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ABSTRACT. Recent works by Gémez, Pezzo and Rossi have generalized the class of games known
as tug-of-war games, which were investigated by Peres, Schramm, Sheffield and Wilson, by analyz-
ing games where the sets of possible movements for the players are either spatially dependent or
spatially and temporally dependent. We further generalize this class of games by considering games
with surrounding noise which is spatially and temporally dependent and where the sets of possible
movements are also spatially and temporally dependent. Our generalization includes simple and
natural real-world examples such as competing parties fighting on multiple fronts and general re-
source allocation problems. We derive the PDE for which the continuum value function of the game
is a solution and we show that the PDE is an interpolation between the ‘infinity Laplacian with
spatial and temporal dependence’ which corresponds to the movements of the players (« coefficient)
and a ‘weighted Laplacian’, with weights arising from the variances of the noise, which corresponds

to the noisy environment (3 coefficient). When V(z,t)u # 0 the PDE takes the form
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in the domain of game Q7 = Q x (0, 7] € R¥*! where Q ¢ RY is a bounded smooth open ‘spatial’

domain and (0,7] with T' € R is a ‘temporal’ domain.

1. INTRODUCTION

An interesting problem introduced by David Aldous [1] and partially solved by McKean and
Shepp [7] is the following. Suppose there are K one-dimensional Brownian motions processes
starting at * = 1 which we can control by adding to the K processes drifts which sum up to 1.
What is the optimal policy (division of drift) if the objective is to maximize the probability that
the K processes never hit 07 What’s the optimal policy if the objective is instead to maximize the

expected number of processes that never hit 07 McKean and Shepp has addressed the case K = 2
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but in general the problem is still open. A natural zero-sum game theory variant of this problem
is to place K one-dimensional Brownian motions processes at 0 and consider two players, I and 1II,
each having a drift of magnitude 1, whose objective is to maximize the number of processes which
hit 1 (Player I's objective) or -1 (Player II’s objective). The problem now would be to find the set
of Nash equilibria and the associated policies for the players. An even more general problem would
be to make both the set of actions available to the players and the Brownian motion dependent on
the current state of the game as well as on current time in the game. This variant of the problem
has many natural real-world applications in the context of solving resource allocation problems for
‘multi-theater conflicts’. A war between two countries that takes place along different fronts is one
such an example where the resources need to be divided among the different fronts and the set
of actions (deploying forces, etc.) available to the two countries depends on the current time and
state of the conflict.

One way to approach the above problem is by using ‘tug-of-war’ type of games. In the simple
version of the e-tug-of-war game a token is placed at some initial position in a domain D. At each
stage of the game two players, I and II, flip a fair coin to decide whose turn it is and the winner
moves the token to any point in a ball of radius € centered at the current position of the token.
The game ends when the token reaches the boundary of D at which point Player II pays Player
I an amount of money depending on some ‘boundary function’ and the position on the boundary
where the token exited D. The game is named that way because players ‘tug’ in different directions
hoping to get to boundary points where they will receive their best payoffs (the best payoff of Player
I is the worst payoff of player II and vice verse).

In [8] Peres, Schramm, Sheffield and Wilson showed that the solution of the equation Asu =0

where A, is the operator known as the infinity Laplacian defined by

N
Agou = |Vu|_2 Z Uy Uz U, = <D2uVu, Vu)
ij=1
(informally the second derivative in the direction of the gradient), arises as the continuum (¢ — 0)
value function of a tug-of-war game. Peres and Sheffield in [9] have generalized this result by
showing that the solutions of problems involving the operator known as the p-Laplacian are the
continuum value functions of tug-of-war games with noise. One key insight in [9] is that the
p-Laplacian can be written as an interpolation between the infinity Laplacian (corresponding to
the ‘tug-of-war’ part) and the Laplacian (corresponding to the moisy’ part as the classic result of

Kakutani [4, 5] regarding the solution of the Dirichlet problem indicates). Following the work of
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the above authors various generalizations of the central idea were developed. See [2] [10]. One
direction of generalization was taken by Gémez and Rossi in [3] who allowed the sets of possible
movements for the two players in the tug-of-war game to depend on the current position of the
token. In [11] Pezzo and Rossi considered a finite horizon problem where the game progresses in
both time and space and derived the PDE for which the continuum value function of the game is
a solution.

