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Abstract

Hall-Littlewood polynomials are important functions in various fields of mathematics and quantum physics,
and can be defined combinatorially using a model of path ensembles. Wheeler and Zinn-Justin applied
a reflection construction to this model to obtain an expression for type BC Hall-Littlewood polynomials.
Borodin applied a single-parameter deformation to the model and obtained a formula for generalized Hall-
Littlewood polynomials. Borodin has asked whether a similar generalization could be applied to type BC'
Hall-Littlewood polynomials. We present the model incorporating Borodin’s generalization. We also ob-
tain expressions for polynomials that were previously studied by Borodin, in addition to an expression for
generalized type BC' Hall-Littlewood polynomials.

1 Introduction

Both type A and type BC Hall-Littlewood polynomials are useful for modeling systems of particles in
quantum physics. Since these models are idealized and real systems have a lot of parameters that can affect
the systems, generalizing the model with additional parameters can help to more accurately describe physical
systems.

Hall-Littlewood polynomials (also referred to as type A Hall-Littlewood polynomials) are symmetric
functions that are a single-parameter deformation of the Schur polynomials and are given by the following
expression [1] (where the elements of S,, act by permuting the variables z; in the obvious way):
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Wheeler and Zinn-Justin [2] constructed hyperoctahedrally symmetric type BC Hall-Littlewood polynomials
by modifying a statistical mechanical model that generated the aforementioned type A Hall-Littlewood
polynomials and obtained a symmetrization presentation (where the elements of H,, = S,, x {£1}" act by
permuting and inverting the variables x;). These functions are Laurent polynomials and have two additional
parameters, v and . They are given by the following expression:
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Separately, Borodin [3] generalized the model by adding an additional parameter s. Wheeler and Zinn-
Justin, in [2], mention this generalization but do not incorporate it into their results. We incorporate the
generalization in [3] to the model and framework in [2] and obtain the same polynomial as in [3], up to a
constant factor, to generalize type A Hall-Littlewood polynomials:
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We also apply the generalized weights in [3] to the type BC polynomials in (1) to obtain our main result, a
family of symmetric polynomials that we call generalized type BC polynomials:
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2 Definitions and Notation

2.1 Integrable model, basic definitions

We set up an integrable model as in [2], with an infinite dimensional vector space V representing occupation
numbers of particles:

V= Span{\m0>0 (%9 |m1>1 (%9 |m2>2 [ },

where m; > 0 for all ¢ > 0 and only finitely many of the m; are nonzero. Also, we let V; denote Span{|m;);},
sothat V=10V, @ Vo ®.... We also define |\) for a partition A:

|)‘> = |m0()\)>0 ® \ml()\)>1 ® |m2()\)>2 Q---€V,

where m;(\) denotes the number of instances of ¢ in A. Note that these form a basis of V; let (A\| € V*
denote the corresponding element of |\) in the dual basis of the basis of partitions.
We define 7 to be % We also define the standard g-Pochhammer symbol:

(a;¢)n = (1 —a)(1 —qa)...(1—aq" "),
with the right hand side vacuously equal to 1 when n = 0. Moreover, we extend this symbol to partitions:
(@) = [[(a:9)s,
i€

where the product is taken with multiplicity.
Furthermore, we define the function v (t) as in [1]:
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2.2 Regular and normalized R matrix, Yang-Baxter equation, and unitarity
relation

We define the R matrix as in [2], which operates on the auxiliary two-dimensional vector spaces W, and W,

=tz 0 0
0 ¢t A=tz 0
Rap(z/y) = 1— 1== )
0o L0
0 0 0 =/ .

where z = z/y. Here the subscripts a and b indicate that the R matrix operates on W, ® W,. The two
elements of the bases of these auxiliary spaces are represented by the symbols o and e (so the R matrix



operates on the basis (o0 ® 0,0 ® e, ® o,e ® e)). These symbols represent high-spin and low-spin particles,
respectively. This matrix is represented graphically as a crossing of two lines, as in equation (10) of [2].
The R matrix satisfies the Yang-Baxter equation [2]:

Rap(x/y)Rac(x/2) Roc(y/2) = Roe(y/2) Rac(w/2) Rap(2/y). >d; = Zj j><
)

In these diagrams, a crossing of the lines represents an application of the R matrix, and each line is associated
with a different auxiliary space. The variable labeling each line represents the argument used for the R matrix.
The R matrix also satisfies the unitarity relation [2]:
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y—tx)(z—ty y—tr)(z—ty) =
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We also define R, the normalized R matrix, to be a multiple of the R matrix such that the unitarity relation
has right hand side 1:

