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Abstract

Grothendieck-Teichmueller (GT) shadows are morphisms of the groupoid GTSh and they may be
thought of as approximations of elements of (the gentle version of) the Grothendieck-Teichmueller group

ĜT. The set Ob(GTSh) of objects of GTSh is the poset of certain finite index normal subgroups of
the Artin braid group on 3 strands. In this note, we introduce a subposet Dih of Ob(GTSh), call it
the dihedral poset, and investigate connected components of the groupoid GTSh for elements of this
poset. We prove that every K ∈ Dih is the only object of its connected component GTShconn(K) in
the groupoid GTSh (in particular, GTShconn(K) is a finite group). We describe the set of morphisms of
GTShconn(K) explicitly and we show that, for every pair N,K ∈ Dih such that K ≤ N, the natural map
GTShconn(K)→ GTShconn(N) is surjective.

1 Introduction

In this paper, we explore a certain groupoid GTSh which is related to the gentle version1

[7], [13] ĜTgen of the Grothendieck-Teichmueller group ĜT [4, Section 4]. Many challenging

questions [10], [11] about ĜT, ĜTgen and other versions of ĜT are motivated by a connection

between ĜT and the absolute Galois group of rational numbers Gal(Q/Q).

Let Ẑ (resp. F̂2) be the profinite completion of the ring Z (resp. the free group F2 on

two generators). The group ĜTgen consists of pairs (m̂, f̂) ∈ Ẑ × F̂2 satisfying the hexagon
relations (see equations (3.9), (3.10) in [13, Section 3.1]) and additional technical conditions.

For the definition of the multiplication in ĜTgen, we refer the reader to [13, Section 3.1].

The group ĜTgen receives a homomorphism Ih from Gal(Q/Q) of the form

Ih(g) :=
(
(χ(g)− 1)/2, fg

)
, (1.1)

where χ : Gal(Q/Q) → Ẑ× is the cyclotomic character and fg is an element of F̂2 whose
construction is described in [8, Section 1.4].

Belyi’s theorem [1] implies2 that the homomorphism Ih is injective and we call Ih the
Ihara embedding.

1In [7], ĜTgen is denoted by ĜT0
2See also Theorems 4.7.6, 4.7.7 and Fact 4.7.8 in [12].
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1.1 The groupoid GTSh of GT-shadows in a nutshell

Let B3 be the Artin braid group [9] on 3 strands:

B3 := 〈σ1, σ2 | σ1σ2σ1 = σ2σ1σ2 〉

and PB3 be the kernel of the standard homomorphism ρ from B3 to the symmetric group S3

on 3 letters. It is known [9, Section 1.3] that

PB3
∼= 〈x12, x23 〉 × 〈 c 〉,

where x12 := σ2
1, x23 := σ2

2 and c := (σ1σ2σ1)2. We identify the free group F2 on two
generators with the subgroup 〈x12, x23 〉 of PB3 generated by x12 and x23.

Just as in [2], [13], we denote by GTSh the groupoid whose set Ob(GTSh) of objects is
the poset

NFIPB3(B3) := {NE B3 | N ≤ PB3, |PB3 : N| <∞}.
For N ∈ NFIPB3(B3), we consider the finite set

Z/NordZ × F2/NF2 , (1.2)

where NF2 := N∩〈x12, x23 〉 and Nord is the least common multiple of the orders of the cosets
x12N, x23N and cN in the finite group PB3/N.

We denote by GT(N) the set of morphisms of the groupoid GTSh with the target N.
These are elements of the finite set (1.2) that satisfy the hexagon relations (see (2.3), (2.4))
modulo N and additional technical conditions. We call morphisms of the groupoid GTSh
GT-shadows.

Let (m, f) be a pair in Z× F2 that represents a GT-shadow with the target N. Hexagon
relations (2.3), (2.4) imply that the formulas

Tm,f (σ1) := σ2m+1
1 N, Tm,f (σ2) := f−1σ2m+1

2 f N

define a group homomorphism Tm,f : B3 → B3/N. It is convenient to denote by [m, f ] the
element of GT(N) represented by a pair (m, f) ∈ Z× F2.

For K,N ∈ NFIPB3(B3), the set GTSh(K,N) of morphisms in GTSh from K to N is

GTSh(K,N) := {[m, f ] ∈ GT(N) | ker(Tm,f ) = K}.

For the definition of the composition of morphisms in GTSh, we refer the reader to The-
orem 2.14 of this paper (see also [13, Section 2.3]).

The groupoid GTSh is highly disconnected. Indeed, due to Proposition 2.12, if GTSh(K,N)
is non-empty, then the quotient groups B3/N and B3/K are isomorphic. However, using the
finiteness of the set GT(N), it is easy to show that, for every N ∈ NFIPB3(B3), the connected
component GTShconn(N) of N in GTSh is a finite groupoid.

It is certainly easier to work with a connected component of GTSh that has exactly one
object. Thus, if N is the only object of its connected component GTShconn(N), then we say
that N is an isolated object of GTSh. In this case, GT(N) = GTSh(N,N) and hence GT(N)
is a (finite) group.

Let H,K be elements of NFIPB3(B3) such that H ≤ K. Furthermore, let (m, f) be a pair
in Z× F2 that represents a GT-shadow with the target H. Due to [13, Proposition 2.13], the
same pair (m, f) also represents a GT-shadow with the target K and we get a natural map

RH,K : GT(H)→ GT(K).
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It is not hard to show that, if H ≤ K are isolated objects of GTSh, then the map RH,K is a
group homomorphism. In this paper, we call RH,K the reduction map and, sometimes, the
reduction homomorphism.