Tug-of-war games are applicable to our problem since the sets of available movements for the
players, which depended on position and time, model the sets of possible resource allocations at a
specific place and time. For example, to model a game with two processes (K = 2) where the entire
drift must be given to exactly one process (so the only choice for a player is which process should
receive the drift) we can use a square as a domain where moving along the z-axis corresponds
to giving the entire drift the one process and moving along the y-axis corresponds to giving the
entire drift to the other process. To account for the random movement of the particles we need to
incorporate noise which is spatially and temporally dependent into the model. The work of Pezzo
and Rossi in [11] enables us to consider action sets which are spatially and temporally dependent
but only in the context of games without noise.

In this work we further generalize [11] by incorporating noise into the game which is also spatially
and temporally dependent. The symmetry conditions on the sets of possible movements for the
players imposed in [3] and [11] have naturally led us to impose similar conditions on the noise. Yet,
a very diverse noisy environment is being treated in our work. We allow the noise to be different
in every ‘time slice’ as well as in each spatial orthogonal direction (precise definitions will be given
below). We note that depending on the boundary function of the game the noise can be favorable to
one player or the other at different points in time and space. Some of the proofs and techniques in
[11] carry over into our game but the proof of the limit PDE doesn’t carry over in a straight-forward
way since the convergence of the value functions of the e-games becomes more complicated.

We show that the limit PDE of our game is an interpolation between the PDE found in [11]
(corresponding to the deterministic ‘tug-of-war’ part) and a ‘weighted Laplacian’ (corresponding
to the noisy part). We also show how the ‘weights’ relate to the variances of the probability
distributions of the noise along orthogonal spatial axes.

The organization of the paper is as follows. In Section 2 we define our tug-of-war game, in
Section 3 we recite some results needed for our main proof and in Section 4 we prove the main

theorem of the paper, Theorem 4.1.
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2. GAME DEFINITION AND PRELIMINARIES

In this section we give the definition of the e-tug-of-war game following [11].

Let T be a positive constant and Q be a bounded smooth open set of RY. Our game is played
in the domain Q7 := Q x (0,7] where we think of (0,7] as the temporal domain of the game and
of  as the spatial domain of the game. The boundary I' of Qp is I' = Q x {0} U 9Q x (0,T]
and for > 0 we define a strip around the boundary by I';, = Q, x (—n2,0] U ©,, x (0,T] where
Q, = {z € RY : dist(z,Q) < n} and ©,, := {z € RN\Q : dist(z,09Q) < n}. Let F: T, - R be a
bounded Borel function; we call F' the final payoff function.

The e-tug-of-war game is a zero-sum game which is played between two players, Player I and
Player II. The game is played in the following way. At the beginning of the game we fix 0 <& <7
and place a token at a point (xg,ty) € Q7. Then the players toss a biased coin which is ‘heads’
with probability o and ‘tails’ with probability 5 where o + 5 = 1. If the coin lands on ‘heads’ the
players flip a fair coin and the winner picks a new game state (z1,t1) in a set A.(xo,to) (this set,
which is defined below, depends on the position (xg, tp) and on €). If the coin lands on ‘tails’ a new
game state (r1,?1) is chosen randomly from A.(wo,?) according to a probability measure g
defined below. Then the biased coin is tossed again and the game continues in this way until the
token hits the boundary strip I'.. At the end of the game, Player II pays Player I the amount given
by the final payoff function F' so Player I earns F(x,,t;) and Player II earns —F(z.,t;), where 7
is a stopping time equals to the number of rounds that took place before the game ended. We have
that 0 < 7 < 400, see Remark (2.1). The definition of the game gives rise to a sequence of random
variables which are the game states (zo,to), (z1,¢1), ..., (27, t;) depending on the coin tosses, the
strategies of the players and the probability measures of the noise. A strategy St for Player I is
defined as a collection of measurable mappings St = {SI’“ }i—, such that the next game position is

SIk—H((antO)a (x17t1)7 ) (:Ukvtk)) = (:Bk—&-lvtk—&-l) € 'AE(xbtk)a
4



if the biased coin was ‘heads’ and Player I won the fair coin toss, given the partial history
((xo,to), (x1,t1), ..., (x7,t;)). Similarly, Player II plays according to the strategy Sy. The next
game position (zxi1,tkr1) € Ac(zk, tr), given the history ((zo,t0), (z1,t1), ..., (Tk, tx)), is selected
according to a probability distribution p(-|(zo,t0), (z1,t1), ..., (k, tx)) which, in our case, is given
by the tosses of the biased and fair coins and the probability measures of the noise.

