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Abstract

We give an algorithm for computing the mod 2 prismatic cohomology H3} /2 (BSpin(n)) of
the classifying stack of the spin group Spin(n) for any n via the spectral sequence associated
with the short exact sequence 1 — ug — Spin(n) — SO(n) — 1. We explicitly describe the
result of the computation for n < 13 and give a precise conjecture telling what happens for
general n. If true it gives an exact formula for the discrepancy between the dimensions of
the de Rham and the singular Fo-cohomology, extending the work [Tot17] of Totaro, where
he was able to show that

dimg, Hj%(BSpin(11)/F3) > dimg, Hp, ,(BSpin(11)(C),Fs).



1 Introduction

Given a smooth algebraic variety X over C, a classical result of Grothendieck identifies the
singular cohomology Hyg;, (X (C),C) of the topological space X (C) with the algebraic de Rham

cohomology Hjp(X/C) of X. This gives a description of Hg;, (X(C),C) in purely algebraic
terms.

If one wants to replace coefficients in C with some torsion group F,, there is also an algebraic
description using the étale cohomology of X. Namely, Artin’s comparison theorem identifies
Hg,, (X (C),Fp) with the étale cohomology Hg (X, Fp).

However, if X has a model over Z which is smooth at p, there is another de Rham style cohomology
theory which takes values in F)-vector spaces. Namely, we can consider the reduction Xy, and
take its de Rham cohomology Hj3,(XF,/F,). The natural question then is how this compares
with Hg;, (X(C),Fp).

For X/Z, proper this question is naturally put into the framework of the integral p-adic
Hodge theory developed in great detail in [BMS16] and [BS19] by Bhatt-Morrow-Scholze and
Bhatt-Scholze correspondingly. Namely there exists the mod-p prismatic cohomology theory
Hz/p(X) (or rather a complex RI's/,(X)) over the mod p Kisin ring &/p >~ F,[[T]] which
exactly interpolates between the two cohomology theories above: the étale F,-cohomology of
(the generic fiber of) X roughly appear as the generic fiber of RT'5 ;,(X) over SpecF,[[T]] and
it specializes to the de Rham cohomology RI'yr(XFr,/Fp) after taking (the derived) quotient

modulo T'. In particular,
dimg, Hjp(X/Fp) > dimg, H (X(C),F,)

for all 4, and for a given 4, the dimensions of HY(Xy,/F,) and H

' ) sing
only if there is no T-torsion both in Hj ,(X) and Hg/;(X).

In [Tot17] Totaro studied the analogous question for the classifying stack BG of a split reductive
group G. In particular, (Theorem 10.2 in [Totl7]) for a given G he showed that

(X(C),F)p) coincide if and

dimp, Hjr(BG/F,) = dimg, H,,,(BG(C),Fy)

outside of some (in fact very small) set of primes that depends only on the root data of G. He
also showed that the equality does not hold in general, for example

dimg, H3%(BSpin(11)/Fy) > dimg, H22, (BSpin(11)(C),Fy).

sing

The idea of this paper is to apply the integral p-adic Hodge theory to understand the reason
behind this discrepancy and get an understanding of its size. However, at least from the first
glance, the prismatic cohomology theory is badly suited to establish such inequality, since the
stack BG is not proper. In particular, having an arbitrary Artin stack ) over Z,, a priory
there is no clear reason why the natural (Kan) extension of the prismatic cohomology to )
should give a deformation between algebraic de Rham and algebraic étale cohomology, though it
indeed gives one if you take the étale cohomology of the Raynaud generic fiber instead. One of
the main results of [KP] is that for BG with G reductive these two étale cohomology theories
in fact coincide. Thus prismatic cohomology can be used to study the discrepancy between
dimp, H)z(BG/F,) and dimg, H.;,, (BG(C),Fp).



1.1 Results of the paper and the idea behind the proof

In this paper we describe an algorithm of computing the mod 2 prismatic cohomology H} /2 (BSpin(n))
of the classifying stack of the spin group Spin(n). We explicitly describe the result of the compu-
tation for n < 13 and give a conjecture for what we expect to happen for a general n. Assuming
the conjecture one also gets the answer for all dimensions of the de Rham cohomology of
BSpin(n). In fact this leaves only one option for the algebra structure on it as well but it is not
immediate and we won’t discuss this here.

Generally, the idea is to adapt the computation of HS,, g(BS pin(n),Fe) done by Quillen in [Qui71]
to the case of the prismatic cohomology. Namely Spin(n) fits into a short exact sequence

1 — pg2 — Spin(n) — SO(n) — 1
and there is the associated spectral sequence
ES? = HY )5(Bus) ® H} 5(BSO(n)) = HR jo(BSpin(n)).

