ > 0, and let by (q) = [Lis1 ®mi(g) forany A = (1’”12"’2 ) €
2.

Definition. Let P'(X,q) be the generating function in X with coefficients in
Q(q) such that

(
q ™
P (X = 3 LTI

Remark. The only difference with Ps, (X, q) is the —I(7) term, since we have

g—1)(m,m)

Z q( xlml

Definition. For any n > 0, let HEQ (n,q) be the rational function in ¢ deter-
mined by
log(P%;, (X, q)) ZHE n,q) X" /n.
n>0
Definition. For any n > 0, define

Ay (n.0) = 0 S ), (5 a).
d|n
Remark. Hx,(n,q) and As, (n,q) are defined analogously to Hy, (n,q) and
A, (n,q) but in terms of P(X, g) rather than P'(X, q).
.Schiﬁ’mann conjectures that Ag,r(z) is regular outside z = 1; in this case we
have

Ag-,nyd(o) = A/Eg (na 1)
Motivated by this conjecture, from here on we will ignore A, 4(0), and
attempt to show that Ay (n,1) = As, (n,1).
We also define several quantities involving both papers.
Definition. Let f, 4(q) = ¢" Ay, (n,q) — As, (n,q).
Definition. Let h, 4(q) = ¢"Hy, (n,q) — Hs, (n, q).
Definition. Let By be the rational function in ¢ such that

%, (4X,9)
ZBka B Pzg(X q)



3 Schiffmann’s Little Conjecture

Conjecture 1. Schiffmann conjectures that As,(n,1) = Ay (n,1) for all n
and g.

Remark. Conjecture 5 is equivalent to the statement ¢ —1 | f,, 4 for all n and g.

Proposition 2. If By, is a polynomial for all k, then f, 4 is a multiple of ¢ —1
for all n.

Proof. Suppose that By is a polynomial for all k. This means that the coeffi-

cients of ,
PEQ (ar Q)

PZQ(Xa Q)

are polynomials. Applying logarithm to this power series preserves the property,
since coefficients are only multiplied, scaled, and added. Hence,

> higl@)X* = (¢"Hg, (k,q) — Hs, (k,q)X*
k=0 k=0
_quHz (k,q)X ZHE (k,9)X
_ZHE (k,q)(gX)* ZHZ (k,q)X

k=0
=log P, (¢X,q) — log Pzg(X7 q)
P (aX,q)

=log —— °
o8 PE (X,q)

is also a power series of polynomials. In other words, hy 4(¢) is a polynomial for
all k.
But then

fog(@) = q"Ag, (n,q) — As,(n,q)
= S (g, (5a)) - S (@, (50
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dn
is a multiple of ¢ — 1. O
Conjecture 3. By is a polynomial for all k.

Remark. Proposition 2 shows that our Conjecture 3 would imply Conjecture 5.
Computational evidence suggested that hg 4(g) is a polynomial for all k, which
is the equivalent statement to Conjecture 3 that we used in the proof of Propo-
sition 2.

Definition. We define for any partition 7,
o qlo—D{mm)
b (qil)
‘We now obtain a more useful formula for Bj.

Proposition 4. For any k,

Z q\ﬂo| l7fo) HCTM
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where g may be the empty partition but m,...,7s are all nonempty, and

Dio Ml = k.
Proof. We let

> e

™ | |w|=k
and
Z qk—l(ﬂ)cﬂ_.
T ‘ |7|=k

Then we have

Py, (qX q)
ZBka 5, (X, q)

_ e 00’( )X*
- YL Ck) Xk
D ohep O (k) X*
L+ > 02, C(k)XF

I
PR
]
Q
>
N
T
T~
M8
Q
=
>
Eal
N———
+
PR
M8
Q
=
>
-~
|



co k

=> N | Ck-n) D H—C(li) Xk

k=0n=0 lLi++ls=ni=1
l1,..,05s>0

M

> C’(lo)H—C(li) X"

lot+li+-+ls=k
11 ls>0

i
(=)

M

> c;of[—cm X*
i=1

k=0 TQyeesTsEDP
|70 |+ 4|ms|=k
[71]5ees]ms|>0
This yields the desired result. O

Definition. Based on the above formula, we define for any partition ,

B, = Z q\WU|—l(W0)(_1)SﬁCﬂi_
=0

ToU---Umg=m
[71l,s|ms|>0

Conjecture 5. B is in fact a polynomial for all partitions 7.

