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Abstract

Grothendieck-Teichmueller (GT) shadows are morphisms of the groupoid GTSh and they may be
thought of as approximations of elements of (the gentle version of) the Grothendieck-Teichmueller group

GT. The set Ob(GTSh) of objects of GTSh is the poset of certain finite index normal subgroups of
the Artin braid group on 3 strands. In this note, we introduce a subposet Dih of Ob(GTSh), call it
the dihedral poset, and investigate connected components of the groupoid GTSh for elements of this
poset. We prove that every K € Dih is the only object of its connected component GTSheonn(K) in
the groupoid GTSh (in particular, GTShconn(K) is a finite group). We describe the set of morphisms of
GTShconn (K) explicitly and we show that, for every pair N,K € Dih such that K < N, the natural map
GTShconn (K) = GTShconn(N) is surjective.

1 Introduction

In this paper, we explore a certain groupoid GTSh Wh1ch is related to the gentle versmnﬂ
[7], [13] GTgen of the Grothendieck-Teichmueller group GT [4 Section 4]. Many challenging
questions [10], [11] about GT, GTgen and other versions of GT are motivated by a connection
between GT and the absolute Galois group of rational numbers Gal(Q/Q).

Let Z (resp. Fg) be the proﬁmte completion of the rlng Z (resp the free group F, on

two generators). The group GTgen consists of pairs (m, f ) € Z x F2 satisfying the hexagon
relations (see equations (3.9), (3.10) in [I3] Section 3.1]) and additional technical conditions.

For the definition of the multiplication in GT ., we refer the reader to [I3, Section 3.1].
The group GT ., receives a homomorphism Ih from Gal(Q/Q) of the form

Th(g) == ((x(9) = 1)/2, fy), (1.1)

where y : Gal(Q/Q) — Z* is the cyclotomic character and fy is an element of F, whose
construction is described in [8, Section 1.4].

Belyi’s theorem [I] implied] that the homomorphism Ih is injective and we call Ih the
Ihara embedding.

1In 7, é'\l'gen is denoted by é'\l'o
2See also Theorems 4.7.6, 4.7.7 and Fact 4.7.8 in [12].



1.1 The groupoid GTSh of GT-shadows in a nutshell
Let B3 be the Artin braid group [9] on 3 strands:
B3 = <O’1,0'2 ‘ 010901 — 0'20'10'2>

and PBj3 be the kernel of the standard homomorphism p from Bs to the symmetric group S3
on 3 letters. It is known [9, Section 1.3] that

PB3 & (219, 723) x (c¢),

where 19 := 0%, To3 := 05 and ¢ := (010901)%. We identify the free group Fy on two
generators with the subgroup (2,223 ) of PB3 generated by x5 and xas.
Just as in [2], [13], we denote by GTSh the groupoid whose set Ob(GTSh) of objects is
the poset
NFlpp,(B3) := {N < B3 | N < PBj, |PB;3:N|< co}.

For N € NFlpg,(B3), we consider the finite set
Z/NordZ X FQ/NFQ, (12)

where Ng, := NN (212, 223 ) and Nyyq is the least common multiple of the orders of the cosets
x12N, 223N and ¢N in the finite group PB3/N.

We denote by GT(N) the set of morphisms of the groupoid GTSh with the target N.
These are elements of the finite set that satisfy the hexagon relations (see ([2.3)), (2.4))
modulo N and additional technical conditions. We call morphisms of the groupoid GTSh
GT-shadows.

Let (m, f) be a pair in Z x F, that represents a GT-shadow with the target N. Hexagon

relations (2.3, (2.4)) imply that the formulas
T g(on) == 0" N, T p(on) = fl03™H fN

define a group homomorphism 7,, r : Bs — B3/N. It is convenient to denote by [m, f] the
element of GT(N) represented by a pair (m, f) € Z x Fs.
For K,N € NFlpg,(Bs3), the set GTSh(K, N) of morphisms in GTSh from K to N is

GTSh(K,N) := {[m, f] € GT(N) | ker(T)us) = K}.

For the definition of the composition of morphisms in GTSh, we refer the reader to The-
orem of this paper (see also [13], Section 2.3]).

The groupoid GTSh is highly disconnected. Indeed, due to Proposition[2.12] if GTSh(K, N)
is non-empty, then the quotient groups B3 /N and B3 /K are isomorphic. However, using the
finiteness of the set GT(N), it is easy to show that, for every N € NFlpg,(B3), the connected
component GTSheon,(N) of N in GTSh is a finite groupoid.

