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Symmetric Polynomials

Symmetric Polynomials

Definition (symmetric polynomial)
A symmetric polynomial is a polynomial in n variables that
remains the same under any permutation of its n variables.

Mihir Singhal Generalizations of Hall-Littlewood Polynomials



Symmetric Polynomials

Symmetric Polynomials

Definition (symmetric polynomial)
A symmetric polynomial is a polynomial in n variables that
remains the same under any permutation of its n variables.
Examples:

@ T1T9...Tn

° xlmg + m%mQ + mgxg + I%l‘g + 1'3.%'% + m%xl

o Not symmetric: 2173 + zox3 + 2327
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Symmetric Polynomials Definition
Types of Symmetric Polynomials
Hall-Little Polynomials

Monomial Symmetric Polynomials

Definition (partition)

A partition is a finite nonincreasing sequence of nonnegative
integers. If A is a partition, its elements are denoted Ay > Ao >

Example: (4,3,3,1,0)
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Symmetric Polynomials Definition
Types of Symmetric Polynomials
Hall-Littlewood Polynomials

Monomial Symmetric Polynomials

Definition (partition)

A partition is a finite nonincreasing sequence of nonnegative
integers. If \ is a partition, its elements are denoted Ay > Ao > .. ..

Example: (4,3,3,1,0)

Definition (monomial symmetric polynomial)

If X is a partition of length n, then my(x1,xo,...,x,) is the
symmetric polynomial that is the sum of all distinct terms that

result from permuting the variables in xi\lxé\Q Sz
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Symmetric Polynomials Definition
Types o etric Polynomials
Hall-Littlewood Polynomials

Monomial Symmetric Polynomials

Definition (monomial symmetric polynomial)

If X is a partition of length n, then my(z1,z2,...,x,) is the
symmetric polynomial that is the sum of all distinct terms that
result from permuting the variables in 231252 ... z)".

Examples:

4,2 4, .2 2 4 2, 4
® Myy91)(T1,T2,73) = TTT3T3 + T]T2TF + TITHT3 + T{T2T3

+z17573 + 112375

292,292, .29
® m220)(T1, 72, 73) = 2175 + X775 + T573
® my1,1)(71, T2, 73) = T17273

These polynomials form a basis of all symmetric polynomials.
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Symmetric Polynomials
y f Symmetric Polynomials
Hall-Littlewood Polynomials

Hall-Littlewood Polynomials

Definition (Hall-Littlewood polynomial)

For a constant ¢ and a partition A, the Hall-Littlewood polynomial
is given by:

Py(z1,...,xy;t) = consty(t) Z o H :Uf" H L' — ;J
J

35
oESn, 1<i<n 1<i<j<n

where S, is the set of permutations of the variables ;.
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Hall-Littlewood Polynomials

Definition (Hall-Littlewood polynomial)

For a constant ¢ and a partition A, the Hall-Littlewood polynomial
is given by:

Py(z1,...,xy;t) = consty(t) Z o H :Uf" H L' — ;J
J

35
oESn, 1<i<n 1<i<j<n

where S, is the set of permutations of the variables ;.

@ t =1 gives the monomial symmetric polynomials.

@ t = 0 gives the Schur polynomials, another important basis of
symmetric polynomials.
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Definition
Connection to Hall-Littlewood Polynomials
Ty ' Path Ensembles

ed Weights

Path Ensembles

Path Ensembles

This is a type-A path ensemble with end
state A with n paths, where n is the length
Ty Of .

O

mo my mg  mg My

A= (4,3,3,1,0)
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Definition

C ion to Hall-Littlewood Polynomials
3C' Path Ensembles
lized Weights

Path Ensembles

Path Ensembles

This is a type-A path ensemble with end
state A with n paths, where n is the length

Ty of .
! @ Paths may only go right and down and
2 cannot intersect.
s @ Paths enter at the left and exit at the
bottom.
T4 — —— @ Only one horizontal path may enter or
exit each tile.
M | @ The number of paths exiting the
me M1 my mz M bottom in column 7 is the number of
instances of 7 in \.
A=(4,3,3,1,0) o Each tile is associated with a variable

x;, and each tile in a row is associated
with the same variable.
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Definition

Connection to Hall-Littlewood Polynomials
T BC' Path Ensembles

Generalized Weights

Path Ensembles

Path Ensembles

&
T
]

&
——
]

&

|
T4 —IL —t— Ty I——II_ Ty
M 0 1 0

mo Mmp Mg M3 My my My Mg M3 My mo My Mg M3 My

A=(4,3,3,1,0)
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Path Ensembles C .j.nrt’ﬁ Hal\—iLiTﬂP\«'\.‘ioo(I Polynomials
Path Ensembles

ed Weights

Path Ensembles

Each tile is assigned a weight, depending on the paths that enter
and exit it and the variable x associated with it (¢ is, again, a

constant):
m m m m
m m+1 m—1 m
x x 11—t 1

The weight of a path ensemble is the product of the weights of all
its tiles.
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Definition