Remark. The above conjecture implies Conjecture 3, since By, is the sum of B,
over partitions 7 of size k. Once again, we made this (unexpected) conjecture
on the basis of computer evidence.

4 Combinatorial Interpretation of B,

4.1 Flat Partition Case

We are now ready to state and prove the main result which we have achieved
thus far.

Theorem 6. Let g > 1 and 7 be the partition with b elements, each of size a.
Then B, is a polynomial.

Proof. We have

> gla—Dal?
P SRR | g e
lot-tla=b At (=gl (1—g7h)
l1,...,ls>0
5 C1)qiz, b))
= Z qalo—lo(_l)s H q(g 1)al7‘q o
lo+-+ls=b =0 (g—1) (¢ — 1)
I1,...,01s>0



d (gfl)ali(liJrl)qli(léJrl)

—(9—1)a alp—lo S q
=gl N gl (1) ] (@—1)- (¢ —1)

R i=0
l1,...,0s>0

s g2le—Datn) Ll

_ (oD Z qalo—lo(_l)sH G—1)--(¢ -1

Lot +1s=b i=0
Iy,...,ls>0

s q(2(gfl)a+1)7li“é+l)

= (_1)bq*(9*1)ab Z qalO*ZO(_l)S H (1-¢q)---(1- qli)

lottls=b i=0
l1,...,0s>0

Guided by the above equation, we let d = 2(g — 1)a + 1. We know that
1
(1-gq)--(1-q)

denotes the number of partitions (possible empty) of length at most I, where
the weight of a partition X is ¢/*. Hence,

(141
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q
(1-q)-(1-4"

denotes the number of partitions A of length exactly I such that A\; — ;11 > d for

each consecutive pair, and \; > d. This is because the term qdw essentially
adds d(I + 1 — i) to the i*" term of \. Again, the weight of a partition X is g/l
We call A a d-stair partition.

It follows that (—1)’q(9=V® B is a generating function in ¢ that counts
the number of tuples of d-stair partitions where only the first partition may
be empty, and the total length of the tuple is b. The weight of a tuple p =
", p% . p°) s

w(p) = (,1)Sq(a*1)l(p°)+|p°\+|p1|+-~~+\ps\_

To show that B is a polynomial, it suffices to show that (—1)l’q(9—1)abB,r isa
polynomial, since B, has no poles at ¢ = 0. Let Sy = b(b+1)(g —1)a+b(a—1).
Then we must show that for all S > Sy, the tuples with absolute weight ¢°
cancel out. We fix S > Sy. From here on we will only consider tuples of d-stair
partitions with total length b and weight S.

First, we cancel out partition tuples where the first partition is nonempty.
Consider any such tuple (p*, pt,p?,...,p*). The corresponding tuple is (( ), p°+
a—1,pt,p% ..., p%), where () is the empty partition, and p°+a—1 is the partition
given by adding a — 1 to each element of p°. It is clear that this is a bijection
between tuples with first partition nonempty, and tuples such that the first
partition is empty and the second partition’s last element is at least d + a — 1.
Furthermore, since we decreased the length of p° by I(p®) but increased the total



size by (a—1)I(p°), the weight of the original tuple is the same by absolute value
as the corresponding tuple. It also has opposite sign: we increased the number
of partitions by 1 (though the total length remains b). Thus these tuples cancel
out. We will refer later to this bijection as fy.

Now we are left with the tuples such that the first partition is empty, and
the second partition’s last element is less than d + a — 1. For convenience we
drop the initial empty partition, and consider all tuples of nonempty partitions
where the first partition’s last element is less than d+a—1. The absolute weight
is the total size of the partitions, and the sign is (—1)*T1, where s is the number
of partitions.

Before defining a bijection that cancels these out, we define two basic func-
tions on such partition tuples: unroll and tuck.

We unroll one partition (cy,...,cn,cny1) of a partition tuple by replacing
this partition by two consecutive partitions (¢,4+1) and (c1, ..., ¢,). This oper-
ation trivially preserves the d-stair property. Note that the total length of the
tuple is still b, and the last element of the first partition is unchanged.

For example, given the partition tuple

((5),(30,10,5))
we can unroll the second partition and obtain

((5), (5), (30, 10)).

We tuck one singleton partition (¢) into the next partition (¢, ..., c,) by re-
placing these two d-stair partitions by one d-stair partition (c1, ..., ¢p, c). Thus,
we require that ¢, — ¢ > d. Once again, note that the total length of the tuple
is still b, and the last element of the first partition is unchanged.