It is certainly easier to work with a connected component of GTSh that has exactly one
object. Thus, if N is the only object of its connected component GTSheonn(N), then we say
that N is an isolated object of GTSh. In this case, GT(N) = GTSh(N,N) and hence GT(N)
is a (finite) group.

Let H, K be elements of NFlpg,(Bj3) such that H < K. Furthermore, let (m, f) be a pair
in Z x Fy that represents a GT-shadow with the target H. Due to [13, Proposition 2.13], the
same pair (m, f) also represents a GT-shadow with the target K and we get a natural map

RH,K : GT(H) — GT(K)
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It is not hard to show that, if H < K are isolated objects of GTSh, then the map Ruk is a
group homomorphism. In this paper, we call Ry k the reduction map and, sometimes, the
reduction homomorphism.

1.2 A link between (/.ﬁ'gen and the groupoid GTSh

For a group G and a finite index normal subgroup N we denote by 7/5N the standard group
homomorphism

PN G =G / N
from the profinite completlon G of G to the finite group G/N. Moreover, for a posmve

integer N, we set PN = PNZ, ie. PN is the standard ring homomorphism from 7 to the
finite ring Z/NZ.

Given N € NFlpg, (B;) and (1, f) € é-\l'gen, the pair

(PNord (m)7 PNFQ (f))
is a GT-shadow with the target N. In other words, the formula

PR, [) = (P (i), P, (f))

defines a natural map PZy : é-\l'gen — GT(N). If a GT-shadow [m, f] € GT(N) belongs to
the image of %y, then we say that [m, f] is genuine; otherwise [m, f] is called fake.

One can show [2] that a GT-shadow [m, f] € GT(N) is genuine if and only if [m, f] belongs
to the image of the reduction map Ry for every H € NFlpp,(B3) such that H < N. At the
time of writing, the authors (as well as the mentor), do not know a single example of a fake
GT-shadow.

Remark 1.1 Using the reduction maps, one can construct [2] a functor ML from the sub-
poset

NFI{55*Y(Bs) C NFlpg, (B3)
of isolated objects of the groupoid GTSh to the category of finite groups. Moreover, one can

show [2] that the natural group homomorphism GT gen — lim(ML) is an isomorphism of
(topological) groups.

Remark 1.2 In papers [5] and [6] by P. Guillot, the author investigated a similar construc-

tion related to the group GTgen He used an equivalent by quite different definition of GTgen
(see [T, Main Theorem, (a)]).

Remark 1.3 GT-shadows for the original version of GT [, Section 4] were introduced in
paper [3]. Note that, in paper [3], the notation GTSh is used for the groupoid of GT-shadows
for GT and the set of objects of this groupoid is NFlpg,(By4). In this paper, GTSh denotes
the groupoid of GT-shadows for é'\l'gen and, here, Ob(GTSh) := NFlpg,(B3).



1.3 The dihedral poset and the results of the paper

In this paper, we introduce a natural subposet Dih C NFlpg,(B3). More precisely, for every
n € Z>3, we denote by 1, the following group homomorphism ,, : PBs — D,, x D,, x D,

Un(T12) == (1,5, ), Un(xo3) == (rs,r,1s), Un(c) == (1,1,1),

where D,, is the dihedral group (r,s | ", s%, rsrs) of order 2n.
Due to Proposition , the subgroup K™ := ker(¢,,) is an element of the poset NFlpg, (Bs).
So we set
Dih := {K" | n € Zs3}

and call Dih the dihedral poset.

The main result of this paper is Theorem The first statement of this theorem gives
us an explicit description of the set GT(K) for every K € Dih. Due to the second statement
of this theorem, every K € Dih is the only object of its connected component in the groupoid
GTSh. In particular, GT(K) is a (finite) group for every K € Dih.

In this paper, we also prove that, for every pair H, K € Dih such that H < K, the reduction
map

RH,K : GT(H) — GT(K)

is surjective (see Theorem [4.7)). This implies that one cannot find an example of a fake
GT-shadow using only the dihedral poset Dih.

Organization of the paper. In Section [2, we give a brief reminder of the groupoid GTSh
of GT-shadows. In this section, we recall many statements from [13]. In Section 3 we
introduce a subposet Dih C NFlpg,(Bs3), called the dihedral poset. In this section, we also
give an explicit description of the commutator subgroup [Fs/Kg,, Fo/Kg,] for K € Dih. In
Section [4] we describe the set GT(K) of GT-shadows for an arbitrary element K € Dih. This
description is presented in Theorem Due to the same theorem, every K € Dih is an
isolated object of the groupoid GTSh. At the end of Section [4], we prove that the reduction
map Ry : GT(H) — GT(K) is surjective for every pair H, K € Dih with H < K (see Theorem

17).