Now the key observation is that the Totaro’s computation of the de Rham cohomology of BSO(n)
over Fy (Theorem 12.1 of [Totl7]) implies that A/Q(BSO( n)) is a polynomial ring over &/2
with generators in degree 2,3, ...,n. Moreover, restricting to a maximal elementary 2-subgroup
I' € SO(n) it is possible to describe A/2(35’0( n)) as a Breuil-Kisin module: namely it is a
sum of Breuil-Kisin twists and one can explicitly say what the weights of the generators are.
HY /Z(B,ug) can also be computed explicitely and it turns out to be a sum of Breuil-Kisin twists
as well. Differentials in the spectral sequence should be maps in the category of Breuil-Kisin
modules. Luckily, between the twists there are not that many (Lemma :

Hom(&/2{~i},&/2{~j}) = {F =

0, otherwise.
There is a unique non-zero map and moreover it is enough to check that whether it is equal to
zero or not after inverting 7". From this it roughly follows that all maps in the spectral sequence
are uniquely defined by the analogous spectral sequence in the singular cohomology. This in
turn was completely described by Quillen in [Qui71].

More precisely, Quillen has shown that, applying the spectral sequence, H?, (BSpin(n),Fs) is

sing
obtained from Hg;, (BSO(n),Fs) as follows. Let fi, fa,..., fn € BSO(n),F3) be defined

by f1 := w9 and f; = Sq? fi—1 where wy is the second Stiefel-Whitney class and Sq' denotes the
i-th Steenrod square. Then Quillen proved that the sequence fi, fo,..., fr € HS, (BSO(n),F3)
is regular and

smg(

smg

szng(Bszn< )7F2) szng(BSO( ) Fz)/(f17"‘7fh)®F2[z2h]

where 2y is a certain element of degree 2" and h is roughly n/2 but the precise value depends
on n modulo 8. The values for h are listed in Table |1} taken from [Qui71].

We expect there to be a similar formula for the mod 2 prismatic cohomology. Namely, let
up == wh € HX /2(BSO(n)) be the second prismatic Stiefel-Whitney class (see Definition .

Let ]?1, f;, e ,ﬁl € HA/Q(BSO(n)) be the sequence given by ﬁ = ug and fz = Sq2i_2ﬁ~:. Note
that deg fz = 201 4+ 1. We reduce everything to the following
Conjecture 1.1. The sequence fl, fg, . ﬁb\_/l, T e HZ/Z(BSO(TL)) is regular.
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n type h
I+1| R | 440
8l+2| C |4l+1
8Il+3 | H |4+2
8l+4| H |4+2
8l+5| H |4+3
8l+6| C |4+3
8I+7| R |4+3
8I+8| R |4l+3

Table 1: Value of h for each residue of n (mod 8)

Theorem 1.2. Assume Conjecture . Then ﬁ,fg,...,ﬁ € HZ/Q(BSO(n)) is a regqular

sequence and
H o (BSpin(n)) = H 5 (BSOM)/ (i, -, ) @62 6/2157]

where deg(zyn) = 2" and wt(zgn) = 21
Moreover, we have a conjecture describing the T-torsion:
Conjecture 1.3. Assume Conjecture [I.1] Then

o If n#3,4,5 mod 8§, HA/2(BSpm(n)) is T-torsion free. In particular, in this case

dim HYp(BSpin(n)/Fy) = dim H'

sing

(BSpin(n)(C),Fa)
for all .

e If n = 3,4,5 mod 8, the T-torsion in HZ/Q(BSpm(n)) (as a graded &/2-module) is
isomorphic to HA/2(BSO(')”L))/(]71, N T)[—2"1 —1]. In particular

dim HY(BSpin(n)/Fy) = dim H!

sing

(BSpin(n)(C), F2)

for i < 2"1 and for general i the dicrepancy is given explicitly by the value of the
Hilbert function for HZ/Q(BSO(n))/(fl, ooy fno1,T) (shifted by —2"=1 — 1), which is a
quasi-polynomial of degree n — h, see Section

Note that if true the T-torsion is quite huge, but it is elementary (every element killed by 7™
for some n is in fact killed by T") and this we can prove in general.

