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Abstract

We provide a construction for the maximal divided power extension of the spherical
Cherednik algebras for Z/pZ as a family of Z/pZ-invariant differential operators with a
certain invariance condition.
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1 Introduction

Cherednik algebras, also known as double affine Hecke algebras, are a large family of alge-
bras, which were introduced by Cherednik in his work on Macdonald’s conjecture, see [?|. Since
then Cherednik algebras were discovered to be interesting as the object of study by themselves
and in many applications, mainly connected with mathematical physics. A good overview of
the theory of Cherednik algebras is |?].

Until recently these algebras were studied mainly in the zero characteristic, but a few years
ago a theory of Cherednik algebras in positive characteristic started to develop. In [?] some
general structural theory of Cherednik algebras in positive characteristic was investigated, later
in [?] and [?] the Hilbert polynomials of some irreducible finite dimensional representations were
calculated. All of the later research was done in connection with the MIT PRIMES program.

The current paper is a continuation of this research. Our main goal was to develop a theory
of Cherednik algebras for Z/pZ with divided powers in positive characteristic. The main reason
for the study of this construction is the fact that simple reduction of the Cherednik algebra in
positive characteristic, makes the algebra ‘too small’, because a lot of operators become central
and act by zero on important representations. So to make representation theory ’richer’ one
can try to work with the algebra extended by divided powers. To define the maximal divided
power extension even in this case turned out to be an interesting problem. What we were able
to provide is an alternative construction of divided power ring over Z as a family of differential
operators satisfying some invariance conditions.

1.1 Structure of the paper

The structure of the paper is as follows. In the subsection which directly follows this one,
we give some general definitions which we are going to use in the rest of the paper. Section 2
explains what do we actually mean by the divided power extension. Section 3 shows us how
this definition works for the algebra of differential operators in one variable, which will be of



importance for our further research. Section 4 defines what Cherednik algebra is and gives it’s
alternative definition as a family of operators with invariance condition. Section 5 ties this in
with the calculation of divided power rings and shows that one can use the very same definition
over integers for a spherical algebra to actually get a divided power ring.

1.2 Acknowledgements

I would like to first thank Prof. David Jerison, Prof. Ankur Moitra and Dr. Slava Gerovitch
for organizing the UROP+ program and providing me this opportunity. Also, thanks Prof.
Etingof for [?] and [?], as well as providing the topic of the research. Lastly, I would like to
give huge thanks to my mentor, Daniil Kalinov, who provided me with detailed guidelines and
gave me enormous support throughout the past three months.

1.3 Preliminary definitions

Definition 1.1. For the sake of simplicity, we define [n], = % =14+qg+---+qg L

2 Divided power rings

Let Z be free as a Z-module. Given a ring Az over a commutative ring Z, where Ay
free as a Z-module, and V7, which also free as a Z-module, we have a faithful representation

Ay oz, Endz(Vz). Then we let QQ := Z ®; Q. We can then define Ay with representation
Ag <z)—Q> Endg(Vg). The relations are shown in the diagram below.

T,

ADP ‘—) EHdZ Vz)

/ I

AQ & EndQ(VQ)

Notice that there is a map from Endz (V) to Endg(Vg) because Homg (Vg, V) = Homz(Vy, V) =

Homy(Vz, Vz) ®z Q.
Now we can define App in the two following ways:

Definition 2.1. App = {a € Ag|o(a) € EndZ(VZ)}

Definition 2.2. App = {a® la€ Az,n €N, ¢ (Vz)}

2.1 App C Bpp

Lemma 2.3. We show that there exists an injective map from App to Bpp, according to the

diagram below. Here, By, Bpp and Bg are defined similarly as the definition of Az, App and
Ag.



Az‘—>BZ

o

App <o > Bpp —— Endz Vz)

[Wl

EndQ VQ)

Proof. Take p € App. Then p € Ag, which means p € Bg. Notice that Bpp is defined as the
largest subring of B s.t. there exists a map to Endz(Vyz). Since there is a map from App to
Endz(Vy), p € Bpp, thus shows App C Bpp. O

3 Differential Operators on r[z| for any ring r

Let r be any ring. We first introduce the definition of the differential operators on r[x]. We
will define then degree by degree.