1.4 Notational conventions

For a set X with an equivalence relation and a € X we will denote by [a] the equivalence
class which contains the element a. The notation ged (resp. lem) is reserved for the greatest
common divisor (resp. the least common multiple). C), denotes the cyclic group of order n.

The notation B,, (resp. PB,,) is reserved for the Artin braid group on n strands (resp. the
pure braid group on n strands). S, denotes the symmetric group on n letters. We denote
by o1 and o, the standard generators of Bs. Furthermore, we denote by 1, x93 and x13 the
standard generators of PB3

Ty = 0%, T3 i= 03, T13 = 090505 . (1.3)
We recall that
C 1= Tp3T19T13 = T19T13Ta3 = (0109)> = (0207)> (1.4)

belongs to the center Z(PBjs) of PB; (and the center Z(Bj) of Bs). Moreover, Z(B;) =
Z(PB3) = (c) = Z.



We denote by A the following element of Bs

A = 0,090 (1.5)

and observe that
1A = Aoy, oA = Aoy, o 'A = Aoyt oy 'A = Aoy, (1.6)
A =c. (1.7)

Using identities ((1.6)) and ((1.7)), it is easy to see that the adjoint action of B3z on PBj is
given on generators by the formulas:

—1 —1 —1 —1,.—1 —1 —1,.—1
—1 —1,.—1 —1 —1,.—1 —1 —1
O9T1905 = T1y Loz C, Oy T1209 = Ty3 T15C  O9lg30y = Oy L2302 = T3 . (1.9)
Moreover,
Al‘lgA_l = X923, AxggA_l = T12. (110)

It is known that (x9,223) is isomorphic to the free group Fy on two generators and we
tacitly identify Fo with the subgroup (zi2,223) of PBs. It is known [9, Section 1.3] that
PB3 = F, x Z. We often use the following notation for w1y, 723 and (x12w93) ™"

f— o =1 -1
T ‘= T192, Y = T3, =Y T .

We denote by 6 and 7 the automorphisms of Fy := (z,y) defined by the formulas
0(x) =y, O(y) := =, (1.11)

7(x) =y, (y) =y ot (1.12)

For a group G, End(G) is the monoid of endomorphisms G — G and the notation [G, G|

is reserved for the commutator subgroup of G. For a subgroup H < G, the notation |G : H|

is reserved for the index of H in GG. For a normal subgroup H < G of finite index, we denote

by NFlg(G) the poset of finite index normal subgroups N in G such that N < H. Moreover,

NFI(G) := NFlg(G), i.e. NFI(G) is the poset of normal finite index subgroups of a group G.
For a subgroup H < G, Coreg(H) denotes the normal core of H in G, i.e.

Coreg(H) := ﬂ gHg™*.

For a finite group G, |G| denotes the order of G.
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2 Reminder of the groupoid GTSh

Definition 2.1 (N,4 and Ng,) Let N € NFlpg,(B3) and let us define
Neorg := lem(ord(z1aN), ord(xe3N), ord(cN)). (2.1)
Let also Fy = (x,y), where x = x13, y = x93 and
N, := N N Fs. (2.2)
Remark 2.2 Clearly, Ng, € NFI(F2).

Definition 2.3 A GT-pair with the target N is a pair
(m 4 NowaZ, fNg,) € Z/NoaZ % Fo/Ng,
satisfying the relations
o?mtl f=lg2m L EN = o gpn "™ N (2.3)

and
froamt fo?™ N = oyoy 53" c™ f N. (2.4)

These relations are called the hexagon relations.

It is easy to see from definitions of N,q and Ng, that if a pair (m, f) satisfies the hexagon
relations then all elements of the coset (m + NyaZ, fNg,) satisfy the hexagon relations.

Definition 2.4 A GT-pair with the target N is called charming if
ged(2m + 1, Nowa) =1 and  fNg, € [Fo/Ng,, Fo/Ng,].

Remark 2.5 We denote by

1. GT,,.(N) the set of GT-pairs with the target N;

2. GT;?T(N) the set of charming GT-pairs with the target N;

3. [m, f] the element of Z/NyaZ % F3/Ng, represented by a pair (m, f) € Z x Fs.
Proposition 2.6 For every [m, f] € GT,.(N), the formulas

Toglon) =oi™ N, Tuglon) = fTloy™ N (2.5)

define a group homomorphism from Bs to Bs/N.

Proof. It suffices to check that

T, (01) T 1 (02) Ton  (01) = T f(02) T (1) Ton, g (02) -

Using normality of N, we can rewrite it as

21 1 I oA L ol ot gl gy (2.6)



Applying the first hexagon relation (2.3) to the left hand side of ({2.6]), we get
(G f G PN — Mot IN,

Recall that ¢ commutes with all elements of B3, A := 010901, and x5 := o7. Then the
left hand side of (2.6 can be simplified further as

floioozy o™ N = floiop0 ™0™ e N = fAC™N.