1.2 A link between ĜTgen and the groupoid GTSh

For a group G and a finite index normal subgroup N we denote by P̂N the standard group
homomorphism

P̂N : Ĝ→ G/N

from the profinite completion Ĝ of G to the finite group G/N. Moreover, for a positive

integer N , we set P̂N := P̂NZ, i.e. P̂N is the standard ring homomorphism from Ẑ to the
finite ring Z/NZ.

Given N ∈ NFIPB3(B3) and (m̂, f̂) ∈ ĜTgen, the pair(
P̂Nord

(m̂), P̂NF2
(f̂)
)

is a GT-shadow with the target N. In other words, the formula

PRN(m̂, f̂) :=
(
P̂Nord

(m̂), P̂NF2
(f̂)
)

defines a natural map PRN : ĜTgen → GT(N). If a GT-shadow [m, f ] ∈ GT(N) belongs to
the image of PRN, then we say that [m, f ] is genuine; otherwise [m, f ] is called fake.

One can show [2] that a GT-shadow [m, f ] ∈ GT(N) is genuine if and only if [m, f ] belongs
to the image of the reduction map RH,N for every H ∈ NFIPB3(B3) such that H ≤ N. At the
time of writing, the authors (as well as the mentor), do not know a single example of a fake
GT-shadow.

Remark 1.1 Using the reduction maps, one can construct [2] a functor ML from the sub-
poset

NFIisolatedPB3
(B3) ⊂ NFIPB3(B3)

of isolated objects of the groupoid GTSh to the category of finite groups. Moreover, one can

show [2] that the natural group homomorphism ĜTgen → lim(ML) is an isomorphism of
(topological) groups.

Remark 1.2 In papers [5] and [6] by P. Guillot, the author investigated a similar construc-

tion related to the group ĜTgen. He used an equivalent by quite different definition of ĜTgen
(see [7, Main Theorem, (a)]).

Remark 1.3 GT-shadows for the original version of ĜT [4, Section 4] were introduced in
paper [3]. Note that, in paper [3], the notation GTSh is used for the groupoid of GT-shadows

for ĜT and the set of objects of this groupoid is NFIPB4(B4). In this paper, GTSh denotes

the groupoid of GT-shadows for ĜTgen and, here, Ob(GTSh) := NFIPB3(B3).
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1.3 The dihedral poset and the results of the paper

In this paper, we introduce a natural subposet Dih ⊂ NFIPB3(B3). More precisely, for every
n ∈ Z≥3, we denote by ψn the following group homomorphism ψn : PB3 → Dn ×Dn ×Dn

ψn(x12) := (r, s, s), ψn(x23) := (rs, r, rs), ψn(c) := (1, 1, 1),

where Dn is the dihedral group 〈 r, s | rn, s2, rsrs 〉 of order 2n.
Due to Proposition 3.1, the subgroup K(n) := ker(ψn) is an element of the poset NFIPB3(B3).

So we set
Dih := {K(n) | n ∈ Z≥3}

and call Dih the dihedral poset.
The main result of this paper is Theorem 4.3. The first statement of this theorem gives

us an explicit description of the set GT(K) for every K ∈ Dih. Due to the second statement
of this theorem, every K ∈ Dih is the only object of its connected component in the groupoid
GTSh. In particular, GT(K) is a (finite) group for every K ∈ Dih.

In this paper, we also prove that, for every pair H,K ∈ Dih such that H ≤ K, the reduction
map

RH,K : GT(H)→ GT(K)

is surjective (see Theorem 4.7). This implies that one cannot find an example of a fake
GT-shadow using only the dihedral poset Dih.

Organization of the paper. In Section 2, we give a brief reminder of the groupoid GTSh
of GT-shadows. In this section, we recall many statements from [13]. In Section 3, we
introduce a subposet Dih ⊂ NFIPB3(B3), called the dihedral poset. In this section, we also
give an explicit description of the commutator subgroup [F2/KF2 ,F2/KF2 ] for K ∈ Dih. In
Section 4, we describe the set GT(K) of GT-shadows for an arbitrary element K ∈ Dih. This
description is presented in Theorem 4.3. Due to the same theorem, every K ∈ Dih is an
isolated object of the groupoid GTSh. At the end of Section 4, we prove that the reduction
map RH,K : GT(H)→ GT(K) is surjective for every pair H,K ∈ Dih with H ≤ K (see Theorem
4.7).

1.4 Notational conventions

For a set X with an equivalence relation and a ∈ X we will denote by [a] the equivalence
class which contains the element a. The notation gcd (resp. lcm) is reserved for the greatest
common divisor (resp. the least common multiple). Cn denotes the cyclic group of order n.