For example, given the partition tuple

((6), (10), (20,15), (25))

with d = 5 we may not tuck the first partition or third partition, but we may
tuck the second partition to obtain

((6), (20,15,10), (25)).

We are now ready to define the involution f on the set of tuples of nonempty
partitions with the last element of the first partition less than d+a—1. Consider
any tuple p = (p',p?,...,p°). Let i be the index of the first partition which can
be tucked, and let j be the index of the first partition which can be unrolled. If
no such ¢ or no such j exists, we assign ¢ = s+ 1or j =s+ 1.

FEither i < s or j < s. Suppose not; then every partition is a singleton, and
the difference between consecutive elements is at most d — 1. Hence,

S = p[+ [P + -+ [p’]
<(a+d—2)+(a+d—2+(d—1))+-+(a+d—2+(b—1)(d— 1))



b(a+d—2)+@(d— 1)
bla+2(g—1a—1)+bb—-1)(g—1a
b(a — 1) + b(b+1)(g — 1)a.

So

Contradiction, since we assumed that S > Sp.

Furthermore, note that i # j, since only singleton partitions may be tucked
and only multiple partitions may be unrolled.

If i < j, we define f(p) to be the tuple p with p’ tucked into pi*!. That is,

f) = @"p% .. p L p T up' p R ).

If i > j then we define f(p) to be the tuple p with p/ unrolled. So if
p’ = (c1,...,¢,) then

f(p) = (p17p27 cee 7pj_17 (Cn)» (Clw .. 7Cn71)7pj+17 R 7ps).

Suppose i < j. Then f(p)* can be unrolled. Every earlier partition in p was
a singleton, so no earlier partition in f(p) can be unrolled. Furthermore, none of
f(p)', ..., f(p)'~2 can be tucked, since the first i — 1 elements of f(p) are equal
to the first i — 1 elements of p. Finally, f(p)'~! = pi~! cannot be tucked into
f(p)t = p'Tt U p?, since otherwise p'~! could have been tucked into p’. Hence,
in applying f to f(p) the partition f(p)? will be unrolled, so f(f(p)) = p-

Suppose i > j. Then f(p)’ can be tucked. Every earlier partition in p was
a singleton, so no earlier partition in f(p) can be unrolled. Furthermore, none
of f(p),..., f(p)’~2 can be tucked, since the first j — 1 elements of f(p) are
equal to the first j — 1 elements of p. Finally, f(p)’~! = p/~! cannot be tucked
into f(p)’, the partition consisting of the last element of p’, since otherwise
p’~1 could have been tucked into p’. Hence, in applying f to f(p) the partition
f(p)? will be tucked, so once again f(f(p)) = p.

We conclude that f is an involution, so all tuples which were not cancelled
by fo can be grouped in pairs {p, f(p)}. Furthermore, the weights in each pair
have opposite sign, since f either increases or decreases the number of partitions
in p by 1. It follows that all tuples of absolute weight ¢° cancel.

Thus, (fl)bq(g’l)abB,r represents a sequence with no nonzero elements be-
yond Sy, so (—1)bq(9*1)“bB7r is a polynomial and therefore B is a polynomial.

O

Corollary. Let w be the partition with b elements, each of size a. Then the
degree of By is b*(g — 1)a + b(a — 1).

Proof. Tt immediately follows from the proof of Theorem 6 that
deg(—1)’q@D9 B < b(b+1)(g — 1)a + b(a — 1)

SO
deg B, < b*(g — L)a+ b(a —1).



The reverse inequality follows since there is exactly one tuple with size n =
b(b+1)(g — 1)a + b(a — 1) that cannot be unrolled nor tucked, so there is an
odd number of tuples of size n: thus the coefficient of ¢” in (—1)°¢9~DB_ is
necessarily nonzero. O
4.2 General Case

We now generalize the combinatorial interpretation of B, to all partitions.