3.1 Grothendieck’s Definition of Differential Operators

Definition 3.1. |Grothendieck] The differential operators of degree k on r[z] can be defined
inductively. We denote the set of degree ¢ differential operators as Diff (r[z]);, for any i € N.
Then we define Diff(r[z])o = {f|f € r[z]}. For any i > 1, we have Diff(r[z]); = {¢ €
End(rla])[[¢, f] € Dift (r[z])i 1 Vf € rlz]}.

3.2 Generators of Diff(r[z])

Definition 3.2. The set of differential operators is defined by ;- Diff (r[x]);, which is denoted
as Diff (r[x]).

Theorem 3.3. We claim that Diff (r[z]) is r[z] @ r[x]Dy @ r[z|D; - & r[z|D;- -, where we
define D;x"™ = <%) " = (?)x”*i, Dy=1.

Proof. Notice that D; - 2™ = (T) 2™ where (T) € Z. Thus, D; is well defined on any ring for
any ¢ € N.

Then, to prove this theorem, we consider the r-module that is defined as the set of all
differential operators of degree i (i.e. Diff(r[z]);). For the sake of simplicity, we name it Diff;.

We will prove that Diff; = r[z] @ r{x]|Dg @ rlz|D; - -- @ rz]D;. We can approach this by
inducting on .

First consider the base case: when ¢ = 0, r[z] = r[z].

To prove that this holds for ¢ + 1, we first show that D;,; € Diff;,;. This implies that
rlz] @ rlx]|Do & r[z|D; - - - & r[z]|D;yq C Diff; 1.

Lemma 3.4. D, € Diff; ;.

Proof. We only need to check that
[Di+1, f] € Diff;

for all 7.
Clearly, it’s equivalent to check that

[DZ'+1, l‘n] S I)lffZ

for all monomial x™, where n > 0.



We induct on n.

Base case: when n =0, [D;11,1] = 0 € Diff;. When n =1, [D;44,z] € Diff;.

Then we assume that [D;,1,2"] € Diff; holds for all n € {0,1,---,m — 1}. Now consider
[Dit1,2™].

[Dit1,2™] =
=Dip2" — 2" Dipy =
=Dipa™ ' — 22" ' Dy =
=D e — 2™ D + 2™ D — ™ e Dy =
= [Dys1, 2™ o + 2™ [Dig, 2]
Since [D;,1,2z™ 1] € Diff;, and [D;,, z] € Diff;,

I:Di+17 xmfl]x -+ Q?m[Di+1, IE]

is also in Diff;, which finishes the proof.

Then we show that Diff,, C r[z] @ r[x]Dy @ r[z]D; - - - & r[z] D, for all n.
Given that r[z] @ r[z]|Dy & r[x]D; - - - & r[x]D;, we consider Diff; ;.
We first prove the claim below.

Claim 3.5. For any ¢ € Diff; 1, there exists unique po € r[x|®r[z]|Do®r[z]|D; - - -®r[x|Diyy - - -
such that (1) = (1), po(x) = (@), - po(z™*!) = (™).
Proof. Let’s look ¢ in the forms of ag(z) Dy + a1 (x) D1 + az(x) Dy +- - + a;1(x) Diyq.

Then, we notice that for any 7, D; has the following property:

o D,-xt=1

o D;-2/ =0 for any j < i.

Therefore, it’s easy to see that ¢g(27) = a;(x) + S i_y ar(z) - (J)27~*, and we want this to

equal to ¢(27), and thus ag,ay,: - -, a;41 can be determined uniquely inductively. i.e. ag(r) =
p(1), ar(x) = p(x) = ag(a)z, -+, a;(x) = p(a?) = g ax(@) - (7).
]

Given the existence of (g, we can then let ¢ = p—pg. Since we know that po f— foyp € Diff;
for any polynomial f, we have (¢1+ @) o f— fo(p1+¢o) € Diff;. Thus, 10 f— foy, € Diff;.

Claim 3.6. Given
o p10f— fop € Diff
e pi(l) =pi(x) = =@ (z") =0

It follows that ¢1 = 0.

Proof. We induct on the power of z. The base case is that (1) = p1(z) =- - = @i (2"') = 0.
Assume that (1) = ¢i1(z) = -+ = @ (") = 0 for some m € NT, we now consider
o1 (2,

We take h = 2™, & =1 -h — h -1, V = r[x]|deg<it1-
Since we know that o[y = 0, ®|y = ¢ 0 hly.



