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Basic ldeas
Definition
R is a commutative ring with unity.

Ring of polynomials:

R[X]:{ro-l—rlx-l—---—i—rdxd‘ rjeR,rd#O}

d is the degree of the polynomial.

Example
02—x+x32¢ Z|x], degree 2
o 7+ 2x2 — ix5 € C[x], degree 5

.
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More Indeterminates

k indeterminates xi, ..., X:

R[x1,...,xk] = R[x1] - - - [xk]

_ Y ST/
- Z rle---;JkXi Xf( '}17---uk€R

Finitely many terms
Jiy- k=0

max(j1 + -+ jk | rjr,..., 7 0) is the degree of the polynomial.

Example

@ X1X0 + X1X0X3 + 2x15x§ € Z[x1, x2, x3], degree 7

o m+ 2x12 — X1 X0 + x;:’ € C[x1, x2, x3, xa], degree 3
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Symmetric Polynomials

S is the subset of R[x,...,xx] of polynomials that remain unchanged
when indeterminates are permuted.

If Kk =2, then

x1+x €S
since xo + x1 = x1 + Xxo. )
Example
If kK =3, then

x1+x &8

since xp + x3 # x1 + xo, but

Xx1+x+x3€8

v
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A partition A\ = (A1, A2, ..., \yy)) is a decreasing sequence of positive
integers, thatis, Ay > Xp > --- > )\g()\) > 0. The Young diagram of \ is
the left-aligned grid of boxes with \; boxes in the jth row.

Pary is the set of partitions with /(\) < k. Pary ,_ is the set of partitions
whose Young diagram fits inside of box of height k and length n — k.

The conjugate of \, X/, is the partition whose Young diagram is the
reflection of the Young diagram of A across the main diagonal.

Example
Let A =(3,2). Then A € Parp, A € Parp3, A & Parpp, N =(2,2,1).

A 77—| N 1]

Note that \ € Pary <= )\ < k.

v
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Homogeneous Symmetric Polynomials

h; = Z x{lej

Jit k=i
J1se--Jk=>0

h)\ = h>\l h>\2 . e h)\e()\)

Example
If kK =2:
ho=1
hs = X3 4+ X2x0 + x1x3 + x3

hi2,1)y = hah = (Z 4 x1x0 4 Xx3)(x1 + x2) = X3 + 2x2x0 4 2x1x2 + X5

v

Theorem (Enumerative Combinatorics Vol. 2)

{hx| X\ € Pary} is a basis for S over R
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Schur Polynomials

Let 4(\) < k. Then

s = det(hy,j-i)

If Kk =2:
hy  ho
@O |y
= hyhy — h3ho

= (X + x1x0 + x3)(x1 + x2) — (G + xZx2 + x1x5 + X3)

2 2
= X{ X2 + X1X5

A

Theorem (Enumerative Combinatorics Vol. 2)

{sx |\ € Pary} is a basis for S over R.
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e R=Z
Cohomology ring of the Grassmannian,

H*(Gr(k, n)) = S/ {hp_ksts .., )

° R=1Z[q]
Quantum cohomology ring of the Grassmannian,

QH*(Gr(k,n)) = S/(hn_ts1,-- -, hn_1, hn + (=1)%q)

Theorem (Postnikov)

{S)\ | A E Park,,,_k}

is a basis (over R) for both quotients; that is, every member of S can
written uniquely as

some member of the ideal + Z Sy, € R, \N€ Parg i

v
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Quotients with h;'s

Theorem (Grinberg)
Let a; € R. Then

{S)\ | AE Park,,,_k}

is a basis for
S/<hn—k+1 — a1, .-, hn - ak>
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Quotients with h;'s

If k=2, n=4:

{50,501 5(1,1) 5(2)> S(2,1)> 5(2,2) }
_ 0 2 5 2 2N,
= {1,x1 + x2, x1x2, X{ + X1X20 + X5, X{ X2 + X1X5, X{ X5 }

is a basis for

S/<h3 — ai, h4 — a2>
= S/(xf +X12X2 +X1x22 +X23 - al,xf' +xfx2 +x12x22 +x1x§’ —i—xg — a)

For instance:

Xt + x5 = —(x1 +x2)(hs — a1) + 2(hs — a2) + 2ap5) — a1s(1)
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Power Sums

p,-zx{—i—~-+x,i

p)\ - p)\lp)\Q e p>\g(>\)

v

Example
If k=2:

3., .3
P3 = X{ + X3

Py = P2p1 = (5 + x3)(x1 + x2) = x¢ + xxe + X135 + X3

Theorem (Enumerative Combinatorics Vol. 2)
If Q C R, then {py |\ € Pary} is a basis for S over R
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Quotients with p;'s

Theorem (W)

Let Q C R. Then
{S)\ | AE Parky,,,k}

is a basis for
s/(Pn—k+1: 000 7pn>

Example
If k=2, n=4:
{0 5(1)5 S(1,1)5 S(2)5 5(2,1) 5(2,2)}

2 2 2 2 2.2
= {17X1 + X2, X1X2, X7 + X1X2 + X5, X X2 +X1X27X1X2}

is a basis for . .
S/(p3,pa) = S/(x5 + 53,51 +x1)

For instance:

xf + X13X2 + X12X22 + X1X23 + Xg =(x1 +x2)p3 + S(2,2)

v

Andrew Weinfeld Bases for Quotients of Symmetric Polynomial May 2019 12 / 15



Future Directions

@ a; ¢ R for both h;'s and p;'s.
@ Writing Pieri’s rule in the basis of the quotients:
hisy = Z Sy = Z CA,1Su

(/X has i squares pnePar, n_y

across i columns
@ What is S mod other ideals of symmetric polynomials?
@ Which other ideals of S give the same basis when modded out?
@ sy and p) are related by representation theory; is this usable?
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