We show that the Conjectures and are true for n < 13 by an explicit computation. We
also have some promising ideas about how to prove them in general by considering the restriction
to a maximal elementary 2-subgroup I' C SO(n), which we plan to turn into a rigorous proof
very soon.
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2 Notation and conventions

Starting from now on we put the prime p to be equal to 2. &/2 = Fy[[T]] will denote the mod 2
Breuil-Kisin ring. Let &/2{n} be the n-th Breuil-Kisin twist mod 2: the twisted Frobenius action
is o = T~ " Fr where Fr is the regular Frobenius on Fa[[T]]. The mod 2 prismatic cohomology
complex of an object X will be denoted by RI' o(X) with individual cohomology denoted by
HZA/Q(X). (6/2) — Mod will denote the oo-category of (complexes of) modules over &/2.

3 Overview of the (mod 2) prismatic cohomology

Let Cs := Q, be the completion of the algebraic closure of Q2 and let O¢, C Ca be the ring of
integers. Following Fontaine we define the tilt

b 13
O(CQ = hFrrn OC2/2

This is naturally a topological ring via the discrete topology on O¢,/2. Note that it is a ring of
characteristic 2. As a multiplicative monoid O(bCQ can also be identified with the limit

O, = lim_ Oc,
T2

Let’s fix a sequence 2, 2%, 2%, ... of 2"-th roots of 2, then this gives an element (2, 2%,2%, o)
in lim,, ,,» Oc¢, ~ (’)(bc2 which we denote by 2°. If we localise at 2° then we get C} := O(Cz [2%],

which is the fraction field of (’)(ch.

We have a map &/2 ~ Fo[[T]] — (’)(bC2 sending T to (2°)2. Under this map C} is identified with

—

Fo((T')), the completion of the algebraic closure of the Laurent series Fa((T)).

Theorem 3.1 ([BS19], [KP]). Let Y be a smooth Artin stack over Zs. Then there exists an
Ex-algebra RT 5 2(Y) in (6/2) — Mod and a Frobenius-linear endomorphism ¢ : RI'x /2(Y) —
RU A j2(Y) such that

° RFA/Q(J)) ®Hé/2 6/(2,T) ~ RFdR(y/FQ);

-~ ) =1
° RFA/Q(:))) ®%/2 (Cg ~ Rret(y(CQ,Fg) K, (Cg and RPet(y(cz,Fg) ~ (RI‘A/Z(JJ) ®é/2 (Cg)¢

Here RI'4r(Y/F2) denotes the de Rham cohomology of the reduction of ) modulo 2 and
RFet(J//\Q,Fg) denotes the Fo-étale cohomology of the Raynaud (geometric) generic fiber of Y. A
priory it is not clear whether RI'¢t()c,,F2) gives anything reasonable. However, if ) = BG with
G reductive this can be identified with the singular cohomology of its complex points:

Theorem 3.2 ([KP]). Let G be a split reductive group and let BG be its classifying stack. Let
G(C) be the topological space of its complex points and let BG(C) be its classifying space. Then

RT o (BGe,,F2) ~ RT4in,(BG(C),Fy)

4



We will be primarily interested in the case G = Spin(n).

Under some cohomological properness assumption (satisfied by BG) each cohomology H' /2()/)
carries a structure of a (2-torsion) Breuil-Kisin module: namely H% /Q(y) are finitely generated

over &/2 and there is a Frobenius-linear endomorphism ¢ : H} /2 (V) — HY /2 (Y) which becomes
an isomorphism after inverting 7. All Breuil-Kisin modules which we will meet in this paper
will be Breuil-Kisin twists.

Definition 3.3. The (—n)-th (mod 2) Breuil-Kisin twist &/2{—n} has
e G/2 as an underlying &/2-module;
e T"Fr as ¢, where Fr: §/2 — &/2 is the standard Frobenius.

All Breuil-Kisin modules that we will meet will be Breuil-Kisin twists.
Lemma 3.4.
Fy, 1>

0, otherwise.

Hom(6/2{~i},&/2{~}) = {

Proof. Recall that Hom(&/2{—i},&/2{—j}) = Hom(&/2,&/2{i — j}) so it is enough to prove

it for this special case. We will prove:

Fy, k<0

0, otherwise.

Hom(6/2, 6 /2{—k}) = {

To give f: §/2 — &/2{—k}, it is enough to define f(1) by Frobenius-linearity. Let f(1) =
P(T) =235 a;T*. We must have

Fle(1) = f(1) = P(T) = o(f(1)) = Y aiT**". (1)
1>0

As such, we have the relation a; = a(;_y)/2. Suppose k > 0, P(T) # 0. Let d = min; a; # 0.
Then the minimum degree on the left hand side of Equation is d while the minimum on the
right hand side is 2d + k > d. Thus P(T') = 0.