Thus, we have ®(z*) = ¢ o 2™ (%) = (2™ for k € {0,1,---,i + 1}. Since
o1(z™) = (™ F2) = = (2'T) = 0, B(20) = B(z!) =--- = ®(2") = 0. However, since
O = -h—h-p1, 1 € Diff;,;, ® € Diff;. Thus, ® = 0, which means ®(z*!) = 0. This implies
that ¢;(z™*!) = 0. By the induction assumption (Diff; C r[z] ®r[z]Dy&r[z]D; - - - D r[x]D;),
this completes the proof. O

Since ¢; = 0, ¢ = g, which means ¢ € r[x] @ r[z]|Dy & rjz]D; -+ @& r[z]D;y1, and this
completes the induction. O]

3.3 Diff(Z[z]) = (2], x])PP
Theorem 3.7. Diff(Z[z]) = (Z[0, z])°?

Proof. We first show that (Z[0, x])P¥ C Diff(Z[x]).

Take a differential operator p € (Z[9,x])PF. We can group p into a sum of homogeneous
differential operators (i.e. each term in the differential operator has a degree), say p = > pg,
where py is degree k. We can then write py = ZZmin(k,O) a;x" 9. We now want to show that
for any homogeneous operators py, n|a;i! for all i.

We consider two different cases, £ > 0 and k£ < 0.

We prove the two cases respectively by inducting on i. We first prove the case when k£ > 0.

Base case: Notice that py(z°) = apz®, thus n|py(2°) = nlag - 0!

Inductive step: Assume that n|a; - i! for i € {0,1,--- ,;m — 1}. We now want to show that
n|a, - ml.

Consider p(z™).

pr(z™) =

[e.9]

_ Z Oézl‘k—ﬂaz(l‘m) _

1=min(k,0)

m
= ot (am) =
=0

m—1
— E :aixk+zazxm 4 amxk+mamxm —
—0
—1
= "™ + oy, - ml - 2R

~

3

m

s
Il
=)

Since nl|a; - i! for ¢ € {0,1,--- ,m — 1}, n| Z?:()l a;x" 1 9™ ) so nlay, - m! - 2™ which
finishes the induction.

We then prove the case when k£ < 0.

Base case: Consider py,(z").

pr(a®) =
_ Zalxkﬂ,az(xk) _
i=k

= o2kl =

= Oék/{?'



Thus nja_,(—Fk)!
Inductive step: we assume that n|a;i! fori € {k,k+1,--- ;m—1}, and now consider py(z™).

pr(z™) =

— i OzZQJkJrZaZ(QJm) —

i=min(k,0)

m
= E ;o* Oz
i=k
m—1
= E ;"™ + oM™ =
i=k
m—1
= E "™ + oy, - ml - FT™

Similarly, since n|a; - 4! for i € {k,1,--- ,m — 1}, n| 30" cua® 2™, so n|ay, - m! - F+m,
which finishes the induction.

Therefore, we know that 2 = > 22D, which belongs to Diff(Z[z]). Thus, we proved that
(Z[0, x])P* C Diff (Z|x]).

Also, we know that Diff(Z[z]) C Q[0, x| there exists a map from Diff(Z[x]) to End(Z[z]).
According to the definition of (Z[0, z])PT, it’s the largest subring of Q[0, z] s.t. there exists a
map to End(Z|z]).

Thus, we showed that Diff(Z[z]) = (Z[9, z])P*

4 Cherednik Algebra

4.1 Background information

Let b be an mteger Let G = Z/bZ. G is a group that generated by s, with a single relation
st=1. Let g=e’t . k=Qlg], and let Q = k[c], where ¢ is a formal variable.

Deﬁmtlon 4.1. We define HY, as following: HE Qlx,y,s)\{ly,z] = 1 — 2cs,sys™! =

q 'y, sxs™!t = qx}, where [,] is the commutator, (,> is the freely generated algebra on z,y, s.

Definition 4.2. Define Diff} = Q[z, 27", 0]xQ[G] = Q[z, 27", 8]*Q[G]\{szs™! = s(x), s0s7! =
s(0)}, where x is the semidirect product, * is the free product and \ is the quotient.

Now, let’s consider a natural representation of those algebras. Indeed, Diffr(;Q acts on
Qlz,z~ ] where s(z) = ¢'z*, for i € Z.

We can also define an action of HE, on Q[z,z™'].