The notation Bn (resp. PBn) is reserved for the Artin braid group on n strands (resp. the
pure braid group on n strands). Sn denotes the symmetric group on n letters. We denote
by σ1 and σ2 the standard generators of B3. Furthermore, we denote by x12, x23 and x13 the
standard generators of PB3

x12 := σ2
1, x23 := σ2

2, x13 := σ2σ
2
1σ
−1
2 . (1.3)

We recall that
c := x23x12x13 = x12x13x23 = (σ1σ2)3 = (σ2σ1)3 (1.4)

belongs to the center Z(PB3) of PB3 (and the center Z(B3) of B3). Moreover, Z(B3) =
Z(PB3) = 〈 c 〉 ∼= Z.
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We denote by ∆ the following element of B3

∆ := σ1σ2σ1 (1.5)

and observe that

σ1∆ = ∆σ2, σ2∆ = ∆σ1, σ−1
1 ∆ = ∆σ−1

2 , σ−1
2 ∆ = ∆σ−1

1 , (1.6)

∆2 = c. (1.7)

Using identities (1.6) and (1.7), it is easy to see that the adjoint action of B3 on PB3 is
given on generators by the formulas:

σ1x12σ
−1
1 = σ−1

1 x12σ1 = x12, σ1x23σ
−1
1 = x−1

23 x
−1
12 c, σ−1

1 x23σ1 = x−1
12 x

−1
23 c, (1.8)

σ2x12σ
−1
2 = x−1

12 x
−1
23 c, σ−1

2 x12σ2 = x−1
23 x

−1
12 c σ2x23σ

−1
2 = σ−1

2 x23σ2 = x23 . (1.9)

Moreover,
∆x12∆−1 = x23, ∆x23∆−1 = x12 . (1.10)

It is known that 〈x12, x23 〉 is isomorphic to the free group F2 on two generators and we
tacitly identify F2 with the subgroup 〈x12, x23 〉 of PB3. It is known [9, Section 1.3] that
PB3

∼= F2 × Z. We often use the following notation for x12, x23 and (x12x23)−1:

x := x12, y := x23, z := y−1x−1 .

We denote by θ and τ the automorphisms of F2 := 〈x, y 〉 defined by the formulas

θ(x) := y, θ(y) := x, (1.11)

τ(x) := y, τ(y) := y−1x−1 . (1.12)

For a group G, End(G) is the monoid of endomorphisms G→ G and the notation [G,G]
is reserved for the commutator subgroup of G. For a subgroup H ≤ G, the notation |G : H|
is reserved for the index of H in G. For a normal subgroup H EG of finite index, we denote
by NFIH(G) the poset of finite index normal subgroups N in G such that N ≤ H. Moreover,
NFI(G) := NFIG(G), i.e. NFI(G) is the poset of normal finite index subgroups of a group G.
For a subgroup H ≤ G, CoreG(H) denotes the normal core of H in G, i.e.

CoreG(H) :=
⋂
g∈G

gHg−1 .

For a finite group G, |G| denotes the order of G.
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2 Reminder of the groupoid GTSh

Definition 2.1 (Nord and NF2) Let N ∈ NFIPB3(B3) and let us define

Nord := lcm(ord(x12N), ord(x23N), ord(cN)). (2.1)

Let also F2 = 〈x, y〉, where x = x12, y = x23 and

NF2 := N ∩ F2. (2.2)

Remark 2.2 Clearly, NF2 ∈ NFI(F2).

Definition 2.3 A GT-pair with the target N is a pair

(m+NordZ, fNF2) ∈ Z/NordZ× F2/NF2

satisfying the relations

σ2m+1
1 f−1σ2m+1

2 f N = f−1σ1σ2x
−m
12 cm N (2.3)

and
f−1σ2m+1

2 fσ2m+1
1 N = σ2σ1x

−m
23 cmf N. (2.4)

These relations are called the hexagon relations.

It is easy to see from definitions of Nord and NF2 that if a pair (m, f) satisfies the hexagon
relations then all elements of the coset (m+NordZ, fNF2) satisfy the hexagon relations.

Definition 2.4 A GT-pair with the target N is called charming if

gcd(2m+ 1, Nord) = 1 and fNF2 ∈ [F2/NF2 ,F2/NF2 ].

Remark 2.5 We denote by

1. GTpr(N) the set of GT-pairs with the target N;

2. GT♥pr(N) the set of charming GT-pairs with the target N;

3. [m, f ] the element of Z/NordZ× F2/NF2 represented by a pair (m, f) ∈ Z× F2.

Proposition 2.6 For every [m, f ] ∈ GTpr(N), the formulas

Tm,f (σ1) = σ2m+1
1 N, Tm,f (σ2) = f−1σ2m+1

2 f N (2.5)

define a group homomorphism from B3 to B3/N.

Proof. It suffices to check that

Tm,f (σ1)Tm,f (σ2)Tm,f (σ1) = Tm,f (σ2)Tm,f (σ1)Tm,f (σ2).

Using normality of N, we can rewrite it as

σ2m+1
1 f−1σ2m+1

2 fσ2m+1
1 N = f−1σ2m+1

2 fσ2m+1
1 f−1σ2m+1

2 fN. (2.6)
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Applying the first hexagon relation (2.3) to the left hand side of (2.6), we get

(σ2m+1
1 f−1σ2m+1

2 f)σ2m+1
1 N = f−1σ1σ2x

−m
12 cmσ2m+1

1 N.

Recall that c commutes with all elements of B3, ∆ := σ1σ2σ1, and x12 := σ2
1. Then the

left hand side of (2.6) can be simplified further as

f−1σ1σ2x
−m
12 cmσ2m+1

1 N = f−1σ1σ2σ
−2m
1 σ2m+1

1 cm N = f−1∆cm N.

