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Lusztig-Vogan Bijection for GL, on Dominant Weights

Lusztig-Vogan Bijection

Lusztig-Vogan Bijection is a correspondence between
dominant weights of reductive algebraic groups and
vector bundles on nipotent orbits.
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Lusztig-Vogan Bijection for GL, on Dominant Weights

Lusztig-Vogan Bijection

Background

Lusztig (1989) and Vogan (2000) : constructed the bijection
Bezrukavnikov (2003) : proof

Achar (2011) : proposed algorithm

Rush (2017) : simplified Achar's algorithm on GL, (Type A)
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Lusztig-Vogan Bijection for GL, on Dominant Weights

Lusztig-Vogan Bijection Type A

Definition

E 10 9 10 1 79 10
Dn — Dn Z —) g
OT J’h‘ 2 5
At QO ¢] I
(10,10,9,7,4,2) (6, 5, 5), 0, (26))

Figure — Lusztig-Vogan Bijection Type A

¢ : construct a weighted diagram from a weakly decreasing sequence of integers.
E : modify a weighted diagram column-by-column by elements’ order.
k : Construct a set of weakly decreasing sequences of integers by row-length.
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Lusztig-Vogan Bijection for GL, on Dominant Weights

Lusztig-Vogan Bijection Type A

In Iteration

@ Start with a weakly decreasing sequence o
o First iteration, output is a list of weakly decreasing sequences (pu1, o, -+ , 1)

@ Apply map on each list p; with length at least 2 and obtain a list of
sequences for each.

@ The procedure terminates when the length of each sequence is 0 or 1.
Example

(10,10,9,7,4,2) — ((6,5,5), (), (26)) = ((() (), (16)), (), (26))
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Lusztig-Vogan Bijection for GL, on Dominant Weights

Lusztig-Vogan Bijection Type A

time

Definition

Let o be a sequence of weakly decreasing integers. Then t(o) (time of o) denotes

the number of iterations needed to perform on o until each sequence has length 0
or 1.

Example

(10,10,9,7,4,2) — ((6,5,5), (), (26)) = (((), (), (16)), (), (26))

£((10,10,9,7,4,2)) = 2
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Lusztig-Vogan Bijection for GL, on Dominant Weights

Our Results
Length 2

For any x > y, if
o x—y=2 LV((x,y))=(x-1y+1)

0 0<x—y <1 LV((x,y)) =(0),(x+))
Example

(10,3) — (9,4) — (8,5) = (7,6) — ((), (13))

Theorem

For all weakly decreasing sequence of length 2 (x,y), we have t(x,y) = | ] +1,
where d = x — y. In addition, the final output is always ((), (x + y)).
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Lusztig-Vogan Bijection for GL, on Dominant Weights

Our Results
Length 3
Examples
(10,7,0) — (8,7,2) — ((3),(14))
(10,4,-1) — (8,4,1) — (6,4,3) — ((5),(8))
Theorem

For all weakly decreasing sequence of length 3 (x,y, z), we have
t(x,y) = [MJ +1, wheredy =x—y,do =y — z.
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Our Results
Length 4

Examples

(107 87 63 75) - (73 77 77 72) - ((71)3 ()a (20))

(10,9,8,-5) — ((8, —3), (17)) — ((7,—2), (17)) — ((6, -1, (17))
= ((5,0),(17)) = ((4,1), (17)) = ((3,2), (17)) = (0 (5)), (17))
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Lusztig-Vogan Bijection for GL, on Dominant Weights

Our Results

Length 4

Theorem

Let 0 = (x,y,z,w) be a weakly decreasing sequence. Assume that
dh=x—y,do=y—2z,d3=z—w,f, = L%J,fz: L%J ,f3 = L%J . Then,

| L +1iffs < f, b

B L%J+ {d1+d3+/¥/od(dz,2)J i< f, s
|&| +1iff < o, f5;
|Z2|+1iffi>h="Fand 2| dads;
|L|+1iffi>fh="fand 21 dads;
b~ |L| iff>fi="f

| 4| +1iffs>fh="f and 2| didy;
L$J+1iff3>f2:fland2fd1d2;

{ in(dl,gz,d3)+1J F1iff=fh=f
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Lusztig-Vogan Bijection for GL, on Dominant Weights

Average Time

Definition

Definition
Let n > 0,k > 0 be integers. Let S, «x be the set of all length k weakly decreasing
sequence whose first (largest) term is n and whose last (smallest) term is 0. Define

Dk t(y).

avgk(x) = Serl
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Lusztig-Vogan Bijection for GL, on Dominant Weights

Our Results

Average Time

Corollary

avge(x) = 3| +1.

Corollary

H _ x+6

limy— o0 avgs(x) = %5, )
Theorem

avgs(x),2 | x and avgy,2 1 x approach two lines, both of which have slope 1%.
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Our Results

Average Time

Figure — avga(x)
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Lusztig-Vogan Bijection for GL, on Dominant Weights

Our Results

Average Time

Theorem (Main)

For any positive integer k > 4, the asymptotic behavior of avgk(x), 2 | x and 2 { x
approaches two lines, both of which have the same slope.

W

Definition

Denote ¢, as the slope of the asymptote of avg,(x),2 | x.
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Lusztig-Vogan Bijection for GL, on Dominant Weights

Our Results

Slope of Asymptotes

Theorem (Main)

Let ¢ 1 = 2,031 = €32 = c3. For n > 4, we define a sequence
{cn1,Cn2, -+, Cnn—2,Can_1} recursively :

n—3 1

12t ooy

Cnl = Cpn—1 =

n—2(n-2 1 1
k= (A, s ——cpak1 )+ = forany2< k< n-—2
ek n—1<n—3c 27 po3Rk 1>+2(n—1)2 eramye=x=n

Then we have ¢, = —= 1 2171 Cn,i-
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Lusztig-Vogan Bijection for GL, on Dominant Weights

Our Results

Slope of Asymptotes

slope
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Figure — First 200 Slopes of Asymptotes of avg,;ch,2 < n < 200.
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