Suppose k < 0. As above, we have the relation

i = Q(i—k)/2 = A((i—k)/2—k)/2 = -

which gives a; = a(j1y)/2n i for every n. If i # —k, then there exists n large so that (i+k)/2"—k ¢
Z, which forces a; = 0. It follows that only a_y is allowed to be nonzero and if it is, it is necessarilly
equal to 1 (since Fo = {0, 1}). O

Remark 3.5. Let @ > j. The unique non-zero map f: 6/2{—i} — &/2{—j} is given by
multiplication by 7%/,

We will also need the following lemma:

Lemma 3.6. Let v be the generator of S/2{—n} such that ¢p(v) =T" -v. Then ¢-invariants in
&/2{-n} ®g/2 C5 are given by T~" - v and 0.

Proof. Indeed, since &/2{-n} ®g 2 Cj ~ €4 as vector spaces over C5 and at the same moment
&/2{-n} ®s/2 C) ~ (6/2{-n} ®s/2 C5)?=! @, C} by Theorem [3.1| we get that

dimp, (6/2{—n} ®g /2 C3)*~! = 1.

5



On the other hand
ST 0) =T p(v) =T "0

so T'™" - v is a non-zero invariant vector and consequently

(&/2{-n} @2 C3)*~" =Fa - (T7" - v)
O
Corollary 3.7. Let Y be such that H A/2())) is a sum of Breuil-Kisin twists. Then C in
Theorem can be replaced by Fo((T)). Namely RPA/Q(y)[ | ~ RTet(Ve,,F2) @r, Fo((T)) and
Rl Ba) = (RUsp(O) )

Definition 3.8. If §/2-v C Hg/z(y) forms a Breuil-Kisin submodule isomorphic to &/2{—n}
for some n we say that v € A/Q(y) has weight n.

4 Prismatic cohomology of BSO(n)

Theorem 4.1. HA/Z(BSO(n)) > (6/2)[u,. .., u,| where u; is in degree i.

Proof. For any reductive group G, each cohomology group HiA /Z(BG) is finitely generated
over &/2 (see [KP]). From [Totl?] we know that Hj,(BSO(n)) is a polynomial algebra with

generators of degree 2,3,...,n, and the same is true for Hg;, (BSO(n)(C),Fa).

By Theorem of prismatic cohomology, we have a quasi-isomorphism
RTar(BSO(n)/F2) = RT 5 3(BSO(n)) &,y (F2[[T1]/T)-
This gives rise to a long exact sequence

.. = Hipn(BSO(n)/Fy) — Hg/lz(BSO( n)) L Hg/;(BSO( n)) — HH(BSO(n)/Fa) —

By the structure theorem for modules over a PID, if M is finitely generated over Fo[[T]], we

have an isomorphism
k

M = (F[[T]))" €D F([T]]/T7.

i=1
Define

ri = dimg, (1)) H jo(BSO(n)) @ Fa((T)) = dimg, Hy;,,,(BSO(n)(C),F2)
t; .= dimp, HZ/Q(BSO( n))[T — tors]

d; = dimg, Hy ,(BSO(n)/ T - Hy ,(BSO(n)).

smg

Also let k; be k in the formula above for M = HZ/Q(BSO(n)). Then t; = k; and d; = r; + k; in
the decomposition above. From the long exact sequence, we see that

dims, H} 5(BSO(n)) @5,y (F2[[T1]/T) = tis1 + d;.

Also, BSO(n) is connected, so HJ5(BSO(n)/Fs) = (BSO(n)(C),Fq) = Fy. Then we have

smg

0= dimF2 H;}%(BSO(H)/FQ) =ty+d_1 =ty
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and therefore Hg/2(BSO(n)) is a free module over Fo[[T].

Note also that if HiAm(BSO(n)) is free over Fo[[T]] if and only if ¢; = 0 if and only if d; =
r; = dimp, H;mg(BSO(n) (C),F2). We then proceed by induction. From above we know that
dp = dimp, Hgmg(BSO(n)((C),Fg). Assume the same is true for d;. Then we have

d; +tiy1 = dim H;ing(

BSO(n)(C),Fy) 4 ;11 = dim Hip(BSO(n))

and since the dimension of de Rham and singular cohomology are the same, we have t;11 = 0,
S0 HZAJr/lz(BSO(")) is a free Fo[[T]]-module as well.