The point (xg, 1), the domain Qp and the strategies St and St; determine a unique probability

measure P(Sgiogl (;) on the space of plays (Q7UT:)> with an associated expectation E(Sfosi (;). Thus, the

expected payoff of Player I is given by Eg(’é ?[F (x7,t;)]. The e-value for Player I, when starting
from (zg, to), is then defined as
€ ta) = : fE(ﬂﬁo,to) F t
uf(zo,to) = supinfEg s’ [F(zr,tr)]
Sp Su ’

while the e-value for Player II is given by
ufr(zo, to) = inf sup Egoﬁ) [F(xr,tr)].
S S ’

To define the sets A.(z,t), the possible movements of the e-game at the points (z,t), we use the
following construction.

Following [11] we consider a family of sets {A(z,t)} (s eq, With the following properties: Let
m ¢ Qr — R for ¢ = 1,..., N be the spatial projections on the standard basis eq,...,en of RN,
m =m0 X ... Xx Ty and 7o : Q7 — R be the temporal projection. For every (z,t) € Qr,

Al. A(z,t) is a compact subset of B(0,1) x [—¢/2,¢/2], (0 < ¢ < 1) such that (0,0) € A(z,1);

A2. For all s € mo(A(x,t)), the set A%(x,t) := {y € RN : (y,s) € A(x,t)} is symmetric with
respect to the origin. More precisely, for every ¥ : RN — RN be an orthogonal transformation
which acts as a permutation on the e;’s, then we require that ¥(A*(z,t)) = A®(x,t). Note that
this implies that A% (z,t) := 71 ;(A°(z,t)) is symmetric about 0;

A3. Continuity of A(x,t) with respect to (z,t) : Given (z,t) € Qp , if {(xn,tn)}neny C Qp and
(n,tn) — (x,t) as n — oo, then for every (y,s) € A(x,t) there exist (yn, sn) € A(zp,ty) such that
(Yn,sn) = (y,s) as n — oco. Moreover if (yy,, sp) € A(xy,t,) and (yp, sp) = (y,s) as n — oo, then
(y,5) € A(z,1);

A4. Let (-,-) be the standard inner product on RN then for every v € RV\{0}, there exists a

unique (z,r) € A(x,t) such that

min{(v,y) : y € m (A(z, 1))} = (v, 2).



We denote this point (2,7) by (Jiz,4)(v), Lz, (v)). We have that (v, J, 4 (v)) # 0
and (J(g,4)(Av), Iiz.0 (M) = (J(a, )( )s L, )( v)) for any A > 0 so (Jig4)(v), L(z,4)(v)) depends only
on the direction of v. Note that (—J(;4)(v), [(z)(v)) € A(z,t) and

max{{v, ) : y € T (A, )} = (0, ~ T (V).

In addition, we require that Ji, ) : 9B(0,1) — 9m1(A(w,1)) is surjective.
Having in hand the definition of A(x,t) we defined A.(z,t) as

(2.1) A (3,t) = {(x,t) + <5y,62 (1;%— = 1)) (4, 5) eA(x,t)}.

We have that every r € mo(A<(z,t)) is of the form ¢t +¢% (<5, — <L) for some s, € ma(A(z,1)).

Note that the map r — s, is a bijection. Let x = (z1,...,xn); we define AL(z,t) := {(z + ey, r) :
y € A% (z,t)} and AL (z,t) = {(z; + eyi,r) -y € A (z,1)}.

Remark 2.1. Note that by A1l and by the definition of A.(x,t) time decreases by at least ce?

every round of the game so 7 is indeed finite.

We now define the probability measures M?ﬂc,t)' Let us first explain the construction of the
measures informally. Every A(z,?) can be written as A(z,t) = User,(a() A’ (@:1) x {s}. To
pick a point in A(x,t) we choose a ‘time’ s € mo(A(x,t)) according to a probability measure “%ﬂc, "
(the superscript 2 stands for the temporal direction as the 2 in 72) and in the ‘time slice’ A®(z,t)
we choose a point according to a probability measure ,uzgf?t) (the first superscript 1 stands for the
spatial direction as the 1 in 7 and the second superscript s stands for the time slice A* (z t)). Each

“?St) is a measure on RY and we construct it as a product of probability measures ,u( t) ,u%xstj)v

where ,u% s;) is a probability measure on the subspace spanned by the basis element e;.