Now consider the right hand side of (2.6) and apply the first hexagon relation (2.3) to it.
Using σ2∆ = ∆σ1, we obtain

f−1σ2m+1
2 f(σ2m+1

1 f−1σ2m+1
2 f)N = f−1σ2m+1

2 ff−1σ1σ2x
−m
12 cm N = f−1σ2m

2 σ2σ1σ2σ
−2m
1 cm N =

= f−1σ2m
2 ∆σ−2m

1 cmN = f−1∆σ2m
1 σ−2m

1 cmN = f−1∆cmN.

Thus, equation (2.6) holds and Tm,f is indeed a group homomorphism from B3 to B3/N. �
Recall [13, Proposition 2.6]:

Proposition 2.7 Let N ∈ NFIPB3(B3) and θ and τ be the automorphisms of F2 defined in
(1.11) and (1.12), respectively. A pair (m, f) ∈ Z×[F2,F2] satisfies hexagon relations modulo
N if and only if

fθ(f) ∈ NF2 (2.7)

and
τ 2(ymf)τ(ymf)ymf ∈ NF2 . (2.8)

We will call these two relations the simplified hexagon relations.

Proposition 2.8 We can restrict Tm,f to PB3 and define in such way a group homomor-

phism TPB3
m,f : PB3 → PB3/N.

Proof. It is enough to prove that Tm,f (PB3) ⊂ PB3/N. Let us denote by ρ the standard
homomorphism B3 → S3 : ρ(σ1) := (1, 2), ρ(σ2) := (2, 3). As N 6 PB3, the formula
ρN(wN) := ρ(w) defines the group homomorphism

ρN : B3/N→ S3.

It is easy to see that, for every N ∈ NFIPB3(B3) and [m, f ] ∈ GTpr(N),

ρN ◦ Tm,f = ρ

and hence Tm,f (PB3) ⊂ PB3/N. �
Notice that

ker(Tm,f ) = ker(TPB3
m,f ) ∈ NFIPB3(B3).

Similarly, for every [m, f ] ∈ GTpr(N), we can restrict TPB3
m,f to F2 and obtain a group homo-

morphism T F2
m,f : F2 → F2/NF2 .

Recall [13, Proposition 2.7]:

Proposition 2.9 If a pair (m, f) ∈ Z×F2 satisfies hexagon relations and gcd(2m+1, Nord) =
1, then the following conditions are equivalent:
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1. The homomorphism Tm,f is surjective;

2. The homomorphism TPB3
m,f is surjective;

3. The homomorphism T F2
m,f is surjective.

Definition 2.10 A charming GT-pair [m, f ] is called a GT-shadow with the target N if
the pair (m, f) satisfies one of the three conditions of the previous proposition.

Remark 2.11 We denote by GT(N) the set of GT-shadows with the target N.

Since, for every [m, f ] ∈ GT(N), the group homomorphisms Tm,f : B3 → B3/N TPB3
m,f :

PB3 → PB3/N and T F2
m,f : F2 → F2/NF2 are onto, Tm,f , T

PB3
m,f , and T F2

m,f induce the isomor-
phisms

T isom
m,f : B3/K

'−→ B3/N, TPB3,isom
m,f : B3/K

'−→ B3/N, T F2,isom
m,f : F2/KF2

'−→ F2/NF2 ,

respectively, where K := kerTm,f .
This observation implies the first three statements of the following proposition3:

Proposition 2.12 Let K,N ∈ NFIPB3(B3). If there exists [m, f ] ∈ GT(N) such that K =
ker(Tm,f ) then

1. the finite groups B3/N and B3/K are isomorphic (and hence |B3 : N| = |B3 : K|);

2. the finite groups PB3/N and PB3/K are isomorphic (and hence |PB3 : N| = |PB3 : K|);

3. the finite groups F2/NF2 and F2/KF2 are isomorphic (and hence |F2 : NF2| = |F2 : KF2 |);

4. Kord = Nord.

We will now recall that GT-shadows form a groupoid GTSh with Ob(GTSh) := NFIPB3(B3)
and

GTSh(K,N) := {[m, f ] ∈ GT(N) | ker(Tm,f ) = K}.
Just as in [13, Section 2.3], for (m, f) ∈ Z × F2, we denote by Em,f the following endo-

morphism of F2:
Em,f (x) = x2m+1, Em,f (y) = f−1y2m+1f.

Recall [13, Section 2.3] that

1. Em1,f1 ◦ Em2,f2 = Em,f , where m := 2m1m2 +m1 +m2 and f = f1Em1,f1(f2);

2. Z× F2 is a monoid with the respect to the binary operation

(m1, f1) • (m2, f2) = (2m1m2 +m1 +m2, f1Em1,f1(f2))

and the identity element (0, 1F2);

3. The assignment (m, f)→ Em,f defines a homomorphism of monoids

(Z× F2, •)→ End(F2).
3See also [13, Proposition 2.10].
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Furthermore, if (m, f) ∈ Z × F2 represents a GT-pair with the target N ∈ NFIPB3(B3),
then

T F2
m,f (w) = Em,f (w)NF2 , ∀ w ∈ F2.

Due to the following two statements that “unpack” [13, Theorem 2.12], GTSh is indeed a
groupoid.

Proposition 2.13 Let N(1),N(2),N(3) ∈ NFIPB3(B3), [m1, f1] ∈ GTSh(N(2),N(1)), [m2, f2] ∈
GTSh(N(3),N(2)) and Nord := N

(1)
ord = N

(2)
ord = N

(3)
ord. If

m := 2m1m2 +m1 +m2 and f = f1Em1,f1(f2)

then
(m+ NordZ, fN(1)

F2
) ∈ GTSh(N(3),N(1)).