Now consider the right hand side of (2.6) and apply the first hexagon relation (2.3)) to it.
Using 02 A = Aoy, we obtain

[T (@ A )N = o3 0y e N = 03" 0amm0y T N =
= flod™ Ao PN = f AT o PN = f'Ac™N.

Thus, equation (2.6)) holds and 7,  is indeed a group homomorphism from Bz to Bs/N. O
Recall [13] Proposition 2.6]:

Proposition 2.7 Let N € NFlpg,(B3) and 6 and 7 be the automorphisms of Fo defined in
and (L.12)), respectively. A pair (m, f) € Zx [F2,Fs] satisfies hexagon relations modulo
N if and only if

10(f) € N, 2.7)

and
" )T y™ f € Ne,. (2.8)

We will call these two relations the stmplified hexagon relations.

Proposition 2.8 We can restrict T,, ; to PBs and define in such way a group homomor-
phism T, : PB3 — PB3/N.

Proof. It is enough to prove that T, ;(PB3) C PB3/N. Let us denote by p the standard
homomorphism By — S3 : p(o1) = (1,2), p(os) = (2,3). As N < PBj, the formula
pn(wN) := p(w) defines the group homomorphism

PN - Bg/N — 53.
It is easy to see that, for every N € NFlpp, (B3) and [m, f] € GT,,(N),

PN O Ty =p

and hence T,, s(PB;) C PB3/N. O
Notice that
ker(T,, r) = ker(T),?) € NFlpg, (Bs).

Similarly, for every [m, f] € GT,,.(N), we can restrict T;Eﬁ to Fy and obtain a group homo-
morphism Tanf : Fo — Fo/NE,.
Recall [13, Proposition 2.7]:

Proposition 2.9 If a pair (m, f) € ZxF; satisfies hexagon relations and ged(2m+1, Nopq) =
1, then the following conditions are equivalent:



1. The homomorphism T, ; is surjective;

2. The homomorphism Tnlz]if 1S surjective;

3. The homomorphism Tfnff 18 surjective.

Definition 2.10 A charming GT-pair [m, f] is called a GT-shadow with the target N if
the pair (m, f) satisfies one of the three conditions of the previous proposition.

Remark 2.11 We denote by GT(N) the set of GT-shadows with the target N.

Since, for every [m, f| € GT(N), the group homomorphisms T, s : B — B3/N Tg?f’ :

PB3; — PB3/N and Tan’f : F2 — F3/Ng, are onto, 1), ¢, Tnlzgf’, and T:fdc induce the isomor-
phisms

T By/K = By/N, T35 i By/K =5 By/N, T3 : Fa/Ke, = Fa /N,

respectively, where K := ker T}, ;.
This observation implies the first three statements of the following propositionE]:

Proposition 2.12 Let K,N € NFlpg,(B3). If there exists [m, f] € GT(N) such that K =
ker(T,,, ) then

1. the finite groups B3 /N and B3/K are isomorphic (and hence |Bs : N| = |Bs : K|);

2. the finite groups PB3/N and PB3/K are isomorphic (and hence |PBs : N| = |PB3 : K|);
3. the finite groups Fo/Ng, and Fy/Kg, are isomorphic (and hence |Fy : Ng,| = |Fo : Kg,|);
4 Kora = Nora-

We will now recall that GT-shadows form a groupoid GTSh with Ob(GTSh) := NFlpg,(Bs3)
and
GTSh(K,N) := {[m, f] € GT(N) | ker(T,, ) = K}.

Just as in [13, Section 2.3|, for (m, f) € Z x F,, we denote by E,, s the following endo-
morphism of Fj:
Em,f(x) = x2m+17 Em,f (y) = fﬁly2m+1f'

Recall [13] Section 2.3] that
1. By g, 0 By, = B g, where m := 2mymy +my +mg and f = f1E,, 1 (fo2);
2. 7 x F5 is a monoid with the respect to the binary operation
(ma, f1) ® (M2, f2) = (2muma + my + ma, frEm, 1, (f2))
and the identity element (0, 1f,);
3. The assignment (m, f) — E,, ; defines a homomorphism of monoids

(Z x Fs, ) — End(Fs).

3See also [I3], Proposition 2.10].



Furthermore, if (m, f) € Z x Fy represents a GT-pair with the target N € NFlpg,(B;),
then
T2 (w) = Epp(w)Ng,, YV w € Fy.