We define D = 9, — 24 1q)s). Now we define the structure of a representation of HY on

Qx, x 1 as following:

ng — Endy,(Qx, z7Y)
y— D
T T
Sk s



Notice that this can be restricted on Q[z] because if i > 0, then deg(D(z%)) =i—1; ifi = 0,
then D(1) = 0.
We now want to consider a family of twisted action of Diﬂ”r(;Q on Q[z,z7!]. Instead, it’s easier

to define them using action of Diﬂf}(;Q on z!|z["Q[z, 7], where we can understand the symbol
as following:

O™ |z|™) = (I 4+ + n)a" Tz (4.1)
S(I‘Z—H‘l"n) — ql+i$l+i’$‘n
Claim 4.3. 2'|z|"Q[z, 2] has a submodule 2'|z|"Qlx] if and only if n = 1270(1(1 —q) -1

Proof. @'|z|"Q[z, x~'] has a HE if and only if D(a!|z|") = 0.

2c

& (a!|z]") - m(l —s)(a'|z]") = 0 (4.3)
& (72| + nal|z” 7t ’z—‘) — a Ecq)x(l —s)(z!z[") =0 (4.4)

Notice that

thus, (3.4)

Since ¢? = 1, it is enough to consider [ € {0,1,---,p — 1}.

42 HEY =HY

Definition 4.4. For [ € {0,1,---,p — 1}, we define k;, = 2c[l], — 2, V; = 2!|z|"Q[z,z7],
Uy = 2!|z[MQlx].

Then we define ng as following:

Definition 4.5. HQ, = {p € Diff} |pU; C U;,1 = {0,1,---,p— 1}}
Then, follow from Claim 3.3, ng C ’ng.

Theorem 4.6. ng = ng.

Proof. We would like to show ng C ng.

Definition 4.7. We define the degree of differential operators & Diff;Q as following:

deg(x) = 1,deg(0) = —1,deg(s) =0

Then deg(zP9s") = p — ¢ = z.



Notice that this definition of degree can be restricted to ng and ng, because the degree
of Dis —1.
Then we define the ordering of differential operators as following (as a lexicographical order):

r<spt << Pt < O < 50 <
, for any 7,7 € N*.
Next we take z € (HE,);. We want to find r € HY s.t. 2 — ¢ = 0.

Lemma 4.8. Let W be a vector space with infinite basis fi < fo < -+ < f; < ---, and let
V' be a vector space with infinity basis e; < eg < -+ < e; < ---. If f; can be expressed as

ciei + Y iy ciej, then W =V,

Proof. Since f; = c;e; + Zloil cjej, fi =T gey for some upper-triangular matrix 7; ;. Since the
upper-triangular matrix is invertible, e, = i—: + > c; fj, for some constant ¢;. Thus, for any
i, €; can be expressed as a linear combination of basis of W, and for any 4, f; can be expressed
as a linear combination of V. Thus W = V. O]

Lemma 4.9. for i € N*, (HQ); = (Diff3);.

Proof. By definition, (HZ,); C (Diff3),.

We want to show that (Diff}); C (HS,);. Take p € (Diff);. Notice that pz"|z|' = Az'*"|z|
for some constant A. Because U; is closed under multiplication by z, pU; C U;. Therefore,
(Diffg')i = (HE,); when i is positive. O

Claim 4.10. The highest term in D"sPx" is 0"sPz", according to the order we defined above.

Proof. We prove the claim by inducting on the power of D.
Base case: when n = 0, D"sPz" = sP2" which has highest term sPx".
Inductive step: Assume that for n € {0,1,--- ,n’ — 1}, D"sPz" has highest term 9"sPx".

We now consider D" sPz".

D" Pl =

= D(DV tsPrh) =
2c(1 — ,

= (90— C(—S)XD“ “Lgpghy =
(1—q)z
2¢(1=5)\ o1 o n

=0 ———-2)(O" P2 ) =
(1-q)x

— 99" LgPyh — Man’—lszﬂxh 4.

(1—q)z
_ an’spl,h _ iz—lan’—lspxh + 1&@71’—1813—&-11}1 4.
—q —q

Notice that after commuting ' and 9" ', the additional terms have lower powers on z,

and thus cannot become the highest term. In addition, 12%(]8”'_15%"_1 and lifqa”'_lspJ“lxh both
have lower degrees than 0™ sPz", so 0" sPz" is the highest term, which completes the induction.
Therefore we can see that D"sPz" has highest term 0"sPz" for any n, p, h. O



Therefore, D?sPz" can be expressed as 99sPz"+ lower terms. Let W = HZ, and let V =
lefQ We can then apply lemma 3.8, which proves lefQ = HQ

Then we consider the case when degree i is negative. Take P E (’ng)i, where 7 is a negative
integer.