The pair [m, f ] := (m + NordZ, fN(1)
F2

) depends only on the cosets f1N
(1), f2N

(2) and residue
classes m1 + NordZ, m2 + NordZ. Moreover,

T isom
m1,f1

◦ T isom
m2,f2

= T isom
m,f .

Theorem 2.14 Let N(1),N(2),N(3) ∈ NFIPB3(B3), [m1, f1] ∈ GTSh(N(2),N(1)), [m2, f2] ∈
GTSh(N(3),N(2)) and Nord := N

(1)
ord = N

(2)
ord = N

(3)
ord.

1. Then the formula

[m1, f1] ◦ [m2, f2] = [2m1m2 +m1 +m2, f1Em1,f1(f2)] (2.9)

defines a composition of morphisms in GTSh;

2. For every N ∈ NFIPB3(B3), the pair (0, 1F2) represents the identity morphism in GTSh(N,N);

3. Finally, for every [m, f ] ∈ GTSh(K,N), the formulas

m̃+ NordZ := −(2m+ 1)−1m, f̃KF2 := (T F2,isom
m,f )−1(f−1NF2) (2.10)

define the inverse [m̃, f̃ ] ∈ GTSh(N,K) of the morphism [m, f ].

3 The dihedral poset

Let n ∈ Z≥3 and Dn := 〈 r, s | rn, s2, srs−1r 〉. The starting point of the story is the group
homomorphism ψn : PB3 → D3

n defined by the formulas:

ψn(x12) := (r, s, s), ψn(x23) := (rs, r, rs), ψn(c) := (1, 1, 1). (3.1)

We set K(n) := ker(ψn) and we claim that

Proposition 3.1 For every n ∈ Z≥3, K(n) belongs to the poset NFIPB3(B3).
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Proof. First, note that K(n) is a finite index subgroup of PB3 because D3
n is finite. The

subgroup PB3 also has finite index in B3, so K(n) has finite index in B3. Thus it remains to
show that K(n) is normal in B3.

Consider the map ϕ : PB3 → Dn given by

ϕ(x12) := s, ϕ(x23) := rs, ϕ(c) := 1.

We will show that K(n) is the normal core in B3 of kerϕ ≤ PB3. Define for w ∈ B3 the map
ϕw : PB3 → Dn given by

ϕw(g) := ϕ(w−1gw), g ∈ PB3.

Note that
ker(ϕw) = w ker(ϕ)w−1,

and hence
C := CoreB3(kerϕ) =

⋂
w∈B3

ker(ϕw).

Since |B3 : PB3| = 6 and that the elements

1, σ−1
1 , σ−1

2 , ∆−1, σ−1
1 ∆−1, σ−1

2 ∆−1

form a complete set of coset representatives, we have

C = ker(ϕ) ∩ ker(ϕσ
−1
1 ) ∩ ker(ϕσ

−1
2 ) ∩ ker(ϕ∆−1

) ∩ ker(ϕσ
−1
1 ∆−1

) ∩ ker(ϕσ
−1
2 ∆−1

). (3.2)

We will now show that
C = kerϕ ∩ ker(ϕσ

−1
1 ) ∩ ker(ϕσ

−1
2 ). (3.3)

Let γ be the following automorphism of Dn

γ(r) := r−1, γ(s) := rs.

Clearly, γ(s) = rs and γ(rs) = s or equivalently γ ◦ϕ(x12) = ϕ(x23) and γ ◦ϕ(x23) = ϕ(x12).
Since conjugation by ∆ swaps x12 and x23 and ϕ(c) = 1, we have

ϕw∆−1

(g) = γ ◦ ϕw(g), ∀ g ∈ PB3, w ∈ B3 .

This gives us

kerϕ = ker(ϕ∆−1

), ker(ϕσ
−1
1 ) = ker(ϕσ

−1
1 ∆−1

), ker(ϕσ
−1
2 ) = ker(ϕσ

−1
2 ∆−1

),

which proves (3.3).

Let ψ̃ := ϕσ
−1
2 × ϕσ−1

1 × ϕ : PB3 → D3
n. Using (1.8) and (1.9) we see that

ψ̃(x12) = (r−1, s, s), ψ̃(x23) = (rs, r, rs), ψ̃(c) = (1, 1, 1).

Identity (3.3) implies that C = ker(ψ̃).
Let j be the following inner automorphism of D3

n:

j(g1, g2, g3) := (rs(g1)(rs)−1, g2, g3).

10



Since ψn = j ◦ ψ̃, we have
K(n) := ker(ψn) = ker(ψ̃) = C.

Since K(n) E B3, this completes the proof that K(n) ∈ NFIPB3(B3). �
We denote by Dih the subposet of NFIPB3(B3)

Dih := {K(n) | n ∈ Z≥3}

and call it the dihedral poset.

Remark 3.2 For every n ∈ Z≥3, K
(n)
F2

is the kernel of the homomorphism F2 → D3
n that

sends x to (r, s, s) and y to (rs, r, rs). Moreover,

K
(n)
ord = lcm(n, 2). (3.4)

Remark 3.3 If q, n ∈ Z≥3, n | q, and Dq = 〈 a, b | aq, b2, bab−1a 〉, then the formulas

ηq,n(a) := r, ηq,n(b) := s (3.5)

define a natural homomorphism ηq,n : Dq → Dn. Since η3
q,n ◦ ψq = ψn, we have K(q) ≤ K(n).