Formally, for any (z,t) € Qp we take a family of measures {,u(; 2)}serrg(A(a:,t)),z'e{l,...,N} each
supported on 7y ;(A%(z,t)) and a measure H?a; ;) supported on (A(z,t)) such that for each s €
mo(A(z,t)) and i € {1,..., N} we have

s (=i, 00) = 5 ([0, wi)) for all i € Span(e;) N A ()

(symmetry about the origin along the subspaces spanned by the e;’s),

iy (A% (2,1)) = 1,
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and

/ o) yf,u%;;)(dyz) <M forali=1,..,N,s € m(A(z,t)) for some M > 0.
71, (A% (z,

We now define a probability measure uzg’;t) on A%(x,t) by setting for every B C A*(z,t) such that B

is measurable with respect to the product sigma algebra generated by {Nasg}sEﬂ'g(A(:(:,t)),ie{l,...,N}7

iy (B) = uiy (r1(B)) x ol (ma v (B)).

Let ,u%x’t) be a measure on R such that

12, o (ma(Ale, 1)) = 1.

Then for every B C A(xz,t) such that B is measurable with respect to the product sigma alge-
bra generated by {u%zt)}seﬂz( A(z,t)) and 'u%:):,t)’ by Kolmogorov extension theorem there exists a

probability measure fi(, ) such that

K, (B)Z/ / gy A -
(@1) m2(B) J B (870

where the notation B? is clear.

We make the following assumption about the measures.

A5. Continuity of the measures Mz;tz) and ,u%x ;) With respect to (x,t) : Let (zg,te) — (x,t) € Qr;

1,5¢,2 1,s,%

then for every s. € mo(A(x.,t:)) if s. — s then oty = Bt and p?

(zerte) 7 M%m) in the sense of

weak-* convergence.

Having fi(,4) defined we now define ,ufx p on Ac(z,t). Following (2.1), let f(rg’ft) L At (x,t) —
ALY (z,t) be defined by
f&’;t)’e(yi) =i + £y

and let g, 1) : m2(A(z,1)) = m2(A:(x,t)) be defined by

1-c c+1
g(m,t),s(s):t+52< - s — 5 >
We set
1rie . 1,80, i —1
Py = B © T e
and

2 . 2 —1
Paty = Hat) © Y(at) e



r

The definitions of ua

5 and uzgft) should be clear.

With some abuse of notation, we write E[u] and Var(u) for the expectation and variance respec-

tively of a random variable with law p.

Remark 2.2. The reader may we wish to use as a simple example ué;tl) = m (a
uniform spatial noise) and ,u%x’t) = J5, for some sy € ma(A(x,t)). In this case the expression

<Eu? ) [Var(uégf’tg)}, Diag(D?u(x,t))) (defined later) in the limit PDE becomes Au.

Remark 2.3. Convergence issues: In section 4 we take limits of the form
lim h(ze, t, S)/'L%xs,ts) (ds)
=07 Joma (A(we te))
where (2.,t.) — (z,t) and h : B(0,1) x [-§, §] x [-5, 5] — R. To make sense of such limits we
need to define a notion of convergence of sets and ensure that we can take simultaneously the limits
of various quantities which depend on €.
Let (Z,d) be a compact metric space and let A € Z. For § > 0 we define A®) = {2 ¢ Z :

d(z,a) < 6 for somea € A} and we let 27 be the set of nonempty compact subsets of Z.

Definition 2.4. Let A, be a sequence of subsets of Z. Then we say that A, converges to A in 2%
and write A,, — A if for every § > 0 there exists N € N such that for all n > N we have A, C A)
and A C Ag).

The following lemma is important.

Lemma 2.5. A, — A if and only if the following two conditions hold.
(i) If z € A then there exist z, € A, such that z, — z.

(11) If zn, € Ap, and z,, — z for some z then z € A.

The proof of the lemma is standard and we omit it. Note that with Z := B(0,1) x [-§, §], by
A3 and Lemma 2.5 we have that A(z.,t.) — A(z,t) in 27.

The following lemma will aid us in computing the limits described above.