Claim 4.11. p= D'+ Z_Z "A Ay (8)z* 0k, where D' € (ng)z

Proof. Since p is a differential operator, p = As™277¢37 + lower terms, for some constant A, k,
-

Notice that when (j 4+ i) < 0, the claim obviously holds. Thus we only need to consider
when (j +14) > 0.

Notice that

As™ I — Asmpi DI =

2¢(1 —s) Y=
(1-q)x

— Bsm—i-ll,j—l-i—l@j—l 4. (45)

= As™aI T — As"aI (O —

where Bs™ a7t =193=1 (for some constant B) is the highest term in equation 4.5, and thus
the degree of x is guaranteed to decrease at least by 1 by the above operation.

Since the power of x is finite, we can repeat the above operation until the power of z
becomes negative. Also, notice that As™az/*' D’ € HZ, for any m and j, so we know that

p=D +3 " Ap(s)z"+9* where D' € (HS,);. O
Now we denote Q =p — D’.

Lemma 4.12. ) = 0.

Proof. To prove this lemma, we first show the following equivalence.

Lemma 4.13. To prove that Q = 3 ;5" Ax(s)z*0% is zero is equivalent to

my my(my + 1) e H;Bz(ml +9)
1 my—1 (ma — 1)my e TS (ma+g—1)
1 my—2 (ms—2)(ms—1) -+ J[5%ms+g—2) |£0
Lomo+i—1 (mog+i—1)(mog+i) - [[5°(moi+g+i—1)

Here, the matriz has (—i) columns and (—i) rows with the term on the rth row and sth column
be [1,- 2(m, + g — (r — 1)), where my, = 2c[h + 1], for any h.

Proof. We begin the proof with a claim.

Claim 4.14. (A(s) - 220%)(2°|z|?) = [[i=y(c + d — h)A(gT=2)ax+0=2|z|?, where A(s) is a
polynomial of s, and a,b,c,d are mtegers

Proof. We first show that 9%(2¢|z|%) = [[Zy(c + d — h)z*=?|z|,
We prove by inducting on a.
Base case: when a = 1,

O(x°|z|)
= ez |z|* + daf|x|?!

= (c+ d)z° x|

lz]
x

10



Inductive step: Assume 9%(z¢|z|?) = [[7_i(c +d — h)z*~%x|? for a € {1,2,--- ,a’ — 1}.
Consider «'.

0" (al[")
= 00" (a[x]")

a’'—2

o (c+d—hyze=*z)?

—

0

=
N

’

Q

(c+d— h)@(xc’“url\:c]d)

I
=

@\
|
—

(c+d— h)(xc’al]:c\d)

h=0
Which finishes the induction.
]
Given that, we can continue the proof of lemma 3.11. Let n; = a|z|?*Wa=! for | =
{0,1,--- ,p— 1} Consider the operator Q operating on n;z™ for some integer n. Then
—i—1
Z A k-&—zak nlmn)
—1—1
Z Ak k+18k l‘x|2c[l}q71xn)
—1—1
Z A k-i-zak: 2 |x|2c[l]q—l)
—i—1 k—i—z 1
_ Z H (n 41+ (2C[l]q _ l) _ h)Ak(qn+l+k_(k+i))l’n+l+k_(k+i>|.’L”n
k=0 h=0
—i—1 ki—1
= > I (n+2eltly = W) A(g" )2 )"
k=0 h=0
=0
if and only if
—i—1 kti—1
ST (n+ 2ty = ) Ar(g™ ) =0 (4.6)
k=0 h=0
for n € {0,1,---,—i — 1}. Equation 3.4 holds if and only if
—i—1 k+i—1
S I (n+2cl —n+i), — h)Au(d") =0 (4.7)
k=0 h=0
forn e {0,1,---,—1 —1}.

Notice that the set of linear equations in 3.5 has a non-trivial solution if and only if the
corresponding matrix M doesn’t ahve determinant 0, where M is

11



1 om my(my +1) o Tt (i +g)
1 my—1 (ma — 1)my o TS (ma+g—1)
1 my—2 (ms—2)(ms—1) -+ J[55%ms+g-2)
Lomog+i—1 (mog+i—1)(mog+i) - [ (moi+g+i—1)
, and this finishes the proof of Lemma 3.11. O

Then we back to the proof of Lemma 3.10.
Applying lemma 3.11, we only need to show that the matrix has determinant non-zero.
Let matrix M, = M|.. i.e.