It is convenient to identify F2/K
(n)
F2

with the subgroup

Gn := 〈 (r, s, s), (rs, r, rs) 〉 ≤ D3
n .

For w ∈ F2, w denotes the coset wK
(n)
F2

. Thus,

x = (r, s, s), y = (rs, r, rs), z = (r2s, r−1s, r). (3.6)

Due to this identification and Proposition 2.7, the set GT♥pr(K
(n)) of charming GT-pairs is

identified with the set of pairs

(m, g) ∈ {0, 1, . . . , K(n)
ord − 1} × [Gn, Gn]

for which gcd(2m+ 1, K
(n)
ord) = 1,

gθ(g) = 1 (3.7)

and
τ 2(ymg)τ(ymg)ymg = 1. (3.8)

3.1 The description of the commutator subgroup [Gn, Gn]

To proceed with description of the set of the GT-shadows with the target K(n), it is useful
have some information about the commutator subgroup of Gn. So let us prove the following
proposition:

Proposition 3.4 For every n ∈ Z≥3, the commutator subgroup [Gn, Gn] of Gn := 〈x, y 〉
consists of elements of the form

(r2n1 , r2n2 , r2n3), (n1, n2, n3) ∈ (2Z)3 or (n1, n2, n3) ∈ (2Z + 1)3 (3.9)

i.e. n1, n2, n3 are either all even integers or all odd integers.

11



Proof. It is easy to see that the subset

Cn := {(r2n1 , r2n2 , r2n3) | (n1, n2, n3) ∈ (2Z)3 or (n1, n2, n3) ∈ (2Z + 1)3} ⊂ Gn

is a (normal) subgroup of Gn.
Since Gn is generated by two elements and the commutator subgroup [F2,F2] of F2 is

generated by elements of the form

[xt, yh] = xtyhx−ty−h , t, h ∈ Z, (3.10)

we conclude that [Gn, Gn] is generated by the elements

[xt, yh], t, h ∈ Z. (3.11)

We need to consider 4 cases: t, h are even, t is even and h is odd, t is odd and h is even,
t, h are odd.

If t, h are even, then [xt, yh] = (1, 1, 1).
If t is odd and h is even, then we get

xtyhx−ty−h = (rt, s, s)(1, rh, 1)(r−t, s, s)(1, r−h, 1) = (1, [s, rh], 1) = (1, r2h, 1).

If t is even and h is odd, then we get

xtyhx−ty−h = (rt, 1, 1)(rs, rh, rs)(r−t, 1, 1)(rs, r−h, rs) = ([rt, rs], 1, 1) = (r2t, 1, 1).

Finally, if t is odd and h is odd, then we get

xtyhx−ty−h = (rt, s, s)(rs, rh, rs)(r−t, s, s)(rs, r−h, rs)

= ([rt, rs], [s, rh], [s, rs]) = (r2t, r−2h, r−2).

Thus, we conclude that [Gn, Gn] is generated by elements of the form

(1, r2t, 1), (r2t, 1, 1), t ∈ 2Z,
(r2n1 , r2n2 , r2) n1, n2 ∈ 2Z + 1.

(3.12)

Due to this observation, (1, 1, r4) ∈ [Gn, Gn] and hence

(1, 1, r2t) ∈ [Gn, Gn], ∀ t ∈ 2Z.

Moreover, (r2, r2, r2) ∈ [Gn, Gn].
Since

(r2t, 1, 1), (1, r2t, 1), (1, 1, r2t) ∈ [Gn, Gn] ∀ t ∈ 2Z,
and (r2, r2, r2) ∈ [Gn, Gn], we conclude that Cn ⊂ [Gn, Gn].

Since the elements in (3.12) belong to Cn, we also have the inclusion [Gn, Gn] ⊂ Cn.
We proved that [Gn, Gn] indeed consists of elements of the form (3.9). �

Remark 3.5 In Proposition 3.4, it makes sense to consider integers n1, n2, n3 modulo ord(r2).
Moreover, it makes sense to impose the condition

(n1, n2, n3) ∈ (2Z)3 or (n1, n2, n3) ∈ (2Z + 1)3
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only in the case when 4 | n. If n ∈ 4Z + 2 or if n is odd, then

[Gn, Gn] = 〈 r2 〉 × 〈 r2 〉 × 〈 r2 〉. (3.13)

Indeed, if n = 4t+ 2, then ord(r2) = 2t+ 1. Hence 〈 r4 〉 = 〈 r2 〉 and identity (3.13) follows
from the inclusion

〈 r4 〉 × 〈 r4 〉 × 〈 r4 〉 ⊂ [Gn, Gn].

If n is odd, then the proof of identity (3.13) is easier and we leave it to the reader.

4 The description of GT(K(n))

Note that
θ(K(n)) = K(n), τ(K(n)) = K(n).

This follows from the normality of K(n) in B3 and the fact that c ∈ K(n). In other words, the
subgroup 〈 θ, τ 〉 ≤ Aut(F2), preserves K(n).

Hence the subgroup 〈 θ, τ 〉 ≤ Aut(F2) naturally acts on Gn and [Gn, Gn].
We also have

θ(z) =
(
θ(xy)

)−1
=
(
yx
)−1

=
(
(rs, r, rs)(r, s, s)

)−1
= (s, rs, r)−1 = (s, rs, r−1).