To show that Hi/z(BSO(n)) =~ &/2[ua, ..., uy,], tautologically, it is enough to find elements
u2,...,u, € HX(BSO(n)) such that the induced map

Fal[T)|[@a, ..., @] 2% HA(BSO(n))

is an isomorphism of graded rings, where the grading on the left is given by deg u; = i. To check
that such a map is an isomorphism, it is enough to check it modulo 7. This is because both
each graded components of both source and target are free finitely generated modules of the
same rank, and so a map is an isomorphism if and only if its determinant is invertible, which
happens if and only if it is nonzero mod T'.

Thus we reduced to finding ug, ..., u,, such that
(Fa[[TN)[u2, - - wn]) gy = HA j2(BSO(n)) (2)

is an isomorphism modulo T for all £k > 0. But for this we can take u; to be a lift of the
generators u; in degree i of Hj,(BSO(n)/F2) (see [Totl7] Theorem 12.1). O

Proposition 4.2 ([KP]). Moreover, wt(u;) = | |. In particular HA/Q(BSO(n)) is a direct sum
of Breuil-Kisin twists.

Remark 4.3. Proposition {4.2| provides is a nice choice of generators for HY , (BSO(n)). Since
there is no T-torsion in H3 ,,(BSO(n)), there is an embedding

HR j5(BSO(n)) = HR j(BSO(n))[T™"] = Hg;,y(BSO(n), F2) @, F2((T)).

If we denote by w; the elements in H (BSO(n))[T~!] corresponding to the Stiefel-Whitney
classes w; ® 1 € H?

sing(BSO(n),F2) ®p, F2((T)), by Lemma the elements T'2)w; will give
generators for HR ,,(BSO(n)).

Definition 4.4. We will call the elements w? = TL/2lw; € HZ/Q(BSO(n)) the prismatic
Stiefel- Whitney classes.

As was noted above, we have Hz/z(BSO(n)) ~ G/2[ws,...,ws]. Also degw?® = i and

n

wtw? = [i/2]. For convenience we also put w{* = 0.

These generators are very nice because for them we can easily deduce the action of the Steenrod
algebra



Proposition 4.5. Let 0 < j <i. Then

J .
if i+ is odd Sqﬂ<wi>=§( i )wz Wi (3)
| I fi—l—1
if i + 7 is even qu(wf):T-lz;< il >wlAwiA+j_l (4)

Proof. This follows from the Wu’s formula for the usual Stiefel-Whitney classes plus the Frobenius-
linearity of Steenrod squares over Fo[[T]]. O

The appearence of a T-factor in the action by Steenrod squares in the even case is exactly what
(for some n) produces a non-trivial T-torsion in the prismatic cohomology of BSpin(n).

5 Mod 2 prismatic cohomology of By,

Proposition 5.1 ([KP]).
HY, y(Bis) = /200, /(02 =T - )

where degv =1, degc =2 and wtc=wtv = 1.

6 Mod 2 prismatic cohomology of BSpin(n)

There is a short exact sequence

1 — Bus — BSpin(n) — BSO(n) — 1.

For a given n there is associated a number h, see Table [1| in the introduction. The way we are
going to compute the cohomology is via a spectral sequence. Namely,

Proposition 6.1 ([KP]). There is a spectral sequence of graded algebras

B = HY ,(BSO()) & H} (Buz) = HYJ(BSpin(n)).

Let v,c € HA/Q(B,ug) be the generators of the first column. Firstly, da(v) € HA/Z(BSO(TL))
should have degree 2 and weight 1 and should be non-zero since it is non-zero after localizing T
(see [Qui71]), so there is only one option for it, namely da(v) = w%. There is no T-torsion on
the second page, so all computations can be done after localizing 7. In particular

dg(c) = dg(Tﬁl'Uz) = TﬁldQ(UQ) =0

Obviously ds kills the first row and this (together with the discussion above) extends it uniquely
to the whole 2nd page via the Leibnitz rule. This shows that

Byt = 6/20wh, ... wd]/(wh) B/ &/2[d]



Let fi,....fn € HA/Q(BSO(n)) ~ G/2[wd, ..., w5] be a sequence of polynomials defined by

f1:=w) and f; := S fi_1. Let also fi,... f € FowdR, ... wif] ~ H$,(BSO(n)/F2) be

their reduction mod 7' (with wi® = wiA mod T correspondingly).

We assume the following

Conjecture 6.2. The sequence fi,..., fn_1 € &/2[wdf ... wlf] is regular.