Definition. Let A = (A, A2, \3,...) be a sequence of partition tuples, where
each tuple has the same number of (possibly empty) partitions, some s+ 1. Set
m¢ = [(A¢) for each ¢ and a, and set

tt=a+(a—1)mit+(a—2)mi %+ +ml.
Suppose that the following conditions also hold:
L. >0, m¢ >0 foreach i >0

2. in partition A{ the difference between consecutive elements is at least
2(g—-1)a+1

3. in partition A\? the smallest element is at least 2(g — 1)t¢ + 1
Then we call A a stair sequence.
Theorem 7. Let m = (1m12m2 ...) be any partition. Then

B
(—1)img—(g=Di]

is the sum over all stair sequences A with Zf:o mi =m® for each a > 0, of

w(3) = (-1)° [[ ale-Dmbgrss

a=1

Proof. Let my,m1,...,ms be any partitions with mq,...,7s nonempty and my U
mU---Umg =m.
For each 7; we let the exponential form be

mo= (1miamigml ).
And we let the exponential form of 7 be

m=(1m2m3m ).
Note that

1)

(miymi) =Y ()

j=1



I(77)
SR AR
j=1
U(m7)

/
—lmil 42 (w4 1)
7=1

U(ms) U(mq)
=—lml+2 >
Jj=1 k—j
:_|7TL|+QZZCL]+ (a — )m¢™ Ly + (a Q)m?_2_|_..._|_mzl)
a=1j=1
=l 42303l 1)+
a=1j=1
I Y e
a=1 j5=0
where
¢ =a+(a—1)m¢ 4 (a—2)mi 2+ +ml.
Then the term in B, corresponding to (m,...,Ts) is
Biry,...m = a7 (= Hcm
S q(g=1)(mi,ms)
— grazimola—1) (1) a”
= g~ ( 1) —
g br(g1)
Dfmi|+2 1 o — e
_qza 1””0111 Hq (g=Dlms|+2(9—1) 2252 12 +
_ all_q )(1_q—ml>
a 2(g 1)Zm a-l,-t;,’
=q —(g=1)|| Zflmo(a 1) H 1 j=0 i
Hall_q ) (1_q_m1)

mi-1 . a4
2(9 1) Z] 0 aj+ts

=q —(9— 1)|7T‘q2201m0(0« 1) HH 1_q (1_

i=0a=1 q_mi)
1 % (a—1) 5 z( ) 2(g-1) =10 Yagtte
= q DIl miah (e T (-1 H — T
i=0
v —1
5 2(g—1)aj+2(g—1)t¢
— g~ (9= DIrl 2252, mG(a—1) s )i TT 4
=q Y q 1Mo (— )H H —1_1 (qui—l)
1=0

10



s (2g 1a+1)j+2(g—1)t{+1

—(g—1)|m o mg(a— s (m q
=q (g—1)| \qzazl o 1)( 1) H I)H

1=0
1

(1—q)--(1—qgm)

™ (2(g—1)at1)j4+2(g— 1)t 41

= (=1)1™ g (g= Dl 252, m(a=1)(_ HH q

anl

(1*q (1 —gm)

(2(g—1)a+1)j+2(g—1)t7+1

_ (_1\lm) 7(g 1) \7r| mg(a—1) q
= q

The term inside the first product counts, for a fixed a, the partition tuples
A = (NG, ..., A?) where [(A}) = m{, and the difference between consecutive
elements of a partition is at least 2(¢g — 1)a + 1, and the smallest element of a
partition is at least 2(g — 1)t? + 1. The weight of A\* is

w(AY) = q@=DmE NG AL

Thus, we see that
B(T"Ov--vﬂ's)

(—1)img=(s=D)I]

counts sequences of partition tuples A = (A, A2, A3,...) such that each tuple
satisfies the above conditions, with weight

—1)° H w(A?).
a=1

The theorem follows since B is the sum of B(,ro ) over all possible values
of the array ((mf)) with >°0° Om > 0 for each i > O - that is, 7q,...,7s are
nonempty - and m* = > °_ m¢ for each a > 0 - that is, ToU---Umg =7. O

5 Direct Interpretation of B,

Definition. Let the decomposition set of a partition 7, denoted as S(7), be the
set of partition tuples (mg, 71, ..., 7s) for any s > 0 where moU---Ums = 7w and
|7m;| > 0 for 0 < i <s.

Similarly, let the positive decomposition set of a partition 7, denoted as S’(r),
be the set of partition tuples (mg, 71, ..., 7s) for any s > 0 where moU- - -Ums = 7
and |m;| > 0 for 0 <4 < s.

Proposition 8. Let m be a partition with n distinct parts. Then

(-1)"p _ S (—1)gmel=tem) T gl Dimem,

n
q (0., s )ES () =0

11



Proof. Note that for any (mg,71,...,7s) € S(7) we have
[Tom@) =g hHm
i=0

Therefore multiplying the definition of B, by this product yields the desired
result. O

Hence (‘1;71)”&, is a polynomial. To show that B, is a polynomial, we must

show that @;#Bﬂ is a multiple of (¢ — 1)". If n = 1 there is a trivial test for
the divisibility of a polynomial f(gq)—just check whether f(1) = 0. For n > 1,
a more complex test is required.

