Generating Symmetric Operations of Every Arity

Holden Mui

Mentor: Dr. Zarathustra Brady

MIT PRIMES Conference

October 17-18, 2020

=] & = E DA
Holden Mui Generating Symmetric Operations of Every Arity



What Is an Operation?

Let D be any set, which will be referred to as a domain.

Definition
An operation f is a function f : DX — D for some positive integer k,
known as its arity.

The output of an operation f with inputs x1, x, ..., Xk is denoted
f(Xl,XQ, e ,Xk).

Arity 1 operations are unary operations. Arity 2 operations are binary
operations. Arity 3 operations are ternary operations.
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Examples of Operations

o Addition
@ The ternary majority operation over D = {0, 1}

. «f | 0 if the inputs contain more Q's than 1's
majz(a, b, ¢) =

1 if the inputs contain more 1's than 0's
@ The rock-paper-scissors operation over D = {rock, paper, scissors}

rps(a, b) £ the winner of a rock-paper-scissors

game between a and b
@ The projection operation
T8 (dy, ..., di) E dj
which takes k inputs and outputs the it input
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Symmetric Operations

Definition
A symmetric operation is an operation whose output is invariant under
permutation of its inputs.

Examples:

e Addition

@ The ternary majority operation

@ The rock-paper-scissors operation
Non-examples:

@ Most projection operations
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Operation Composition

Our goal is to compose specific operations to produce new operations.

Examples:
e If +(a, b) is addition and x(a, b) is multiplication, then

+(x, x(y,x)) = x +yx.
o If AND(a, b) is logical “and" and OR(a, b, c) is logical “or,” then
OR(AND(b, ¢), AND(c, a), AND(a, b)) = majs(a, b, c).

@ The majority operation on 2k + 1 inputs can be constructed by
composing majs(a, b, ¢) with itself.
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Clones
Definition
A clone is a set O of operations that

@ contains all the projection operations, and

@ is closed under composition.

Examples:
@ The set of all operations
@ The set of all projection operations

@ The union of the set of all projection operations and the set of all
constant operations

@ The affine modulo n clone, the set of all operations over Z/nZ that
sum a linear combination of their inputs

Non-examples:
@ The set of all constant operations
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Clones With Symmetric Operations of Every Arity

Definition

A round clone is a clone that contains symmetric operations of every arity.J

Examples:
@ The set of all operations

@ The affine modulo n clone, since

fk(xl,xz,...,xk)gxl +x24...+xk (mod n)

is a symmetric operation with arity k
Non-examples:

@ The set of all projection operations, when |D| > 2
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The Research Question

Conjecture
Suppose a clone O over a finite domain D contains symmetric operations
of arities 1,2,...,|D|. Then O is round.

With computer assistance, |
@ proved the problem statement for |[D| < 4, and

@ obtained strong evidence for |D| = 5.

For the remainder, | will present interesting examples for |D| = 3.
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The SGN Clone

Recall that the function sgn : R — R is defined as

-1 ifx<0
sgn(x) £{0  ifx=0
1 ifx>0.

Definition
The SGN clone is the clone over D = {—1,0,1} generated by the
symmetric binary operation

f(a, b) = sgn(a+ b).
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Is The SGN Clone Round?
The SGN clone has a unary and a binary symmetric operation. Since

f3(a, b, c) £ fh(f(a, b), fa(f(a, c), Kb, c))) = sgn(a+ b+ c)

is ternary and symmetric, the SGN clone satisfies the conjecture’s

hypothesis. Indeed, the SGN clone contains symmetric operations of every
arity, since

fn+1(X17 .. aXn-i-l) d:ef fZ(fn(fn( X2, X3,y Xn, Xn+1)7
fn(X17 X37~-aXnaXn+1)7
fn(X].?XZu "'7XI77XI7+1)7
:7
fo(x1, %2, X3, .., Xnt1)), fa(X1, -, Xn))

is the operation sgn(x1 + ...+ Xp+1), by induction.
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The RPS Clone

Recall that the binary operation rps(a, b) is the winner of a
rock-paper-scissors game between a and b:

rps \ r p s
rlr p r
plpP P s
s |r s s
Definition
The RPS clone is the clone generated by rps(a, b). J
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Is The RPS Clone Round?

Note that

@ rps(a, b) remains the same operation when “rock” is renamed

"paper,” “paper” is renamed "scissors,” and “scissors’ is renamed
“rock”, so

@ every operation in the RPS clone also has this property.

If there was a ternary symmetric operation f, then f(r, p,s) must be
assigned a value, such as r. However, applying the renaming yields

f(p,s,r)=p,

contradicting symmetry.

Holden Mui Generating Symmetric Operations of Every Arity October 17-18, 2020 12 /15



Making The RPS Clone Round

If a symmetric ternary operation f3 is added, then

€ ) .f 7b7 = Y
s3(a, b, c) rps(m, n) | {a,b,c} ={m n.} -
f3(r,p,s) if a, b, and c are distinct

is in the clone. By induction,

< ? f 3 ge ey = ,
Sk(Xl,XQ, 7Xk) gef rps(m n) I {Xl X2 Xk} {m n}
f3(f7P,5) If {X17X27-~-7Xk}:{f,p,5}

lies in the clone, so the new clone is round.
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Importance and Future Work

If the conjecture is true, then this gives an effective way of determining
whether combinatorial puzzles can be solved using systems of linear

inequalities.

@ My mentor formulated a stronger conjecture, which deals with the
connection between the solutions to puzzles and automorphisms

without fixed points
@ Goal: verify the stronger conjecture for the SGN and RPS clones
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