Ra(e/9) = 7= Raslie/).

so that
Rab(x/y)Rba(y/m) =1

2.3 L operator, intertwining equations

The integrable model in [2] is based on the L operator, an element of End(W, ® V'), where W, is a two-
dimensional auxiliary space. We define a generalized version of this L operator with weights as in [3], defining
L, i(z) € End(W, ® V;) by its operation on the basis elements of V; as follows:
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where the 2 by 2 matrix acts on W,. The components of this operator are graphically represented as follows:
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In the graphical representation of an L operator (a “tile”), the number of lines entering at the top corresponds
with the basis element of V; on which it is acting, and the number of lines exiting the bottom corresponds
with the basis element of its output. By Proposition 2.5 of [3], we have an intertwining equation analogous
to equation (14) of [2]:

Rap(2/y) La,i(x)Loi(y) = Loi(y) La,i(x) Rav(2/y). >< - ><




We also define a dual operator L*:
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The following intertwining equations also hold:

Rao(29) Lo (0) L) = L () Los@)Rnon), | e = P

I

Ran(y/2) Ly () i o (y) = Ly (W)L o(2) Ran (/). >< - ><

Yy

2.4 Permutation R matrix, D matrix

We define the permutation R matrix, R?, as in Appendix A of [2]. In other words, if o and p are permutations,
then decompose op~! into a series of transpositions, and let R- be the product of the corresponding R
matrices. If p is the identity permutation, we abbreviate Rf, by simply R,.

Similarly, we define the D matrix Dy, identically to the F' matrix in Appendix A of [2]. (We have
changed the variable name because of a conflict with F' functions.) The D matrix, D;_ ., € End(W; ® ... ®
W), is defined so that it satisfies:

Fo’(l)..AU(n)R}y“'n =F n

2.5 Boundary covector, boundary B operator, reflection and fish equations
We define the boundary covector (K|, . € Wx ® W, identically to section 2.7 of [2]:
(Klaa=(1 0),®(0 1)_—t(0 1) ®(1 0)

a a
The boundary covector is represented graphically by a U-turn vertex as in the following equation. When
interpreted as a four-dimensional vector, it has two nonzero components:

)0, Cov )2, C o

We also define the boundary B operator B((l:yi) (x) € End(W, ® V;) as in [2]. Letting m be the number of
particles at the top of the tile, we define the boundary operator by its action on the basis element |m), of V;:

: (i, ot lm + 1),
B @I = (4 mi . (b |m>i>a'

The graphical representation of this boundary operator is a tile with the parameter  inside it:

m

Additionally, we define a combination of the boundary covector and the boundary operator:

_ _ x Y| S
(K (2:7,0)] 00 = (Kloq B 5 (@) BY (2) B, (2)BY) | (a) = < .

The above expression is an operator in W) ® W7 ® End(‘A/), where V=V_,® V_;.



2.6 Single- and double-row transfer matrices

We also define row transfer matrices as in sections 2.6 and 2.9 of [2]. The single-row transfer matrix
T, (z) € End(W, ® V) is defined by:

To(w) = [[ Lai(x) = =
=0

r—S

175;1:) < 1 so that the product converges to 0 unless there are only D tiles sufficiently far

to the right. Recall that here W, is a 2-dimensional auxiliary space and V =1, V; @ Vo ®.... If we treat
T,(z) as a 2 by 2 matrix over W, with components in End(V'), then it only has two nonzero components:

BN N i S o W R

Similarly, we define the double-row transfer matrix Taa(2;7,6) € W* @ W2 @ End(V @ V) as in [2):

We assume that ’

> _ > x Y| 6
Taa(37,6) = (K (237, 0)|q [ [ Lai(@) ] Laj(@) = <
i=0 =0 A

We consider its only nonzero component:

T__(x;7,0) = 2 e 1.
x Y6 Q-

3 Results

In this section, we derive the F' function of [3] in terms of our notation. (There is a difference of a constant
factor, but it is not important.)

3.1 Definition of F function

We define the F' function as follows:

I =i | Fa(zr. . znitys) = (A T () .. T (21) 0)
1<i<n
3.2 Expression for F' functions

We now obtain the symmetrization representation for F' functions of [3] (a family of symmetric polynomials
indexed by partitions) using the techniques of [2]. Define the column transfer matrix, an element of End(W; ®
LW, RV):

S (xy, . 2n) = Lpi(zn) ... Lii(zy) € End(Wy ® - @ W, ® V).