Note that this is equivalent to Conjecture u Indeed from 4.5 and the Cartan formula we
see that fi,..., fp in fact lie in Fo[T][wd, ..., w2] C Fy[[T]][wd, ..., w]. If instead of grading
by the cohomologlcal degree we consider grading by the weight, then all f1, .. ;ih, T will be
homogeneous. In particular fi,..., fo—1,T" is regular if and only if T', f1,..., fa—1 is regular
which exactly means that fi,..., fn_1 € &/2[wdf ... wif] is regular.

Corollary 6.3. The sequence fi,. .., fn € S/2[wd, ..., wh] is reqular.

Proof. We know that this is true after inverting 7" by [Qui71]. We then proceed by induction.

Assume that f1, . fl are regular. Then we need to show that f1+1 is not a zero divisor in

S/2[ws, ..., w G ) Let K C &/2[ws,...,w A1/(f1, ..., f;) be the kernel of multiplica-
tion by fi+1. But then K ®g/oFo((T)) = 0 and so K is T-torsion. fi,..., f; € 6/2[w2 T
is regular, so by the discussion above there is no T-torsion in &/2[w?, ..., w2]/(f1,..., f;) and

we are done. O

Proposition 6.4. Assume Conjecture . Then for all v < h the 2" + 1-th sheet EQ';'JFI looks
like
.0 rs rs r—1
B3t ~6/2[ws, ..., wi]/(f1,. ... fr) ®e/2 6/2[cF 1.

Moreover if r < h, it does not have any T-torsion.

Proof. The argument is completely analogous to Quillen’s. See [Qui71]. The absense of T-torsion
follows from the regularity of the sequence fi,..., f;. O

Consider the map * HA/Q(BSpm(n)) — HA/2(B,LL2) dual to the embedding ps < Spin(n).

Lemma 6.5. ¢~ lies in the image of i*.

Proof. Let’s take the Spin representation 6 : Spin(n) — SO(2"). Then the restriction to js is
given by the standard 1- dimensional representation ps — G,, with multiplicity 2”. Then the
pull-back of 7*0*w 2h of w € HA/Z(BSO(TL)) is non-zero (since it is non-zero after inverting 7°)

and should have degree 2h and weight 2=, Thus it should be equal to 2" and consequently
2" e Im(i%). O

This means that dyn +1(02h_1) = 0 and starting from this moment the spectral sequence stabilizes.
Thus, fixing any homogeneous (with respect to the weight) lift zon of 2 to HY /2(BSpin(n))

(e.g. zgn = G*wQAh) we get
Theorem 6.6. Assuming the Conjecture

H3 )5(BSpin(n)) = S/2ws, ..., wpl/ (1., Jn) @2 &/2[z].



7 Description of the T-torsion

To describe the T-torsion it remains to understand by what power of T" we can divide ﬁl
inside S/2[w5, ..., wa]/(f1,..., fu_1). We give the equivalent description in terms of monomial
expressions for fj.

Definition 7.1. Let wIA = wiAlwi2 x -wiﬁ be a monomial (with repeats possibly among the iy).
We have deg(w?) = 3" iy and weight(w?) = S°|ix/2]. We will call the weight of a homogeneous
polynomial f € &/2[ws', ..., w5] the maximum of the weights of the monomials in it. Let T
be a homogenous ideal with respect to degree. The weight of a polynomial f modulo I is the
minimum of the weights of all representatives of f modulo 1.

The following lemma is crucial but trivial to prove.

Lemma 7.2. Let f be a homogeneous polynomial in wiA. Let I be a homogenous ideal. Let d be
the degree of f. Then

e 0 < weight(f) < [deg(f)/2]
o [ = Tldealf)/2]=weight(f) g yhere g ¢ (T).

‘We consider I = (f~’1, ... ,f~’k) and f = ﬁg:l. In particular if f;;:l is not divisible by 7" modulo
(]71, e f;) (e.g. if f1,... fry1 is a regular sequence) it means that any representative of f;;l
modulo I has a monomial with no more than 1 odd variable. After applying Sq’ for some even i
by Proposition and the Cartan formula we get that the number of odd indices is at most 3
and so by Lem frio can’t be be divisible by 72 in &/2[ws5*, ..., w5]/(f1,-- ., fxs1). This
shows that there is only elementary T-torsion in H*(BSO(n)). Unfortunately for now we can’t
say for sure when we have T-torsion there at all. However we conjecture the following:

Conjecture 7.3. e If n#3,4,5 mod 8, HZ/Q(BSpin(n)) is T-torsion free. In particular,
in this case

dim Hjp(BSpin(n)/Fz) = dim Hl;,,(

BSpin(n)(C),F2)
for all 7.