Due to the following two statements that “unpack” [13, Theorem 2.12], GTSh is indeed a
groupoid.

Proposition 2.13 Let NV, N®) NG ¢ NFlpg,(Bs), [my, fi] € GTSh(N® N [my, fo] €
GTSh(N® N®) and Ngyq := N = N2 =N [y
m:=2mimo+my+me and = fiEmn, 5 (f2)

then
(m + NowaZ, FNE)) € GTSh(N®), NM),

The pair [m, f] := (m + NowZ, fN,(:IQ)) depends only on the cosets fiIN® | fLN?) and residue
classes mq 4+ NoraZi, mo + NorgZ. Moreover,

isom isom __ rpisom
Tisom o o — isom,

mi,f1 ma, fo
Theorem 2.14 Let NV N® N® € NFlpg,(Bs), [mi, fi] € GTSh(N® N [my, fo] €
GTSh(N® N@) and Nogg := N = N2 = NP

ord"

1. Then the formula

[ma, fi] © [ma, fo] = [2mama + my + ma, f1Em, 5, (f2)] (2.9)
defines a composition of morphisms in GTSh;
2. For every N € NFlpg, (B3), the pair (0, 1g,) represents the identity morphism in GTSh(N,N);
3. Finally, for every [m, f] € GTSh(K,N), the formulas

M+ NowZ == —(2m + 1)7'm,  fKe, = (T027") 7 (f'NE,) (2.10)

define the inverse [m, f| € GTSh(N,K) of the morphism [m, f].

3 The dihedral poset

Let n € Zsz and D,, := (r,s | r, s?, srs~'r). The starting point of the story is the group
homomorphism 1), : PB3 — D3 defined by the formulas:

¢n($12) = (T>S7S)a ¢n(x23) = (7“3,7“, 7’8), 'lvbn(C) = (17 17 1) (31)
We set K™ := ker(1,,) and we claim that

Proposition 3.1 For every n € Zsz, K™ belongs to the poset NFlpg, (Bs).



Proof. First, note that K™ is a finite index subgroup of PBs because D? is finite. The
subgroup PBj also has finite index in Bg, so K™ has finite index in Bs. Thus it remains to
show that K™ is normal in Bj.

Consider the map ¢ : PB3 — D,, given by

p(12) =5, p(x23) 1= T8, p(c) == 1.

We will show that K™ is the normal core in B; of ker ¢ < PBj. Define for w € B3 the map
©" : PBy — D, given by

©"(9) == p(w'gw), g€ PBs.

Note that
1

ker(¢”) = wker(p)w™,
and hence
C' := Coreg, (ker ¢) = ﬂ ker(p™).
Since |Bs : PB3| = 6 and that the elements
1, o7, oo, A7 oA o tATE
form a complete set of coset representatives, we have
C =ker(p)N ker(gpafl) N ker(gp"';l) Nker(¢® )N ker(gp"lﬁlAfl) N ker(gp“?ﬁlAfl). (3.2)

We will now show that » »
C = ker ¢ Nker(p?t ) Nker(¢?2 ). (3.3)

Let v be the following automorphism of D,
y(r):=r"", v(s) :==rs.

Clearly, v(s) = rs and y(rs) = s or equivalently yo@(x15) = p(223) and yop(za3) = @(x12).
Since conjugation by A swaps z12 and zs3 and ¢(c) = 1, we have

P2 (g) =v0 ¢ (g), YV g€PBy, weB;.
This gives us
AL o1 oria—t ot oyla—t
kerp = ker(¢™ ), ker(p” ) =ker(p” = ),  ker(p™ ) =ker(p™ = ),

which proves (3.3)).
Let 1 := % x % x ¢ : PBy — D3. Using (L.8) and (L.9) we see that

¢(I12) = (T_lv S, 8)7 77/;(11/’23) = (7”8,7‘, TS)? ¢(C) = (17 L, 1)'

Identity (3.3) implies that C' = ker(zﬁ).
Let j be the following inner automorphism of D3:

(91, 92, 93) == (rs(g1)(rs) ™", g2, 93)-
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Since ¢, = j o 1, we have 3
K™ = ker(¢),) = ker(¢)) = C.

Since K™ <1 B, this completes the proof that K™ & NFlpg, (Bs). O
We denote by Dih the subposet of NFlpg,(B3)

Dih := {K" | n € Zs3}
and call it the dihedral poset.