Col ion to Hall-Littlewood Polynomials
Path Ensembles Type-BC' Path Ensembles

Generalized Weights

Path Ensembles and Hall-Littlewood Polynomials

Theorem (Tsilevich)

For a partition A\, the sum of the weights of all type-A path
ensembles with end state \, divided by ngz‘gn x;, Is the
Hall-Littlewood polynomial:

const)y () Z o H xf‘i H xz__ﬂ

X X5
oESy, 1<i<n 1<i<j<n " J
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Definition

Connection to Hall-Littlewood Polynomials
Type-BC Path Ensembles
Generalized Weights

Path Ensembles

Type-BC' Path Ensembles

This is a type-BC' path ensemble with end

state \.
£ @ The construction is similar to type-A
B path ensembles, but there are twice as
#1 many rows, with tiles associated with
A the variable x; or aci_l.

o @ At the left, exactly one path enters in

.
’ each pair of rows with variables z; and
3 _I L l’;l.

25" |——| @ Weights are the same, but with an

e i My ma additional w_eight of —t each_ time a
path enters in the row associated with
-1
A= (4,3,1) Ly

@ (The model is simplified slightly here
for brevity.)
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Definition

Connection to Hall-Littlewood Polynomials
Type-BC Path Ensembles

Generalized Weights

Path Ensembles

Type-BC' Hall-Littlewood Polynomials

Theorem (Wheeler, Zinn-Justin)

The sum of the weights of all type-BC' path ensembles with end state X\, divided by
ngign(xi — tmi_l), is the type-BC' Hall-Littlewood polynomial:

Xi £ — t2:) (2 —
const) (¢) Z w H lfﬁ H (( 471;]‘]))((:61'%;* f))

. X
weSpx{E1}r  \1<i<n i1<i<j<n V!

where Sy, x {£1}" is similar to the set of permutations of the variables, except that

it can take x; to either x; or x].’l.
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Definition

Connection to Hall-Littl >d Polynomials
Type-BC' Path Ensembles

Generalized Weights

Path Ensembles

Generalized Weights

Generalized weights are defined with an additional constant
parameter s (they give normal weights when s = 0):
m m

m m
m m+1 m—1 m
z—st™ (1—32tm)x 1—t™ 1—st™x
1—sz 1—sx 1-—sx 1—sz
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Problem and Results

Problem

Theorem (Borodin)

The sum of the generalized weights of all type-A path ensembles with end state )\,
divided by [1<;<,, i, is:

Ti —§ — sz;))N s = gy
const) (¢, ) E & H (( )/(1 ) H z; — tw;

1— sx; 85 = B
oESh 1<i<n v 1<i<j<n J
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Problem and Results

Problem

Theorem (Borodin)

The sum of the generalized weights of all type-A path ensembles with end state )\,
divided by [1<;<,, i, is:

By =8 — swi))M 1y = Uiy
const) (¢, ) E o H « )/(1 ) H z; — ta;

1— sx; Ty — T
oESh 1<i<n v 1<i<j<n J

Question (Borodin)
How do we similarly generalize type-BC' Hall-Littlewood polynomials?

Mihir Singhal Generalizations of Hall-Littlewood Polynomials



Problem and Results

Our Result

Theorem

The sum of the generalized weights of all type-BC' path ensembles with end state )\,
divided by [;<;<p (@i — ta;"), is:

T;— S — sx;))N 25 — o \ipss —
const) (, s) Z w H (2 )/(1 i) H M

—2 oV ors —
weSan Lt} e (1—a;79)(1 — sz) e s (s — z5)(ziz; — 1)
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Problem and Results

Further Research

o Type-BC polynomials have a dual formed by slightly
modifying the weights. What is the corresponding dual of
generalized type- BC' polynomials?
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Problem and Results

Further Research

o Type-BC polynomials have a dual formed by slightly
modifying the weights. What is the corresponding dual of
generalized type- BC' polynomials?

@ Borodin defined skew generalized type-A Hall-Littlewood
polynomials by allowing paths to enter at the top. Is there an
analog for type-BC' Hall-Littlewood polynomials?
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Problem and Results

Further Research

o Type-BC polynomials have a dual formed by slightly
modifying the weights. What is the corresponding dual of
generalized type- BC' polynomials?

@ Borodin defined skew generalized type-A Hall-Littlewood
polynomials by allowing paths to enter at the top. Is there an
analog for type-BC' Hall-Littlewood polynomials?

@ What previously proven identities can be generalized to apply
to generalized type- BC' Hall-Littlewood polynomials?
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