Lemma 9. Let -
fla) = Zaiqi
i=0

be an arbitrary generating function in q. Then for each n > 0,
f(@) _OO : t—j+n—1 ;
(17(1)”—2 Zaﬂ n—1 a-

Proof. For n =1 we have:

f(q) — : t—j+n—1 i -
g (S Ze( ) (ZQ>

I
gk
/\{\o
g =
<
M-
. S
. <
7N
™
|
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|+
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By induction, the equation holds for all n > 0. O

Lemma 10. Let
f(q) = amq™ +--- +a1qg+ag

be an arbitrary polynomial in q and let n > 0. Then (1 —q)"™ | f(q) if and only

if
" i
2 ai (k) =0
1=0

for all k with 0 < k < n.

Proof. (=) Suppose that (1 —¢)" | f(g). Then we also know that (1 —¢)™ |
q™f(q~ ') where

q"fla") =aoq™ + -+ am_1q + .

Let £ < n; then

mf -1 & i i— 4k ;
=Y (e (1) )

i=0 \j=0

is a polynomial with degree m — k — 1. Hence,

m—Fk .
Z Clmj<mk_j) =0

With the convention that (;) =0 if 1 < k, it follows that

and therefore

HEL

7=

( <) Now suppose that



for all £ with 0 < k < n. Define

ﬂnk%=§:%(jzpzl)
j=0
forp>1and 1 <k <n. Then
g(1,k)=0
and

9P, 1) =Y a
=0

by the assumption, and

g, k) =9g(p—1,k) +g(p—1,k—1)

if p, k > 1. Therefore by induction, g(p, k) = 0 for all p and k. In particular, we
have for all p > 1:

0= g(p7 ’I’L)

N [j+p-1
o))

<

0
) T\ n—-1
j=n-p
m (m—j—i—p—l)
- Z m—j 1 :
=0 "
Therefore
"fah) fi—jtn—1\) ,
(L—q) _Z Zamﬂ n—1 1
=0 \ j=0
is a polynomial with degree at most m — n. It follows that (1 —¢)" | f(¢). O
Applying this lemma to B, yields the following equivalency.

Proposition 11. Let m be a partition with n distinct parts. Then B, is a
polynomial if and only if
s (Imol = Umo) + (9 — 1)({mo, mo) + -+ + (ms, ms)) | _
Z (-1) k =0

(m0,...,ms)ES(m)

for all k with 0 < k < n.

14



Proof. Let

—_1)n
WBW =amq" + -+ a1q + ao.
We have
(q— 1)nB B Z (71)3 |mo|—1(m0) f[ (g—1)(ms,mi)
B = q q
(70,5 )ES() i=0
_ Z (,1)8q|7T0|*l(7T0)+(9*1)Zf:o (miymi)
(70,...,ms) €S ()
For any tuple a = (7r07.. 7s) let coef(a) = (—1)° and let exp(a) = |m| —
l(mo) + (g —1) > ;o (mi,m;). Then
Zal coef(a) (k)
i= i= aeS( 7r)|cxp a)=i
= coef(a) (ex;;(a))
i= aeS( 7T)|cxp a)=i
= Z coef(a (exp )>
k
aeS(m)
- (—1)° (|7To —U(mo) + (9 — 1) ({70, 7o) + -+ + <7Ts’7fs>))
3 .
(70,5...,ms)ES(m)
Applying Lemma 10 completes the proof. O

If we consider any particular pair (7, g), where 7 is a partition of length n,
to be a point in R,, 1, then the left-hand side of the condition in Proposition 11
is a particular polynomial in n + 1 variables, evaluated at (m, g). Thus we can
rephrase the infinite conjectured scalar equalities of Proposition 11 into one
polynomial equality.

Proposition 12. Let n be a positive integer. Then By is a polynomial for each
partition with n distinct elements and each g > 0, if and only if

|7T0| - l(ﬂ'o) + (g — 1)(<7T077r0> 4+t <7T5a775>)
(-1 N
(7‘-0)---%€S(ﬂ) ( k )

where 0 < k < n, and 7 and g are variables.