e If n = 3,4,5 mod 8, the T-torsion in HZ/Q(BSpm(n)) (as a graded &/2-module) is
isomorphic to HA/Z(BSO(n))/(fI, N T)[—2"1 —1]. In particular

dim HY(BSpin(n)/Fy) = dim H;Z-ng(

BSpin(n)(C),Fa2)

for i < 2"~1 and for general i the dicrepancy is given explicitly by the value of the
Hilbert function for HA/Q(BSO(n))/(fl, ooy fu1,T) (shifted by —2"~1 — 1), which is a
quasi-polynomial of degree n — h see Section [10] for more detail.

8 Verification of Conjecture assuming Conjecture for
n <13

Further we present some computations of the Steenrod polynomials jN’Z and prove the conjectures
above for n < 13. In what follows w; = wiA. If 4 > n, then we put w; = 0. For each f; we pick

the nicest representative. We have:
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Jo = ws, f3 = ws, fa = wy.

Then, if n > 10

n

10
11
12

f5 fe f7
wrwig - -
wewi1 +wrwio | T - (wawrw?y + w%wgwn +w$y) -
wewi1 +wrwig | T - (w4w7w%1 + w%wgwn + w%wlg + w:{’l) -

Note that fﬁ is exactly f~h for n = 11,12 which confirms Conjecture in these cases. Also if
n < 10 there is no T-torsion at all.

For n =13,

Sqwa = waw1z + wewi1 + wrwiog

2 2 2 2
Sqswa = wawswiiwi2 + wawrwigwiz + Twawrwi, + wewrwiy + Twewzwiz + wiwswiz +
wgwlown + Tw7w%3 + Tw%wgwn + Tw?wlg + ’LU%O’LUB + Tw:fl

Sqswy = T2w4w6w$w8wi”1 + Tw4w6w%w§0w11 + Tw4w6w§w10w%2 + T2w4w6w§w%1w12 +
Twiwiwrwsw? wie+Twiwiwrw?ywd + T wswdwgwigwd +Twiwdwswiywie+T?wawiwigwi wig+
Twiwiwswiywiy+Twiwiwiyw wie+Twiwiwdy+Twiwd wiy+ Twiwrw? wiy+T?wewrwis+
ngwgwfowlgwlg + T2w6w$w"131w12 + Twﬁwgwgwi)’o + T2w6w§w12w%3 + T2w6w‘71w8w10w13 +
T2w6w$w8w11w12+T2w6w%wf0w11+Tw§w7w8w12w%3+ngw7w10w11w12w13+ngw7w%0w%3+
Twiwrw? wiy+T?wiwrw? wis+Twiwiwiwigwis+Twiwiwiwwi+T*wiwIwswwiz+
Twiwdwswiy+Twiwiwiywio+Twiwswigwi; wis+Twiwsw? wis+Twiw?yw? +Twdwrwswigwd; +
Twiwiw?yw3+Twiw?w?, +Twiwrwsw?s+Twiwrwiowiwiz+Twiwrwd wie+T?wrwigw? wis+
Twrwiywigw?s+Tw2wgwiywi wie+Tw2wswiywizs+Twiwiywi +T2wiwswigw?s + T wdwigwd wia+
T2w§w%0w11w13+T2w‘71w§w13—|—T2w‘71w%2w13+T2w?wgw10w12+T2wgw‘flw13+Tw%0w§’1w12+
Twiywtywis + T?wiy

Note that in this case h = 7 and we see that f7 is divisible by T. So Conjecture is
confirmed.

9 Verification of Conjecture for n <13

9.1 About Grobner bases.

We first recall some material about Grébner bases. Material from this section is from [Eis08],
Chapter 15.

Let S be a polynomial ring over a field, S = k[z1,...,x,]. Fix an order on the monomials of S.
Let F' be a finitely generated free module over S with basis {e;}. Choose an order on monomial

basis elements of I, elements of the form x

A A

e; where £ is a monomial in S.

Definition 9.1. If > is a monomial order, then for any f € F we define the initial term, in~ (f)
to be the smallest term of f with respect to the order >. If M is a submodule of F' then in~ (M)
is the submodule generated by in~ (f) for all f € M.

Going forward, we’ll just write in(f) if the order is clear from context.

11



Definition 9.2. If f,g1,...,9: € F, then a standard expression is one of the form
f=> figi+/f
with f/ € F, f; € S, where none of the monomials of f' are in (in(g1),...,in(g:)), and
in(f) < in(figi)-
Proposition 9.3. Standard expressions always exist.