Lemma 2.6. Let h be uniformly bounded, i.e. there exists M € R such that for every (x,t,s) €
B(0,1) x [~§, §] x [-5, §] we have h(z,t,s) < M. In addition suppose that if (zn,tn) — (x,t) then
h(zp,tn,s) — h(x,t,s) uniformly in s, i.e. for every § > 0 there exists N € N such that if n > N
then |h(x,t,s) — h(zpn,tn, s)| < 6 for all s. Then,

lim h(wn,tn,s)u%zmtn)(ds) —/ h(z,t, s)y%l,’t)(ds).

N0 Sy (A tn)) m2(A(,1))
8



Proof. Since A(z.,t.) — A(z,t) in 27 with Z = B(0,1) x [—£, §], for every § we can take n large

enough such that

/ (st 8) i, 1, (dS) = / h(mn, s SV 1y (d5)
7o (A(Zn tn)) mo (A

+/ h(a:n,tn,s)u%xmtn)(ds)
A(xn,tn))\m2 (A(z,t)) )

h(p, tn, S)M%xn,tn) (ds)
(z,t))\m2(A(zn,tn))

and
/ h(xn, tn, S)M%mn,tn) (ds) — / h(n, tn, S)M%ﬂcmtn)(ds)
72 (A(@n,tn))\ T2 (A(z,t)) m2(A(z,t))\ 72 (A(2n;tn))
< / h(l‘n,tn, S)M%xn7tn)(d5) + / h(l’n,tn,S)M%xmtn)(dS)
72 (A(@n,tn))\ 72 (A(z,1)) m2(A(z, 1)\ T2 (A(2n,tn))

M (26 + 26) = 4MG.

Since for every ¢ the above equation holds for n > ns for some ns € N it remains to show that

lim h(xn7tn73)ﬂ%zn tn)(dS) :/ h(l’ t 8) ( )(ds)
0 s (Ax,t)) ’ Ta(A(z,t))

By the uniform convergence of h with respect to s and since both h and ”(an £,y Are uniformly

bounded we just need to show that

lim h(z,t, s)p%xn 1o (ds) = / h(x,t, s)u?x p(ds)
0 ma (Ax,t)) ’ T2 (A(z,t)) ’
but this follows from AS5. O

3. REVIEW OF RELEVANT RESULTS

The proof of the main result in [11] is based on four steps. First, a Dynamic Programming
Principle (DPP) for the e-value functions uj and uf; is proven. Second, using the DPP it is proven
that the game has an e-value function u® which is the only function which satisfies the DPP with
the given boundary values and that u® = uf = uf. Third, it is proven that u® — v uniformly for
some function v as € — 0". Finally, it is shown that v solves the PDE.

Of the above four steps, using results from [6], [8, 9] and [11] the proofs of the first three steps
carry over to our case. The proof of last step is similar to the one in [11] but the issue of convergence
is more delicate in our case and we address it appropriately. Below we repeat the results of the

first three steps and mention the references for their proofs.
9



Lemma 3.1. (DPP)
The value function for Player I satisfies

up(z,t) =3 sup  ug(y,r)+  inf  wi(y,r)p +p ug(y, )Wz (dydr), (z,t) € Q.
(y,r)EAc(2,t) (y,r)€Ae(at) Ac(w,t)

ui(z,t) = F(x,t), (z,t) €T

A similar equation holds for uj;.
The proof in [6] with Remark 2.1 applies here.

Lemma 3.2. (Theorem 2.7 in [11]) Let Q C RY be a bounded smooth open set and F a given payoff
function in I, There exists a unique function u® in Qr that satisfies the DPP with boundary values

F. Moreover, the function u® coincides with the e-value of the game which exists.

Proof. The sub/supermartingale method first introduced in [8, 9] applies here (see also Section 4.4
in the review [12]). Note the Corollary 2.9 in [11] which states that ilpng <uf(z,t) < SFEPF for all
(z,t) € Qr holds as a consequence. O
Lemma 3.3. (Theorem 3.4 in [11]) Let 2 be bounded convex domain with 9Q € C? and positive
curvature, f : Q, — R be a Lipschitz continuous function and assume that the family of sets
{A(x, 1)} (2,0eqr satisfies the properties A1-A2. Let {u®}.>q be the family of solutions of the DPP
in Qp with a fized Lipschitz continuous datum F(x,t) = f(x) inT'. Then, there exists a subsequence
still denoted by {uf}e~o and a uniformly continuous function u such that u® — u uniformly in Qr

as e — 07F.