Proof. The sum can be interpreted as a polynomial provided that the combina-
torial definition of the binomial coefficient matches the algebraic definition

<n1> (1) (g —ng +1)

no ng(ngfl)l

15



for all coefficients of the form

(|7T0| —U(mo) + (g — V)({mo, mo) + -+ + <7TSa7Ts>)>
k

where 7 is a partition of n distinct elements, g is a positive integer, k is an

integer between 0 and n — 1, and (g, ..., 7s) € S(7). But since k and |mg| —
l(mo) + (g — 1)({mo, mo) + - -+ + (ms,Ts)) are always nonnegative integers, the
definitions do indeed match. O

Now we convert the binomial coefficients in Proposition 11 into exponentials,
which allow further simplifications, using the following lemma essentially stating
that the binomial coefficients

(0 () ()

span the space of polynomials with degree at most k.

Lemma 13. For any integer k > 0,

semnl().() ()

(i) € span{l,z,... ,xk}.

and

Proposition 14. Let n be a positive integer. Then By is a polynomial for each
partition with n distinct elements and each g > 0, if and only if

3 (1) (Imol — Umo) + (g — ({0, mo) + -+ + (s, ms)))F = 0
(mo,...,ms)ES ()

for all k with 0 < k < n.

Proposition 15. Let n be a positive integer. Then By is a polynomial for each
partition with n distinct elements and each g > 0, if and only if

Z (=1)*(|mo| — l(’]‘(’o))i(<’n‘0’ 7o) + -+ <7Ts,7TS>)k7i -0
(70,---,ms) €S’ ()

for alli and k with 0 <i <k < n.

Proof. The condition in Proposition 14 is equivalent to the following conditions
together, which are the result of applying the binomial theorem and grouping
terms with the same power of g — 1:

Z (_1)S(<7T0>7To>+~-~+<7TS77rS>)k =0

(7‘—07"'171'5)65(77)
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Z (=1)%(|mo| = 1(mo)) ({mo, mo) + - -+ + (s, ms)) "1 =0

(70,55 )ES ()

3 (1) (Imol — Umo))F (o, wo) + -+ + (e, ) = 0

(m0,...,ms)ES(T)

S (~1)*(mo| — I(mo))* =0,

(70,5...,ms)ES ()

The first condition may be removed; it is trivially true, since adding an
empty first partition to a partition tuple flips the sign (—1)° and does not
change the inner product sum. For each of the remaining &k conditions, a tuple
(mo,...,ms) € S(mw)\ () has contribution 0, since |mg| — I(mg) = 0. Therefore
it suffices to consider only the tuples in S’(7). This completes the proof. O

Now

Y (=1)(Imo| = Umo)) ({mo, mo) 4 -+ + (g, we))E T

(7‘-07"')775)65/(77)

is an element of Rlag, ...,a,—1] where 7 = (ag,...,a,—1). For generating par-
tition tuples and calculating inner products, it is assumed that a; > a; when-
ever i < j. Thus if n = 5, my = (ap,a4,a1) is not a valid subpartition, but
o = (CL(], ai, CL4) is Valid, and <7T0,7T()> =ag + 30,1 + 5(14.

Proposition 16. Let n and ¢ be integers with 0 < i < n. The polynomial

Y. (1) (mol — Ulmo))’

(05,5 )ES’ ()
18 zero.

Proposition 17. Let n and k be integers with 0 < k < n. The polynomial

Y (=1 (Imol — Umo))({mo, mo) + - - 4 (g, my))F

(mo,...,ms )ES' ()

1s zero if and only if the polynomial

18 zero.

Proposition 18. Let n and k be integers with 0 < k < n. If the polynomial

Z (—1)*((mg, o) + -+ - + (s, ms))E 1

(ﬂ07---77TS)ES,(77)
ap€mo
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is zero for all i such that 0 < i <k, then the polynomial

3 (=) (Il = Umo)) ((moy mo) + -+ + (g, )

(70,...,ms)ES’ ()
is zero for all v such that 0 < i < k.

Now let 7 = (ag,...,an—1). Note that the coefficient of a; in (m,7) is

1+ > 2

a;EemT
j<i

We can generalize this definition of the inner product.

Definition. Let n > 0 and let 7 = (ag, ..., an—1). Let W be an n x n matrix of
positive integers, and let ¢ be a positive integer. Then we define the (W, b)-inner
product of w to be

<7T’7T>W,b: Z a; | b+ Z le‘

a; ET a; e

Note that (7, ) = (m,7),, where Z is the n x n matrix with twos above
the diagonal and zeros everywhere else.