Remark 3.2 For every n € Zsj, K(FZ) is the kernel of the homomorphism Fy — D3 that
sends z to (r,s,s) and y to (rs,r,rs). Moreover,

K™ = lem(n, 2). (3.4)
Remark 3.3 If ¢,n € Z>3,n | ¢, and D, = (a,b | a?, b*, bab~'a), then the formulas
Ngn(a) =7, Ngn(b) :=s (3.5)
define a natural homomorphism 7, : D, — D,,. Since ngm 0 1y = Yy, we have K@ < KM,
It is convenient to identify Fy/ K(FZ) with the subgroup
Gn = {(r,5,5),(rs,r,rs)) < D3.
For w € Fy, w denotes the coset wK,(:Z). Thus,
T=(rs,s), y=(rs,r,rs), zZ = (r’s,r s, 7). (3.6)

Due to this identification and Proposition , the set GT;(K(”)) of charming GT-pairs is
identified with the set of pairs

(m,g) € {0,1,..., K" —1} x |Gy, G,
for which ged(2m + 1, K\) = 1,
96(g) =1 (3.7)
and
(G g)r (" 9)y" g = 1. (3.8)
3.1 The description of the commutator subgroup [G,,,G,]

To proceed with description of the set of the GT-shadows with the target K™, it is useful
have some information about the commutator subgroup of GG,,. So let us prove the following
proposition:

Proposition 3.4 For every n € Zss, the commutator subgroup [G,,G,] of G, = (Z,7)

consists of elements of the form
(7,277«1’ r2n27 T2n3)7 (nh no, TL3> € <2Z>3 or (nh na, n3> € (2Z + 1>3 (39)

.€. Ny, Ng,ng are either all even integers or all odd integers.
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Proof. It is easy to see that the subset
Cy o= {(r*™, 7?2 r®3) | (ny,n9,n3) € (2Z)* or (ny,ng,n3) € 2Z+1)*} C G,

is a (normal) subgroup of G,,.
Since G, is generated by two elements and the commutator subgroup [Fa, Fa] of Fy is
generated by elements of the form

(2!, y") = alyaty ™ t,h ez, (3.10)
we conclude that [G,,, Gy] is generated by the elements
[z, 7", t,heZ. (3.11)

We need to consider 4 cases: t, h are even, t is even and h is odd, ¢ is odd and h is even,
t, h are odd.

If ¢, h are even, then [Z',7"] = (1,1,1).

If t is odd and h is even, then we get

Ty = (s, s) (L, 1) (r 7t s, s) (L, e 1) = (1, [s, 77, 1) = (1,770, 1).
If ¢ is even and h is odd, then we get
2Ty = (' 1L, D) (rs, e rs) (07 1, 1) (s, 7 rs) = ([t s, 1, 1) = (021, 1)).

Finally, if ¢ is odd and h is odd, then we get

YTy = (v, s, 8)(rs, " rs)(r7t, s, 8) (rs, v rs)

= ([rt,rs], [s,7"], [s,7s]) = (¥, r~2h r=2).
Thus, we conclude that [G,, G},] is generated by elements of the form
(1,7%,1), (r?t,1,1), t €27,

3.12
(7”27“77’2”2,7”2) ny, N € 27 + 1. ( )

Due to this observation, (1,1,7?) € [G,,, G,] and hence
(1,1,7*) € [G,,Gr), Vte22.

Moreover, (r?,r2,1?) € [Gp, G,)].
Since
(r*,1,1), (1,7*,1), (1,1,7*) € [Gn,G,]  Vte€ 27,

and (r2,r%,r?) € [G,, G,], we conclude that C,, C [G,,, G,].
Since the elements in (3.12)) belong to C,,, we also have the inclusion [G,, G| C C,,.
We proved that [G,,, G,] indeed consists of elements of the form ([3.9)). O

Remark 3.5 In Proposition , it makes sense to consider integers ny, ny, ng modulo ord(r?).
Moreover, it makes sense to impose the condition

(n1,n9,n3) € (2Z)* or (ni,ng,ns3) € (2Z +1)3
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only in the case when 4 | n. If n € 4Z + 2 or if n is odd, then
(G, Gr) = (172) x (7)) x (r?). (3.13)

Indeed, if n = 4t + 2, then ord(r?) = 2t + 1. Hence (r*) = (r?) and identity (3.13)) follows
from the inclusion

(rYy x (rt) x (rt) C [Gp, Gyl
If n is odd, then the proof of identity (3.13)) is easier and we leave it to the reader.

4 The description of GT(K™)
Note that
BKM) =K, 7 (K) =K,

This follows from the normality of K in B3 and the fact that ¢ € K. In other words, the
subgroup (6, 7) < Aut(F,), preserves K™,

Hence the subgroup (6, 7) < Aut(Fs) naturally acts on G,, and [G,,, G,,].