Hence
θ(z2) = z−2. (4.1)

Let n1, n2, n3 ∈ {0, 1, . . . , ord(r2)− 1}. Combining (4.1) with θ(x) = y and θ(y) = x, we
conclude that, for every g := (r2n1 , r2n2 , r2n3) ∈ [Gn, Gn], we have

θ(r2n1 , r2n2 , r2n3) = (r2n2 , r2n1 , r−2n3). (4.2)

Moreover, since τ(x) := y, τ(y) := z and τ(z) = x, we have

τ(r2n1 , r2n2 , r2n3) = (r2n3 , r2n1 , r2n2). (4.3)

Using (4.2), we see that g := (r2n1 , r2n2 , r2n3) ∈ [Gn, Gn] satisfies (3.7) if and only if

n1 + n2 ≡ 0 mod ord(r2).

Let us now consider

m ∈ {0, 1, . . . , K(n)
ord − 1}, gcd(2m+ 1, K

(n)
ord) = 1

and assume that m is odd.
Setting

g := (r2k, r−2k, r2t),

unfolding the right hand side of (3.8) and using (4.3), we get (recall that m is odd):

(rm, s, s)(r−2k, r2t, r2k)(r2s, r−1s, rm)(r2t, r2k, r−2k)(rs, rm, rs)(r2k, r−2k, r2t)

= (rm, s, s)(r2s, r−1s, rm)(rs, rm, rs) (r−2k, r−2t, r−2k)(r−2t, r2k, r2k)(r2k, r−2k, r2t)

= (rm+1, rm+1, r−m−1)(r−2t, r−2t, r2t) = (rm+1−2t, rm+1−2t, r2t−m−1).
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Thus a pair (
m, (r2k, r−2k, r2t)

)
, k, t ∈ 2Z or k, t ∈ 2Z + 1

satisfies (3.8) if and only if
m+ 1 ≡ 2t mod ord(r2).

Notice that, if 4 | n, then we have an additional restriction on n1, n2, n3 to have the
same parity. This is equivalent to the congruence k ≡ m+1

2
mod 2. Thus we arrive at the

following statement:

Proposition 4.1 Let n ∈ Z≥3 and

Xn :=
{
m : m ∈ {0, 1, . . . , K(n)

ord − 1} | gcd(2m+ 1, K
(n)
ord) = 1

}
,

κ(m) :=

{
m+ 1, if 2 - m,
−m, if 2 | m.

(4.4)

Then

GT♥pr(K
(n)) =

{{
(m, (r2k, r−2k, rκ(m))) | m ∈ Xn, k ≡ κ(m)

2
mod 2

}
if 4 | n,{

(m, (r2k, r−2k, rκ(m))) | m ∈ Xn,
}

if 4 - n.

Proof. For odd m, the desired statement is proved right above the proposition. The case
when m is even is easier and we leave it to the reader. �

The following lemma plays an important role in describing the connected component of
K(n) in the groupoid GTSh:

Lemma 4.2 For every (m, g) ∈ GT♥pr(K
(n)),

ker(TPB3
m,g ) = K(n) (4.5)

and the homomorphism TPB3
m,g is surjective.

Proof. Since ψn(c) = (1, 1, 1), we have PB3/K
(n) ∼= F2/K

(n)
F2

. Hence we may also identify the

quotient group PB3/K
(n) with the subgroup Gn ≤ D3

n generated by (r, s, s) and (rs, r, rs).
Consider the faithful action of Dn on Z/nZ: r(j) = j + 1, s(j) = −j, which defines an

injection Dn → Sn.
Let us prove that, for every (m, g) ∈ GT♥pr(K

(n)), there exists a triple (h1, h2, h3) ∈ S3
n

(depending on (m, g)) such that

x2m+1 = (h1, h2, h3)x (h−1
1 , h−1

2 , h−1
3 ), g−1y2m+1g = (h1, h2, h3) y (h−1

1 , h−1
2 , h−1

3 ). (4.6)

A direct calculation shows that

x2m+1 = (r2m+1, s, s), g−1y2m+1g = (r1−4ks, r2m+1, r1−2κ(m)s),

where g = (r2k, r−2k, rκ(m)).
Consider the bijection Z/nZ → Z/nZ that sends j to (2m + 1) · j and let b be the

corresponding element of Sn.
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Setting h1 := r−2k−mb, h2 := b and

h3 :=

{
b if m is even,

bs if m is odd,

we get a triple of permutations (h1, h2, h3) for which (4.6) holds.
Since ψn(c) = (1, 1, 1), identity (4.6) implies that, for each charming GT-pair (m, g) with

the target K(n), there exists an inner automorphism δ (depending on (m, g)) of S3
n such that

TPB3
m,g = δ ◦ ψn .

This implies the desired equality ker(TPB3
m,g ) = K(n).

Combining (4.5) with the isomorphism theorem, we conclude that, for every (m, g) ∈
GT♥pr(K

(n)), the order of the subgroup TPB3
m,g (PB3) ≤ PB3/K

(n) coincides with the order of

the quotient group PB3/K
(n).