Definition. Let n be a positive integer, and let ig, i1, ..., be integers such
that 0 <19 < 41 < --- < 7 < n. For some nonnegative integer j with j < k,
define uw = (i1,...,%;) and v = (ij41,...,i). Then define T(n,ip,u,v,a) to be
the coefficient of 4; - - - i, scaled down by k!, in the polynomial

Z (<77077TO>W70+ et <7Tsa77s>W,0)k
(70 yeees ms)ES’ ()
apEmo
s=0 (mod 2)
where W is the n X n matrix with entries W, ;, = a for 7 < I < k and ones
everywhere else.
Define T"(n, ig, u, v, a) identically except with s =1 (mod 2).

Proposition 19. Both T(n,ig,u,v,a) and T'(n,ig,u,v,a) are equal to
F(l,n—k— 1)i1i2"'ij(i]‘+1—|—a— 1)---(ik+a—1).

Proof. We show the proof for T, but it is almost identical for T'—identical, in
fact, for all steps except the k = 0 case.

First we induct on k. Suppose k = 0. Then T'(n,ip,u,v,a) is simply the
number of partition tuples of 7 = (ag, ..., a,—1) of even length with ag contained
in mg. This is equal to the number of partition tuples of (ay,...,a,_1), since
for each of the latter set we can construct an even-length tuple of 7 in exactly
one way: if the original tuple has even length, we include ag at the beginning
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of my, and otherwise we add a new partition to the tuple containing only the
element ag. But the number of partition tuples of (ai,...,a,—1) is F(1,n —1)
as desired.
Now let £ > 0 and suppose that the statement is true for all smaller values.

To prove that the statement is true for k, we induct on |v|. Suppose |[v| = 0.
Then T'(n,ip,u,v,a) is the coefficient of i ---ix, scaled down by k!, in the
polynomial

> (o modwg + o (e Ta)y)*

(m0,--.,ms) €S’ ()
ag€E™mo
s=0 (mod 2)
where W is the n X n matrix with ones above the diagonal and zeros everywhere
else. Let u' = (i1—1,49,...,i). Let ’ be empty, and let v"" = (i5—1,... i —1).
Then
T(n,ig,u,v,a) — T(n,ig,u’,v,a) =T(n — 1,i1,u”,v",2).

This arises from the fact that in any partition tuple where a;, and a;,_1 are in
different partitions, the contribution of this tuple to T'(n, g, u, v, a) is cancelled
out by the contribution of the tuple to T'(n,ig,u’,v,a) when a;, and a;, 1 are
swapped. Therefore in the remaining tuples, a;, and a;,—; are in the same
partition, and as they are adjacent, the difference in their coefficients is 1.
Hence the tuple’s difference in contributions is the product of the coefficients
of the remaining variables: a;,,...,a;, . Grouping a;, and a;,_; as one variable
with a weight of 2 on the other variables, we can establish a bijection with
T(n—1,i1,u”,v",2). But then by the inductive hypothesis

T(n,io,u,v,a) =T(n,ig,u',v,a) +T(n—1,i1,u",v",2)
= F(Ln—k—1)(iy — Vig-ig + F(Ln—k—1)(ig—1+2 1) (i — 1 +2— 1)
= F(L,n —k — )iyis---iy.

Now let |v| > 0 and suppose that the statement is true for all smaller sets.
We have

T(n,i9,u,v,a) — T(n,i9,u U {ij41}, v\ {ij41},a)
is equal to (a — 1) times the portion of
T(n7 ig, U,V \ {ij+1}7 a)

contributed by tuples where ¢ is in the same partition as 4;41. This is because
changing wjy;,, from a to 1 affects only tuples with ig and i; in the same
partition, and the resulting contribution is (@ — 1) times the coefficients of the
remainder of 4 and v. But the portion of

T (n,io,u,v \ {ij41},a)
with 49 and i;4; in the same partition is exactly

T(n —1,ip,u,v",a+1)
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where v' = (ij42 — 1,...,4% — 1). This is obtained by assimilating the variable
ij4+1 into 79, which increases the weight by 1 but decrements all indices after
j + 1. Hence, by the inductive hypothesis,

T(n,io,u,v,a) =T (n,ig,uU{ij41}, v\ {ij41},a) + (a = 1)T(n — 1,40, u,v',;a + 1)
= F(L,n—k— )irig-ij1(ijea+a—1)-- (i +a— 1)
+F(n—k—1)(a—1)itig--i(ij42+a—1)--- (i +a—1)
= F(n—k—1)igia-ij(ijo1+a—D(ijea+a—1)(ix+a—1).

