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What is Number Theory?

Number Theory is the study of the properties and relationships of
numbers. In this presentation, we will explore:

Divisibility and Congruence Relations

Euclidean Algorithm

Modular Arithmetic

Primitive Roots
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Introductions and Definitions

Definition (Divisibility Symbols)

If ax = b for any integer x , then we say that a divides b, or a|b.
Conversely, if ax ̸= b, then a does not divide b, or a ∤ b.

Definition (Prime Numbers)

If an integer p has no divisor other than 1 and itself, it is called a prime
number. Otherwise, it is a composite number. Examples of prime
numbers: 2, 3, 5, and 7; examples of composite numbers: 4, 6, 8, and 9.

Definition (Coprime)

We say that a and b are relatively prime in case (a,b) = 1. The fact
that (a,b) = 1 can also be expressed by saying that a and b are coprime,
or saying a is prime to b.

Maya Koreth and Dania Rustom Number Theory and Divisibility Issues



Greatest Common Divisor

Theorem (Definition)

The greatest common divisor g of b and c can be characterized in the
following two ways:

1 It is the least positive value of bx + cy where x and y range over all
integers.

2 It is the positive common divisor of b and c which is divisible by
every common divisor.
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Euclidean Algorithm

The Euclidean algorithm is a way to find the greatest common divisor of
two positive integers, a and b.

Example

Find the greatest common divisor of 6409 and 42823:

42823 = 6 · 6409 + 4369

6409 = 1 · 4369 + 2040

4369 = 2 · 2040 + 289

2040 = 7 · 289 + 17

289 = 17 · 17 + 0

Thus the greatest common divisor is 17
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Pigeonhole Principle

Theorem

If n + 1 elements are placed into n sets, then at least one of the sets
contains two or more elements.
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Posa Problem

Theorem

If one chooses more than n numbers from the set {1, 2, 3, ..., 2n}, then
two of them are relatively prime.
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Posa Problem

Theorem

If one chooses more than n numbers from the set {1, 2, 3, ..., 2n}, then
two of them are relatively prime.

Example

We can start by using a smaller example, with n = 3. Then, we have the
numbers:

{1, 2, 3, 4, 5, 6}

If we choose n + 1 numbers from this set, we can see that 1 and 5 are
coprime to all other numbers. This forces us to choose the remaining
four numbers, {2, 3, 4, 6}, but even in this set, 2 and 3 are coprime.
Thus, at least two numbers will always be coprime in this set. But how
do we prove this?
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Posa Problem

Theorem

If one chooses more than n numbers from the set {1, 2, 3, ..., 2n}, then
two of them are relatively prime.

Proof.

First prove that two consecutive integers are always coprime. Denote two
integers as n and n + 1. Then let

gcd(n, n + 1) = g

where g is a natural number. By definition, g |n and g |(n + 1), which
means that

g |((n + 1)− n) = 1

Thus, the gcd(n, n + 1) = 1.

Maya Koreth and Dania Rustom Number Theory and Divisibility Issues



Posa Problem Continued

Theorem

If one chooses more than n numbers from the set {1, 2, 3, ..., 2n}, then
two of them are relatively prime.

Proof continued.

To pick more than n numbers from the set (i.e more than half), there will
always be at least two numbers that are consecutive by the pigeonhole
principle. Since consecutive numbers are always coprime, the proof is
completed.
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Congruences and Modulo

Definition (Modular Congruency)

If a non-zero integer m divides a− b, we say that a is congruent to b
modulo m and write a ≡ b (mod m). If m ∤ (a − b), then we say that
a is not congruent to b modulo m, which is written as a ̸≡ b (mod m).

Definition (Modulus)

Modulus m, an assumed positive integer, is the idea of taking an
integer m and cutting it off at a specified point. For example:

Example

10 (mod 3)

10 = 3(3) + 1

10 ≡ 1 (mod 3)
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CRT Example

Theorem (Chinese Remainder Theorem)

Guarantees that a solution exists within a set of congruences, as long as
the modulus values of each congruence are coprime.

Example

x ≡ 1 (mod 4), x ≡ 0 (mod 3), x ≡ 5 (mod 7)

m = m1 ∗m2 ∗m3 = 84

m

m1
= 21, 21 · a1 ≡ 1 (mod 4), a1 = 5

m

m2
= 28, 28 · a2 ≡ 1 (mod 3), a2 = 9

m

m1
= 12, 12 · a3 ≡ 1 (mod 7), a3 = 3

x = (21 · 5 · 1) + (28 · 9 · 0) + (12 · 3 · 5)

x ≡ 285 (mod 84) ≡ 33 (mod 84)
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Euler’s Totient Function

Definition

The number ϕ(m) is the number of positive integers less than or
equal to m that are relatively prime to m.

Example

Finding ϕ(9): The numbers coprime to 9 are 1, 2, 4, 5, 7, 8. This means
that ϕ(9) = 6.
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Primitive Roots

Definition (Primitive Roots)

If a belongs to the exponent ϕ(m) modulo m, then a is called a primitive
root modulo m.

Theorem

If p is a prime, then there exist ϕ(p − 1) primitive roots modulo p. The
only integers having primitive roots are pe , 2pe , 1, 2, and 4, with p an
odd prime.

Example

Find the primitive root of the prime 5

aϕ(5) ≡ 1 (mod 5)

a4 ≡ 1 (mod 5)

a2 ≡ −1 (mod 5)

a ≡ 2 (mod 5), a ≡ 3 (mod 5)
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Thank you! Any questions?
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