We also have

0(z) = (Q(x_y))_l = (y_x)_l = ((TS,?”, rs)(r,s,s))

Hence

= (s,rs,r)"t = (s,7s,77h).

0(z%) =72 (4.1)

Let ny,n9,n3 € {0,1,...,ord(r?) — 1}. Combining (4.1)) with 6(Z) = 7 and 0(y) = T, we
conclude that, for every g := (r?™ r?2 ¢2m) € [G,,, G,], we have

O(r?m p?n2 p?13) = (p2n2 g pTEs), (4.2)
Moreover, since 7(z) :=y, 7(y) := z and 7(2) = z, we have
(2, p22 p2ns) = (p2ns pEm gz (4.3)
Using ([4.2)), we see that g := (r?™,r?"2 r2"3) € |G, G,] satisfies if and only if
ny +ny =0 mod ord(r?).
Let us now consider
me{0,1,..., K" —1},  ged@m+1,K") =1
and assume that m is odd.

Setting

7"2k —2k Qt)

g = (r*,r =

unfolding the right hand side of (3.8]) and using (4.3), we get (recall that m is odd):
(r™, s, ) (r 20,2 ) (s, T s ) (0 e T (s, o™ s ) (02, T2 )
= (7 5,5) (15, ) s, 7 ) (1 (2 (25

— (Tm—&-l’ T,m—i—l’ T—m—l)(r—%’ 76—2t7 7,2t) — (Tm+1—2t’ Tm+1—2t7 r2t—m—1).

I
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Thus a pair
(m, (7“2]“,7“_%,7“%)), k,t€?2Z or k,te€2Z+1

satisfies (3.8)) if and only if
m+1=2t mod ord(r?).
Notice that, if 4 | n, then we have an additional restriction on ny,ns,ng to have the
same parity. This is equivalent to the congruence k = mT“ mod 2. Thus we arrive at the

following statement:
Proposition 4.1 Let n € Z>3 and

X, = {m:me{0,1,.... K" —1} | ged2m + 1, K7)) =1},

» “*ord

se(m) = {m—l—l, if 2¢m, (4.4)

—m, if 2 | m.
Then

{(m, (r?, =2 12M)) | m € X,, k= %m) mod 2} if 4 | n,

GT, (K™) =
{(m, (PP, 072k 7m)) |m € A, } if 41 n.

Proof. For odd m, the desired statement is proved right above the proposition. The case
when m is even is easier and we leave it to the reader. U

The following lemma plays an important role in describing the connected component of
K™ in the groupoid GTSh:

Lemma 4.2 For every (m,g) € GT;?T(K(")),
ker(TBs) = K™ (4.5)
and the homomorphism TEP; s surjective.

Proof. Since 1, (c) = (1,1,1), we have PB3/K™ = Fz/K(FZ). Hence we may also identify the
quotient group PB3/K™ with the subgroup G,, < D2 generated by (r, s, s) and (rs,r,7s).
Consider the faithful action of D,, on Z/nZ: r(j) = j + 1, s(j) = —j, which defines an
injection D,, — S,,.
Let us prove that, for every (m,g) € GTZ?T(K(”)), there exists a triple (hy, ho, h3) € S3
(depending on (m, g)) such that

T = (ha, ho, hs) T (Bt hy ' hs ), g7 '™ g = (ha, ha, ha) T (R byt R Y). (4.6)

A direct calculation shows that

—1-—2m+1

T = (P ss), gy g = (r

1—4k8 Qm-i—l7 7,1—2%(771)5),

, T

where g = (r?F, r=2k px(m)),
Consider the bijection Z/nZ — Z/nZ that sends j to (2m + 1) - j and let b be the
corresponding element of 5,,.
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Setting h; := r~2*"™b, hy := b and

T b if m is even,
7 \bs if mis odd,

we get a triple of permutations (hq, ho, h3) for which (4.6)) holds.
Since ¥, (c) = (1,1,1), identity (4.6 implies that, for each charming GT-pair (m, g) with
the target K™ there exists an inner automorphism § (depending on (m, g)) of S2 such that

Ty =00 ¢n.

This implies the desired equality ker(T553) = K™,

Combining with the isomorphism theorem, we conclude that, for every (m,g) €
GT (K™), the order of the subgroup T5B:(PB;) < PBs/K™ coincides with the order of
the quotient group PBs/K™.

Thus the homomorphism T35 : PBy — PB;3/K™ is surjective and the lemma is proved.

O

Combining Proposition with Lemma [£.2] we get an explicit description of the set

GT(KM):

Theorem 4.3 For every n > 3, the set of GT-shadows with the target K™ is

{(m, (r®, =2 2 ™)) | m e X,, k= @ mod 2} if 4| n,

GT(K™) = (4.7)
{(m, (P?*, 772 7)) | 'm e X, } if 44,

where
Xy = {mim e {0, K =1} | ged(2m + 1, K() = 1)

» = rord

and the function s is defined in (&.4). Furthermore, K™ is an isolated object of the groupoid
GTSh.