This completes the induction. O

For the general case, we must generalize our definition of 7. Let W be an
upper triangular n X n matrix of positive integers. Let & > 0, let ¢ be a vector
of k nonnegative integers, with iy < i3 < -+ < iy < n, and let e be a vector of
k positive integers. Then let [ag! ---aj*]T(W) be the coefficient of

7

e
J

a;’
J

k
=1

J

Z (*1)5 (<7T0’7T0>W+.“+<7T577T5>W)61+'”+8’€ .

(705,75 )ES’ ()

ag€Emo
From here on, we will assume that this is divided by the number of distinct
permutations of af ---a;", so that we are in fact counting the cases when a;,
is chosen from the first factor, a;, from the last factor, and so forth.
er

Similarly, for any j; and jo with 0 < ji < j2 < n, let [aj! ---aiF]|T}, j,(W)
e1 ... g%k

be equal to [af] i ]T(W) restricted to the partition tuples where a;, and
aj, are in the same partition.

Proposition 20. For all valid parameters where W is strictly upper triangular,

[ast - af* )T (W) = 0.

i1 ik

Proof. We induct on the index-exponent sum Zle ij +e;. If the sum is 0, then

lag) -+~ af:]T(W) is simply the value
Yoo =y
(m0,...,ms)ES' ()
ag€Emo
which is 0.

Now suppose the index-exponent sum is positive. Then k£ > 1. If 43 = 0,

then [aj} ---ag*|T (W) is trivially 0, since for any partition tuple the coefficient
of ap within its inner product is Wy ¢ = 0.
If 43 > 0, note that most contributions in [af - --a;}]T(W) can be placed

11 K3

in bijection with equal contributions from [aj' ;---ai*]T(W’), where W' is

1
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the matrix obtained from W by swapping all corresponding entries of rows
i1 — 1 and ¢; except for entry W;, _1,,. In particular, let o = (mg,...,7s)
be a partition tuple with a;, and a;,—; in different partitions. Let o’ be the
tuple constructed from « by swapping a;, and a;;—1. Then a has the same
contribution in [ag! - ai*|T(W) as o has in [ag_; ---af*|T(W').

Hence, the only tuples with a nonzero contribution to

[ag} -+ agi | T(W) = [ag}_y - agf ] T (W)
are those tuples where a;, and a;,_; are in the same partition. Let a be such
a tuple. The last e; + --- 4+ e; factors in the power can be factored out of
the difference, since we are looking at the coefficients of the same monomial
afj -.-af:, and although the weights of ¢; and 7; — 1 have been swapped, this
makes no difference since they are both in the same partition. Then if x is the
coeflicient of a;, in the inner product sum, the difference is

e;—1
el 1
e — (2= Wiy14,)" = Z ( .)(_Will,il)el g
— \J
J
times the coefficients due to the remaining variables a;,,...,a;, . But for each
j, the product of x/ and the coefficients of the remaining variables, is exactly

the coefficient of a] aj?...a;". Hence,

[a?l aek]T(W) _ [ae1 ..,aek}T(W/)

i1 Bk i1—1 ik
e;1—1
(] 11—t d
= 3 ()W) e T (V).
7=0

By the inductive hypothesis, [ai' | ---a;*|]T(W’) = 0. For the remaining
terms, note that

€1
i1

)Ty (W) = a1, - aft_JT(W)

a i i1—1 ir—1

where W’ is the n — 1 x n — 1 matrix constructed from W by adding Wj, ;; into
Wi, —1,i; for each j, and adding W, 1 ;, into W;, _1 ;, —1, and then removing row
11 and column ;. Essentially we are removing variable i; — 1, but so as to avoid
affecting the coefficients of other variables, we must somehow keep the weights
of i1 — 1 on other variables. Since variable 7; is always in the same partition, it
suffices to simply add each weight of i; — 1 into the corresponding weight of ;.
But now the entry W;, _; ;, 1 is nonzero, so the matrix W is not strictly upper
triangular. This may be fixed by applying the binomial theorem again; we have

e - € e1—1—3
[a’ill—l T af:—l]T(W/) = Z (;)Will—ll,ilj [agl—l T af,f—ﬂT(W”)
§=0
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where W' is obtained from W’ by setting entry W} _;, _; to 0. But W" is
strictly upper triangular, so by the inductive hypothesis, this sum is 0. It follows
that

[aSt - aF T (W) = 0.

i1 i
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