The proof consists of an algorithm where one repeatedly removes monomials from f’ by subtract-
ing a suitable multiple of g;. Details can be found in [Eis08], Division Algorithm 15.7.

Definition 9.4. A Grébner basis with respect to an order > on F' is a set of elements ¢1,...,g: €
F such that if M is the submodule generated by g1, ...,g: then ins(g1),...,in~(g:) generate

Let g1,...,g: be elements of F. Let ©Se; be a free module with basis {¢;} corresponding to the
elements {g;} of F' and let
p: ®Se; — F; g > gi (5)

be the corresponding map of modules. For each pair of indices 4, j such that in(g;) and in(g;)
involve the same basis element of F', we define

mi; = in(g;)/GCD(in(gi), in(g;)) € S
and we set 0;; = m;je; — m;;e;. For each pair 7, j, we choose a standard expression
mjigi —mijg; = > [ gu + hij

with respect to g1,...,gs.

Theorem 9.5 (Buchberger). The elements g1, ..., g: form a Grébner basis if and only if hi; =0
foralli, j.

Theorem 9.6 (Schreyer). Using the set-up above, further assume that g1, ..., g form a Grobner
basis. Define

— ]
Tij = Mji€; — Mij€j — E fé])Eu,
u

Then the 7;; generate ker() (c.f. Equation (5)).
Proofs can be found in [EisO8|, Theorems 15.8 and 15.10.

9.2 Verification of Conjecture (6.2

In this section we verify Conjecture for n < 13. Here we put w; = wglR and consider
fi S ]FQ['U)Q, ey wn]

It is clear that

J1 = wo, fa = w, f3 = ws, Ja = wo, fs = wawiz + wewiy + wrwio
is regular. It remains to prove that fs is not a zero divisor modulo the previous elements.
Using Buchberger’s Criterion ([EisO8|, Theorem 15.8), one can verify that

2 2 2 2
W4WeW11W12 + WLWrW1oW12 + WEWeW13 + W5W1oW11 + WeWr Wiy + WiHWi3
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w4w13 + Wew11 + WrWio
2 2 2 2,2 2 2 2 .2
WEWEW3 + Wgw1oW11w13 + Wwi; w12 + WeWrwigwisz + wrwiowiz + wipWis

is a Grobner basis for the ideal J = (fs, fg). Using Schreyer’s theorem ([Eis08], Theorem 15.10),
one verifies that the module of syzygies, expressed as the kernel of the map

e fs.e2f6
_—

Falwa, we, wr, wg, wig, w11, wiz, wis) (€1, €2) Falwy, we, wr, wg, wio, w11, w12, w13

is generated by fse1 — fsea. As such, it follows that the sequence fi,..., fs is regular.

10 Description of the Hilbert function of H3,(BSO(n)/F2)/(fis- - fa-1)

We give a partial description of the Hilbert series for HA/Q(BSO(n))/(fl, A T). First,

note that J?Z',T are homogenous elements with respect to the weight, therefore regularity of
the sequence does not depend on the order of elements. With this in mind, we first find the
Hilbert series of H*(BSO(n))/T = Falug, ..., u,]. The Hilbert series of Fo[u;] for deg(u;) =1 is
(1 —t¥)~!. Since Hilbert series of tensor products multiply, we have

n

fu(t) = Hilb (H*(BSO(n))/T) = [J(1 = )",

1=2

Write
M = H*(BSO())/T) N = H3;»(BSO(m)/(fr... fr1.T)

Now by regularity of the sequence, there is a Koszul resolution

h—1 h—2 2
0—>/\th1—>/\Mh”—>---—>/\th1—>th1—>M—>N—>0

which allows us to compute the Hilbert function of N. Another description of the Hilbert
function can be obtained as follows.

Let

and define recursively
Py=P(M,t), P;j=P_(M,t)/P_i(M,t—2""+1).
Define M; = M/(fo, cee j/}:) From the exact sequences
0— fiM; — M; — M;/fiM; — 0

we see by induction that the Poincaré series of N is given by P(N,t) = Pn_o(M,t). If we
write

P(N,t) =) dim Nt

then according to [Bav93], Theorem 2.2, dim N, is a quasi-polynomial in n, i.e. there exist
n! polynomials po, ..., pn—1 such that dim N, = px(n) for n = k (mod n!). Moreover, these
polynomials have the same degree n — h and the same leading coefficient.
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