1 0 0 0
1 -1 0 0

M= |1 =2 (=2)(-1) - 0
i (z’—.l)(z') ngﬁl(z—Hg)

Then it’s easy to see that M. is an upper-triangular matrix, and thus, the determinant is
the product of all terms on the diagonal. Since each term on the diagonal is non-zero, the
determinant of M, is also non-zero, thus the determinant of M is non-zero, which means
@ = 0. This finishes the proof of Lemma 3.10. O]

We can then back to the proof of Theorem 3.6. Since we know that () = 0, we have
p =D Since D' € (HE,);, p € (HE,);, and thus we proved that for all negative degrees i,
(HE)i = (HE,)i- Therefore, HY, = 7-[(5 which finishes the proof of the theorem. O

c,p c,p?

Z Z \DP
S Bc,p T (Bc,p)

Define e = W Then let ng = eHg2 e. By theorem 4.6, BQ = eBQ e

We now define ng in a way similar to ’HSP (under invariance). Take D€ ng. Then epe €
BQ,, which means epe € Q[z,z~!, 9]%/"% = (Diff&)%/P2. Consider epe acts on U;. Specifically,
we consider epe acts on xm(ﬁ)l]x\zcmq for some m. Notice that epexm(ﬁ)l\xlzc[l]q = 0 when
ptm+1, and epexm(ﬁ)l|m|20[l]q = xm(ﬁ)l|x|20mq when p|m + [. Thus, we can define U™ as
following: U™ = |z|mP=PooiQ[xP)].

Then we define BE, = {p € (Diff@)%/Z |pUjm™ C Uj™}.

We define BZ and BZ similarly.

—— BY ——— (Diff?)%"2 «——— Diff? ——— Endyqjq(Z[d][q][z, z7"])

i/l | l/

(BZ P ((Diff2)2/P2)PP 5 (Diff%)P

i i | |

Bey » B, ———— (Diff®)*/?* ———— Diff ——— Endgiqy Qlcl[g][z, 7]

Claim 5.1. e Diff$, e = (DiffQ)%/rZ

Remark 5.2. The proof is contained in |?].

12



Proposition 5.3. B3 = BY,

Proof. We first prove that B2, C BY,. Take p € HZ,. Since eUj™ = U™, epeUj™ = epU/™.
Also, U/™ is invariant under p, so we know that epeU;™ = U/™. Thus by definition of ng,
B2, C BY,

We then show that ng C ng. Take T € BSP. Then T' = epe, for some p € Diffgp. Consider

epe acts on U Notice that epel; = U™ C Uy, thus epe € HE, = HY, so T € B, O

Claim 5.4. (Diff%)%/vZ = ((Diff?)%/pZ)PP

Proof. By section 2, we know that Diff? = (Diff%)PF.

By definition, (Diff?)%/PZ C ((Diff?)%/P2)PP Thus we only need to show that ((Diff%)%/P2)PF
(Diff2)Z/v7.

Take p € ((Diff2)2/PZ)PP  Gince it’s in (Diff%)PF, it’s also in Diff%. Since it’s invariant
under Diff?, p € (Diff?)%/?Z which means that ((Diff?)%/?2)PP c (Diff%)%/PZ 5o we know
(DIffZ)2/95)P  (Diffye/oe. .

Claim 5.5. BZ, = (BZ,)""

Proof. By definition, we know that BZ < (BZ)PF. Now we want to show (BZ )PP C
z Z \DP L 72 \DP Z \DP ; : “f
BZ,. Take p € (BZ,)”". By definition of (BZ,))”", p € (BZ,)”" is equivalent to (p €
((Diff2)Z/P2)PPY A (pU/™ C U™). By claim 5.3, it’s equivalent to p € (Diff%)%/PZ A(pUi™ C
U/™), which means p € BZ,..
This proves that BZ, = (BZ,)"". O

Claim 5.6. (BZ,)"" = B,

Proof. Since BY, = B2, (BZ )PP = (BZ,)P". Also, we proved that BZ = (BZ,)P", so it
follows that BZ , = (B

)DP' ]

C7p
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