Proof. The proof in [11] holds in our case. The idea of the proof is to show that the functions
{uf}es0 satisfy a variant of the Arzela-Ascoli lemma so they converge uniformly to a limit. A key
fact in the proof is that linear functions of the form ¢(x,t) = (v,z) + b are solutions of the DPP
(with F(z,t) = {(z,t) in T.) where v € RY b € R (Remark 3.2 in [11]). Note that these linear

functions satisfy the DPP in our case as well. O

4. THE LIMIT EQUATION
Theorem 4.1. If u® converges uniformly to u then u solves in the viscosity sense the PDE

G(D?u(x,t), Vu(z,t),ut(z,t),2,t) =0 in Qp

u(z,t) = F(x,t) inT
10



where D*u and Vu are the spatial Hessian and gradient of u respectively, u; is the partial derivative

of u with respect to the time variable and G : SV x RN x R x Q7 — R is defined as

G(M,v,5,2,t) = a { <C_le(z,t)(v) +2 1) M), J(m)(v»}

+ 3 { (C - 1E[:U’%x,t)] + Hl) 1 (f[*j [Var(ubjg)], Diag(M)>} ifv#£0

2 (x t)

-1 1 1 =
* B { (C c E[:u%a:,t)] + C_;) o §<Eﬂ(z [Var('u% Stl))]’ Diag(M»} ifv -0

where SN is the set of N x N symmetric matrices, ENQ [Var(p (;: ;;))] is a vector whose ith entry is
1,52 o

fm(ﬂ(x ) Var(u(; ;5)) @, t)(ds) and Diag(M) is a vector contammg the ordered entries of the diagonal
of M. Jiz4) and I, 4y were defined in A4 and f(x’t)(s) is uniquely defined by

(Oa f(r,t) (5)) € A(l‘, t)

f($7t)(s)s = min{s's : (0,s') € A(z,t)}
if s € R\{0} and IA(m)(O) = 0.

Remark 4.2. The PDE in Theorem 4.1 is an interpolation between the PDE in [11] which cor-
responds to the tug-of-war game with spatial and temporal dependence without noise and a PDE
which corresponds to a game where the movements of the game are determined only by noise. If
a = 1 then the game reduces to the game in [11] so the PDE should reduce to the PDE in [11]
which is indeed the case. If § = 1 then by the scaling of the game (steps of order ¢ in the spatial
direction and steps of order €2 in the temporal direction as in (2.1)) we expect to have a second
order term for the spatial dimension and a first order term for the temporal dimension. Moreover,
by Kakutani’s result we expect to have the Laplacian in the spatial dimension which is indeed the
case if we use uniform distributions for the noise. Note that the analogue of I(, ;)(v) which is the

‘best time’ in the tug-of-war part is E[,U,?I t)], the ‘average time’, in the noisy part.

We first give the definition of a viscosity solution to a PDE of the form Gu = 0 for a function
u and a degenerate elliptic operator GG. To this end we define the upper and lower semicontinuous
envelopes of G denoted by G* and G,. Let

(CE(M,’U,S,.%',t) = {(]/\4\¢ﬁ7§7'%7£) : ||M_]/\4\H —|—‘U—’[)|+|S—§|+|$—.ﬁ|+‘t—ﬂ <€}'
11



We define

G*(M,v,s,z,t) = limsup{G(]\/Z,@,é,:i",f) : (]\/4\,17,&37:,5) € Co(M,v,s,x,t)}

e—0

and G, (M,v,s,z,t) := —(—=G*)(M,v, s, z,t) for every (M,v,s,z,t) € SV x RV x R x Q7.

Definition 4.3. A function u € C(Qr) is a viscosity solution to a PDE G with boundary values
F if u(z,t) = F(z,t) on I' and the following two conditions hold.

(i) For every ¢ € C*1(Q7) such that u — ¢ has a strict minimum at (z¢,t9) € Qr we have
G*(D%*¢(x0,t0), Vo (20, t0), ¢t(z0,t0), Zo, o) > 0.

(ii) For every ¢ € C*(Qr) such that u — ¢ has a strict maximum at (zg,t9) € Q7 we have
G+ (D*¢(z0, o), Vo(xo, o), pt(x0, o), To, to) < 0.