Thus the homomorphism TPB3
m,g : PB3 → PB3/K

(n) is surjective and the lemma is proved.
�

Combining Proposition 4.1 with Lemma 4.2, we get an explicit description of the set
GT(K(n)):

Theorem 4.3 For every n ≥ 3, the set of GT-shadows with the target K(n) is

GT(K(n)) =


{

(m, (r2k, r−2k, rκ(m))) | m ∈ Xn, k ≡ κ(m)
2

mod 2
}

if 4 | n,{
(m, (r2k, r−2k, rκ(m))) | m ∈ Xn,

}
if 4 - n,

(4.7)

where
Xn :=

{
m : m ∈ {0, 1, . . . , K(n)

ord − 1} | gcd(2m+ 1, K
(n)
ord) = 1

}
and the function κ is defined in (4.4). Furthermore, K(n) is an isolated object of the groupoid
GTSh.

Proof. Due to the second statement of Lemma 4.2, the second condition of Proposition 2.9
is satisfied for every element of GT♥pr(K

(n)). Thus every charming GT-pair (with the target

K(n)) is indeed a GT-shadow, i.e. GT(K(n)) = GT♥pr(K
(n)). Hence Proposition 4.1 implies the

first statement of the theorem.
The first statement of Lemma 4.2 implies that, if the target of a GT-shadow is K(n), then

its source is also K(n). Thus K(n) is indeed the only object of its connected component in
GTSh. �

Theorem 4.3 implies that GT-shadows with the target K(n) form a (finite) group.
We can now start proving the main surjectivity relation with this intermediate result:

Proposition 4.4 Let n, q ∈ Z≥3 and n | q. Then K(q) ≤ K(n) and the reduction map

RK(q),K(n) : GT(K(q))→ GT(K(n))

is surjective.

Proof. It is sufficient to prove surjectivity in the case when q = np, where p is prime. Let
(m, (r2k, r−2k, rκ(m))) ∈ GT(K(n)). It is enough to show that there exists such z ∈ Z that
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• k ≡ κ(m+zn)
2

mod 2,

• gcd(2(m+ zn) + 1, q) = 1.

Then the pair (m+ zn, (r2k, r−2k, rκ(m+nz))) ∈ GT(K(q)) gets sent to the pair

(m, (r2k, r−2k, rκ(m))) ∈ GT(K(n)).

Put z = 4z1, then m+zn = m+4z1n ≡ m mod 4, therefore by definition of κ : κ(m+zn)
2

≡
k mod 2. So we are left with gcd(2(m + zn) + 1, q) = gcd(2m + 8z1n + 1, pn). Notice that
2m + 1 is coprime with n, therefore gcd(2m + 1 + 8z1n, n) = 1. So we need to find such
z1 : gcd(2m+ 8z1n+ 1, p) = 1. In order to do that we need to consider 2 cases:

Case 1. p | n. Then the statement is obvious because component 2m + 8z1n + 1 is co-
prime with n and so with p.
Case 2.1. p - n, p = 2. Then 2m+ 8z1n+ 1 is simply odd.
Case 2.2. p - n, p > 2. We have gcd(p, 8n) = 1, hence using Chinese Remainder Theorem
we can find such z1 : p - (2m+ 8z1n+ 1). �

It turns out that Proposition 4.4 can be extended to the case when K(q) ≤ K(n), while
n - q. To achieve this goal, we will start with the following auxiliary statement:

Proposition 4.5 For every odd integer n ≥ 3, we have K(n) = K(2n).

Proof. Due to Remark 3.3, K(2n) ⊂ K(n).

As above, it is convenient to identify the quotient group F2/K
(q)
F2

with the subgroup Gq of
D3
q generated by x and y.

Let Jq := 〈r2〉 × 〈r2〉 × 〈r2〉 ≤ Gq. It is easy to see that

|Jq| =

{
q3, if q is odd,(
q
2

)3
, if q is even

and Gq/Jq ∼= C2 × C2 (there are 4 cosets: {Jq, xJq, yJq, xyJq} and the cosets xJq, yJq, xyJq
have order 2 in Gq/Jq). Therefore, |PB3 : K(q)| = |F2/K

(q)
F2
| = 4|Jq|. Thus,

|PB3 : K(n)| =

{
4q3, if q is odd,

4
(
q
2

)3
, if q is even.

Therefore, for an odd integer n, we have |PB3 : K(n)| = 4n3 = 4
(

2n
2

)3
= |PB3 : K(2n)|.

Hence |K(n) : K(2n)| = 1 and we have the desired equality K(2n) = K(n). �

Proposition 4.6 Let n, q ≥ 3. Then

K(q) ⊂ K(n) ⇐⇒ n | K(q)
ord.

Proof.
Case 1: ⇐

If n | K(q)
ord, then n | lcm(q, 2). If q is even, then we have n | q, and the desired set inclusion

follows from Remark 3.3. If q is odd, then n | 2q and we obtain K(q) = K(2q) ⊂ K(n) from the
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same remark.

Case 2: ⇒
Note that x

K
(q)
ord

12 ∈ K(q) ⊂ K(n). Then (1, 1, 1) = ψn(x
K

(q)
ord

12 ) = (rK
(q)
ord , 1, 1), and hence n | K(q)

ord.
�

Finally, we are ready to prove the stronger version of Proposition 4.4:

Theorem 4.7 Let n, q ∈ Z≥3 with K(q) ⊂ K(n). Then the reduction map

RK(q),K(n) : GT(K(q))→ GT(K(n))

is surjective.

Proof. According to Proposition 4.6, n | K(q)
ord. If q is even, we have n | q and the desired

surjectivity follows from Proposition 4.4. If q is odd, we have n | 2q. Therefore, the map
GT(K(2q)) → GT(K(n)) is surjective. Then the desired statement follows from the fact that
GT(K(q)) = GT(K(2q)). �
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