We also define the components of this matrix in V; (note that these components are independent of 4):

Sty oo a,) = (1), SW(xy, ... 2n) M), € End(W) @ --- @ W,,).



We also define a twisted column transfer matrix:

Sﬂ_n(ml, coosxy) =Dy p(xe, .., xn)Sy]_n(ml, . ,xn)D;.l.n(arl, R

This twisted column transfer matrix, by the results of Appendix A of [2], is independent of its permutation.
Now we obtain an expression for the twisted column transfer matrix:

Theorem 1. If 0 < m < n, then
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Proof. The proof is almost identical to that of Theorem 2 of [2]; we replicate it here. As in (43) of [2], we
have:
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where ig(1) > -+ > ig(n) and j,1) < --- < jpeny. Furthermore, from pg. 14 of [2],
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Furthermore, similarly to (46) of [2],
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Note that we also have:
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Now, combining (3), (4), (5), and (6), we get:
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which immediately leads to the expression in (2). O



We can now use the expression for twisted transfer matrices given by (2) similarly to Lemma 3 of [2] to
recover an expression for F' functions:

Theorem 2. The F functions are given by:
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Proof. We have, as a consequence of the graphical representation of (HKK” xl) Fy(z1,...,x,;t,8), that
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Now, since we also have
(o,...,0|D1..p = {o0,...,0|, Dl_ln lo,...,0) =o,...,0),

we can conjugate all the S matrices in (8) by D;._, to obtain twisted S matrices instead:

H Z; F,\(xl,...,xn;t,s) = <o,...,o|Hg[mi'()\)’o](l‘l,...,l‘n) |o,...,o>
i=0

1<i<n

A1
= (o, yo [ STV @y, .. an) o, o) (9)
1=0

Now we can use (2) to compute (9) explicitly. The S operator only contains spin-raising (|e) — |o)) and not
spin-lowering (|o) — |e)) operators, so we can conclude that the expression in (9) is equal to the symmetriza-
tion of any single term that it gives. The simplest such term is graphically represented (where each column
is a twisted operator) as

0 0 0 0 0

T % —9
o
% Ai t
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mo M1 M2 M3 M4

where the diagram is for the specific case A = (4,3,3,1,0) and the equality is obtained using (2). Thus we
have:

i P — Ai R .
1) it = ¥ o T2 I (250) 11 2=
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Canceling a factor of [[,.,., «; from both sides and using the results of Section 1, Chapter III of [1], we
obtain (7) as desired. O



3.3 Definition of and expression for H functions

We define the H functions to generalize type BC' functions in a similar way:

IT @ ) Hx(@rse ozt 59,8) = (01 @ (A T- (257, 6) ... T— (2157, 6) |0) @ [0).

1<i<n
The double-row column transfer matrices are defined as follows:

St (i, .. oY) = Loi(Z0) Liyi(wn) - - . L1,(71) Ly a(21)
EEMdWi Wi ® - @ Wiy W, ®V;),
B (2!, aty) = B (20) B (@) .. BO) (21) B (1)
EEndWi @ W1 @ ---@ Wp @ W, @ V).

Their components in V; are:

S[l7m](l‘i‘:17-..’xn ) <l| S[l( ey )|m>
B[an](xitlv,..,l'n ,’7) <0‘ B (xl a~~'7xn a7)|0>1

Then we can re-express the H functions in terms of column transfer matrices instead of row transfer matrices:
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We now define twisted versions of these operators using the double-row D matrix Dy ,:

S, . et =Dy ,SP (2, e EhD
@[i](%ﬂ,---, T ,7) Dy B (@E, .. aEt )DL,
(K| = (K| Dy

Now, as a consequence of (57) and (58) of [2], as well as (2), that:
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We can then similarly use (2) and Theorem 3 of [2] to obtain a symmetrization expression for H functions:



Theorem 3. The H functions are given by:
H)\(xfl, x5y, 0) =
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Proof. The proof is analogous to Lemma 4 and Remark 5 of [2]. O

4 Discussion and Future Work

Future work may include creating dual functions to the F' and H functions, analogous to the @) and L
functions in [2], using L* matrices instead of L matrices. These dual functions could then be used to prove
analogues of the identities in [2]. Also, skew F' and H functions like those in [3] can be created by allowing
both end conditions, rather than just one, in the graphical representations to vary. It then may be possible
to use this to extend some identities in [3] from type A to type BC polynomials.
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