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What is a g-analogue?

A g-analogue is an extension of a combinatorial object based on a
variable ¢ reducing to the initial object at ¢ = 1.

Example

We can generalize n as a polynomial [n], given by

. =1+q+...+¢" L.

Note that at ¢ = 1 we obtain n.
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Defining a g-binomial coefficient

Note that

This motivates defining [n]!, = [n]q[n — 1]g- - - [1]g, and letting

We can then say:
° (Z) as the ¢ = 1 case

° [Z] is the number of k-dimensional subspaces of F7.
q q
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Defining fi(n)

The original problem concerns looking at the coefficients of [Z]
modulo two.

Definition

For R € Z/27Z, and k € N, we define

o) = #{as 1 [}] =R (moa 2}

The function counts the number of coefficients congruent to R modulo

Example
Let’s compute f2(5). We have

| !\D
.

5
[2] =+ +2¢  +2+2¢44 +q+1
q

v
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Motivation

e Nice patterns in binomial coefficients (Z)

Figure 1: Pascal’s triangle modulo two

o (7) is the sum of the coefficients of [} ] or Y50 ld'] I [7].. so we

q
should expect some sort of pattern Wlth coefficients of [”]q as well.
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We show that fx(n) is

e quasipolynomial - we can say
fr(n) = Pi(n) when n =14 (mod Q)

where P; € Z[z],Q € N.
e We call Q a quasiperiod, and the degree is max; (deg F;).

e Example: |n/2] is quasipolynomial of degree 1 and quasiperiod 2.
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e We call Q a quasiperiod, and the degree is max; (deg F;).

e Example: |n/2] is quasipolynomial of degree 1 and quasiperiod 2.

Theorem

The function fr(n) counting coefficients congruent to some fized
residue modulo N in [Z]q s quasipolynomial of degree one. That is, it

can be written as for
fr(n) = Li(n)

forn =14 (mod Q) and linear functions £;(n).
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What do the slopes look like?
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A combinatorial interpretation of Uﬂq

A partition X of n is a way to write n as a sum of positive integers
A1, A2 ... where order does not matter.
A part of X is one of these integers \;.

A Young diagram is a way of representing a partition A. For
example, take the partition 1 +2 44 of 7:

Figure 3: A partition of 7
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A combinatorial interpretation of [ﬂq

Theorem

We have

n_ |JTEk

Z ngk(n)q = i ;
n>0 q

where pjxi(n) is the number of partitions whose Young diagrams fit in
a j X k bor.

v

We can use this to show that the coefficients of [j :k ] are symmetric.
a

A

— N

Figure 4: The map A — )\ on a 4x3 box
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Coefficients of low degree terms in [Z}q

Fix k = 3, and make a list of the first 10 terms of [g]q:

BLZ"‘+0q9+0q8+0q7+q6+q5+2q4—|—2q3+2q2+q+1
[130L:"'+mqg+9q8+8q7+7q6+5q5+4q4+3q3+2q2+q+1
:135:q:"'+12q9+10(18+8q7+7q6+5q5+4q4+3q3+2q2+q+1
:230:(1:.,.+12q9+10q8+8q7+7q6+5q5+4q4+3q3+2q2+q+1
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Periodicity of p<i(n)

Theorem (Nijenhuis & Wilf, 1987)
o The function p<k(n) is purely periodic modulo N .
o This period is given by a function wy(k), which can be described

explicitly.

@ This result is crucial in proving the main theorem, and the actual
quasiperiod @ examined is loosely based on 7y (k).

e Roughly speaking, we can can use p<x(n) as a “basis” and exploit
its periodicity modulo N to prove the main theorem.
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What does the repeating sequence look like modulo N7

Let qo,q1; - - - Gry(k)—1 be the repeating sequence of residues of p<k(n)
modulo N, with ¢; = p<(i) (mod N). Then:

o The last (kgl) — 1 entries are zero.

o Ignoring the zero entries at the end, the residues exhibit symmetry.

One example of this sequence for N =2,k = 3 is

H 9 1 492 43 44 (45 ds gy 4s 49 qio qi1 H
/1t 1.0 1 0 1 1 0 0 0 0 0
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The generating function

fr being a degree one quasipolynomial allows for easy computation of

the generating function:

Theorem

For a modulus N € N, we have

A(z)
(1= 2z~ (®)2’

Fk(x) = Z fk(n)q;n =

n>0

where . |
A)= Y (1 —29%)eo(i)a’ + e1(i)a@et,
iGZ/QkZ

@ ¢o(i) is the constant term for residue i.

@ ¢1(i) is the slope for residue i.
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Future directions

e Prove that the numerator of Fj(x) is usually symmetric. For
example, when N=2 when we count the residue 1 we get

o 41t 4 42 40D 4 4t 4+ 23
(I)l(.1‘)2(192(1‘)2(1)3(.CE)(I)4(.T)2(I)6(£L‘)‘I)12(.CL’)

F(z) =

Not always true, but true in many cases.

@ Slopes appear to be bounded within a certain range. Is an
asymptotic estimate possible?

o Is there a “nicer” formula for the generating function?
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