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Partitions

Let a1 > a3 > --- > a; > 1 be integers summing to n. Then the
sequence (a1, as,...,ax) is a partition of the integer n.

The partitions of the positive integer 4 are (4), (3, 1), (2, 2), (2, 1, 1),
(1,1, 1, 1).
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Young Diagrams

The Young diagram of a partition A = (a1, as,...,ax) is a left-aligned
array of boxes such that the ¢th row from the top has a; boxes.

Example

The following is the Young diagram of the partition (3,2,2) of 7.
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Young Diagrams of Skew Shapes

Given Young diagrams p C A, the Young diagram of the skew shape
A/ consists of the squares in A but not pu.

Example
The following is the Young diagram of (5,4,3,2,1)/(3,1).
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Semi-Standard Young Tableaux

Definition

A semi-standard Young tableau (SSYT) contains numbers that
strictly increase in each column and weakly increase in each row. Given
a SSYT T, define the monomial

ber of entries of 7
SET _ Hm_(num er of entries o ’L).

)
1

Example (SSYT of shape (4,4,3,2)/(3,1))

2
1|14
11212
34

rl = adrdxsa’
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Schur Polynomials

For a skew shape A/u, the skew Schur polynomial s, /u With
variables x = (x1,x2,...) is a sum over all SSYT T of shape \/pu:

S)\/M ZLU

Example
When \/u = (2,2)/(1), the following are all SSYT with i < j < k.

7] ] 7] 5]
ilg] [Glg] [kl [k

5(2,2)/(1) Zl‘ CEJ-I—ZZI}Zl' + 2 Z ZTiL;Tk-

1<J 1<J 1<g<k

Thus,

Fiona, Serena, and Jakin Stembridge Equality October 2020 7 /24



Schur Polynomials Are Symmetric

Theorem (Stanley)

The skew Schur polynomial sy, is a symmetric polynomial for all skew
partitions A/ .

A symmetric polynomial stays the same when z; and z; are swapped.

Example

The polynomials
Zx¢:x1+x2+x3+~--
i

and

E TiTj = T1T2 + T1T3 + T2T3 + -~
1<J

are symmetric.

Fiona, Serena, and Jakin Stembridge Equality October 2020 8 /24



Transposes

Reflecting a Young diagram p across the top-left to bottom-right
diagonal gives its transpose u”.

The partitions (4, 2, 1) and (3, 2, 1, 1) are transposes.

AN
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Stembridge Equality

Theorem (Stembridge)

Let p= (n,n—1,...,1). We have s,/ r for all i C p.

= Sp/u

p/ p/ut
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Stembridge Equality

Theorem (Stembridge)

Let p= (n,n—1,...,1). We have s,/ r for all i C p.

= Sp/u

p/ p/ut

Research Project

Is it true that g,,, = g,/,r tor skew dual stable Grothendieck
polynomials?
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Reverse Plane Partitions

Definition

A reverse plane partition (RPP) contains numbers that weakly
increase in each row and in each column. Given an RPP P, define the

monomial
xircont(P) _ H xgnumber of columns that contain 7) .
7
_4
Example
214
11112

11115

313

3

a,;lrcont(P) _ 33%332%%:134375
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Dual Stable Grothendieck Polynomials

The skew dual stable Grothendieck polynomial g,,, in the
variables © = (x1,x2,...) is a sum over all RPPs P of shape \/pu :

Ir/p = Z xircont(P)
P v

When A/ = (2,2)/(1), the following are all RPPs with i < j < k.

] 7] [ ] [ ] [ ] 7]
Lala| [alg] [ild] [dld] [d]k] [i]k

Thus,

g(22)/(1)—z.¢v —|—sz33]—|—2:6 ajj—l—z.fvzx + 2 Z L T

1<J 1<J 1<J 1<g<k
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Comparison

Note that the top degree of gy, is sy /-

Example (Schur)

) ) ) J

5] [5 GIE Gk

5(2,2)/(1) Za: CEJ-I—ZCIJZl' + 2 Z TiT;Th

1<J 1<J 1<g<k

Example (Dual Stable Grothendieck)

[ ] 7] [ ] [ ] i ] H
Gile] [Al4] [ili] [Glal [G1F| [i]k

9(2,2)/(1) = Z 75 Ar Z XL + Z LE?CE]' + Z a:zscg + 2 Z TiT; Tk

i<j i<j i<j i<j<k
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Main Result: Stembridge for Dual Grothendieck
Polynomials

Theorem (A., A., N.)

Let p=(n,n—1,...,1). We have g,/, = g,/,r for p= (k) and
transpose (1) = (1,...,1).

93,2,1)/2) = 92,1)9(1) = 9(3,2,1)/(1,1)

¢ > J|k

S~
~
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Sketch of Proof of Main Result

We prove that g,/x) = 9p/(1¥) 10 two steps:

e First, translate this to a problem about comparing the
Littlewood-Richardson coefficients ¢, ;

@ Then, use a combinatorial description of these coefficients to show
that they are equal for u = (k) and (1%).
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Littlewood-Richardson Coefhicients

Theorem (Buch)

In the expansion

Io/u = Z Clav 9w
v

the coefficient b, is equal to (—1)IPI=IH=IV] times the number of
set-valued tableauzr T' of shape v x u such that the reverse reading word
of T' is a lattice word with content p.

Theorem (Lam and Pylyavskyy)

The dual stable Grothendieck polynomaials g, are symmetric functions
and form a basis for the ring of symmetric functions.

So, we have g,/, = g,/,7 <= Cjw = CZTV for all v.
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Set-Valued Tableaux

A set-valued tableau contains sets of positive integers such that the
entries weakly increase along rows and strictly increase along columns.

We have {1,2,3} <{3,5} and {1,2,3} < {4,6,8}. \

1,2 12,34 7

3 13,5 5

2 4,5,6] 6
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A tableau T having content p = (n,n — 1,...,1) means that there are
n 1’s, n—12’s, and so on in T'.
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Reverse Reading Words

The reverse reading word of a tableau T’ is read right to left along a
row, starting with the top row and moving down, and with the
elements within a cell read largest to smallest.

Example

1,2 2,3, 4

4,56

432215533654
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Lattice Words

A reverse reading word is a lattice word if the nth instance of 7 4+ 1
comes after the nth instance of 7.

1121322 is a lattice word, but 121221 is not. \
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Expansion of Skew Dual Stable Grothendieck
Polynomials

Theorem (Buch)

In the expansion

Io/u = Z Cluv v
v

the coefficient b, is equal to (—1)IPI7IH=IVl times the number of
set-valued tableauzr T' of shape v *x u such that the reverse reading word
of T is a lattice word with content p.

We will show that ka)u = c’(olk)y for all v. In other words, the number

of set-valued tableaux T' such that its reverse reading word is a lattice
word with content p is the same for the shapes v * (k) and v * (1%).
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If the reverse reading word of T' is a lattice word, where T' is of a
non-skew shape v, then all cells in the ith row contain only {i}.

>~ W N =
S Ww i N =

1,345 1,3

S0 g = Camyr A0 Go/(h) = Gpy1):
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