Proof. Due to the second statement of Lemma [£.2] the second condition of Proposition
is satisfied for every element of GTZ(K(")). Thus every charming GT-pair (with the target
K™) is indeed a GT-shadow, i.e. GT(KM™) = GT;?T(K(")). Hence Proposition 4.1/ implies the
first statement of the theorem.

The first statement of Lemma implies that, if the target of a GT-shadow is K™, then

its source is also K. Thus K™ is indeed the only object of its connected component in

GTSh. O
Theorem implies that GT-shadows with the target K™ form a (finite) group.
We can now start proving the main surjectivity relation with this intermediate result:

Proposition 4.4 Let n,q € Z>3 and n | q. Then K\ < K™ and the reduction map
R ko © GT(K?) — GT(K™)
18 surjective.

Proof. It is sufficient to prove surjectivity in the case when ¢ = np, where p is prime. Let
(m, (r?F,r=2k p#m))) € GT(K™). Tt is enough to show that there exists such z € Z that
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o k= M mod 2,
e gcd(2(m+zn) +1,q) = 1.
Then the pair (m + zn, (1%, r=2 p*min2))) ¢ GT(K@) gets sent to the pair

(m, (12 =2k M) e GT(K™).

Put z = 4z, then m+ zn = m+42z:n = m mod 4, therefore by definition of s : M =

k mod 2. So we are left with ged(2(m + zn) + 1,q) = ged(2m + 8zyn + 1,pn). Notice tha
2m + 1 is coprime with n, therefore ged(2m + 1 + 8z1n,n) = 1. So we need to find such
21 2 ged(2m 4+ 8zn + 1, p) = 1. In order to do that we need to consider 2 cases:

Case 1. p | n. Then the statement is obvious because component 2m + 8z;n + 1 is co-

prime with n and so with p.

Case 2.1. pfn,p = 2. Then 2m + 8z;n + 1 is simply odd.

Case 2.2. ptn,p > 2. We have ged(p,8n) = 1, hence using Chinese Remainder Theorem

we can find such z; : pf (2m + 8zn + 1). O
It turns out that Proposition can be extended to the case when K@ < K™ while

n{q. To achieve this goal, we will start with the following auxiliary statement:

Proposition 4.5 For every odd integer n > 3, we have KM = K,

Proof. Due to Remark [3.3) K" < K™,

As above, it is convenient to identify the quotient group Fs/ K(FqQ) with the subgroup G, of
D3 generated by T and 7.
q
Let J, := (r?) x (r?) x (r?) < G,. It is easy to see that

3 . .
q°, if ¢ is odd,
|Jq| :{

(%)3, if ¢ is even

and G,/J, = Cy x Cy (there are 4 cosets: {.J,,TJ,,yJ,,TyJ,} and the cosets TJ,,yJ,, TyJ,
have order 2 in G,/J,). Therefore, |PB;3 : K&| = |F2/K(Fq;] = 4|J,|. Thus,

4q3, if ¢ is odd,

4 (3)3, if ¢ is even.

|PB; : K| = {
2

Therefore, for an odd integer n, we have |PBs : K| = 4n3 = 4 (27”)3 = |[PB3 : K@Y,
Hence |K(™ : K®™| = 1 and we have the desired equality K™ = K™, O

Proposition 4.6 Let n,q > 3. Then
KD K s g | KO

Proof.

Case 1: <
If n | Kg%, then n | lem(q,2). If ¢ is even, then we have n | ¢, and the desired set inclusion
follows from Remark ﬁ If ¢ is odd, then n | 2¢ and we obtain K@ = K29 ¢ K™ from the
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same remark.

Case 2: = w
q q
Note that xﬁord € K@ c K. Then (1,1,1) = wn(xg‘“d) = (TK((,‘ZZ[, 1,1), and hence n | Kéf).

OJ
Finally, we are ready to prove the stronger version of Proposition

Theorem 4.7 Let n,q € Z>3 with K@ c K™ . Then the reduction map
R ko + GT(K?) — GT(K™)
18 surjective.

Proof. According to Proposition , n| K (Ef()i. If ¢ is even, we have n | ¢ and the desired
surjectivity follows from Proposition [4.4. If ¢ is odd, we have n | 2¢. Therefore, the map
GT(K?9) — GT(K™) is surjective. Then the desired statement follows from the fact that
GT(K@) = GT(K®), O
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