We now characterize the envelopes of G.

Lemma 4.4. For every (M,v,s,z,t) € S¥ x RY x R x Q7 we have
G*(M,v,s,x,t) = G(M,v,s,z,t) ifv#0

and

-1 1 1
G*(M,v,s,x,t) = (var)nezil)%x’t)a{(c - w + C—; )s 2<Mz,z>}

c—1 c+ 1 1 - s . 3
=+ 6 {( c E[M%x,t)] + 2 ) §— §<Eu%ryt)[var(u%é’;§))]7 DZGg(M»} va =0.

Similarly,

G.(M,v,s,x,t) = G(M,v,s,z,t) ifv#0

and

—1 1 1
G.(M,v,s,x,t) = (z,wl)léijlll(m,t)a{<c p w + C—; ) s — 2<Mz,z>}

c—1_. 4 c+1
+6{< c E[M(m,t)]+ 9 )S_

Proof. The proof in [11] holds mutatis mutandis. O

1 5 ; ‘ ‘
§<E'u‘(2m,t) [ Var(ué’jf))], Dzag(M)}} ifv=0.
We now turn to the proof of our main result.

Proof. (Theorem 4.1) First, since u — w uniformly and u* = F' on I" we have that u = F on I.

We show that if ¢ € C>!(Q7) and u — ¢ has a strict local minimum at (zg,t) then

G*(D*¢(x0, to), Vé(zo,t0), Pr(z0, o), Zo, to) >0
12



and a similar proof holds for the reverse inequality if u — ¢ has a strict local maximum at (zo, to).

Since u — ¢ has a strict local minimum at (zg, tg) we have

u(z,t) — ¢z, t) > u(zo, to) — ¢(zo,to) if (x,t) # (xo, o).

Using the uniform convergence of u® to u there exists a sequence (z,t:) — (xo,tp) such that
uf(w,t) — d(x,t) > u(we,ts) — d(ae, ) — 0(e?) for every (x,t) in a neighborhood of (g, o).
Hence max  uS(y,r) > max 1) |+ u (2., te) — d(xe, te) — o(e?) and similarl
() A e ) (y,r) > (y,r)eAE(zg,t5)¢(y ) (ze,te) — P(2e, te) (%) y
for the min.
By the same argument,

fAs(xs,ta) ua(y’ T)N?gcs,ts)(dydr) > ug(xa, ta) - ¢(5557 ta) - 0(52) + fAs(l‘s,ta) ¢(y7 T)M?xs,tg)(dydr)‘

Thus we have

a
u(ze,te) = — max u®(y,r) + min u®(y,r }+ B us(y, 7)1, dydr
(rete) = 5 {w)eAe(xs,ts) ) R ) Ac(erte) )W) (ylr)

> 3 {(y " max o(y,r) + min o(y, r)} + a(uf(ze, te) — d(ze, te) — 0(52))

;r)EA: (e 7t5) (y,r)EAe(xe,te)

+ B Ao )<Z5(y7 )Wty (dydr) + B(u (e, te) — d(ae, te) — o(?))

and we conclude that

(4.1)

dant) = §{ max o)+ min ot b [ o, i) o)
Te,le

y,r)EAe (26 te) (y,m)EAe (e te

Let (2, t") € Ac(xe,t:) be such that

(4.2) min  ¢(y,r) = ¢(x", ")

(y,r)€Ae (2e te)

and let ;1/:;”/1 by the symmetrical point of 2" with respect to z., i.e. :L/‘;”/1 = 2z, — 2. We have

(4.3) xm

_ m
M —Te =z — Ty,

and by A2 we have that (z7,t") € A.(z.,t.). By (2.1) there exists (y™,s™) € A(z.,t.) such that

() = (et + (2 (o Car - 50

(4.4 Ta2) = (oete) + (e (5w - ).

Cc

13



Then by (4.1) and (4.2) we have

(45)  Olwets) = 5 {0u@B ) + olal 4} + 5 Oy, )W, oy (dydr) — ofe?)

AE(zEutE)

and using a second order Taylor expansion of ¢(-,¢2") and by (4.4) we get

2
S{eGr ) + 0@} =a {qb(xg,tsm) + S (D20 1)y ) + o<e2>} .

¢
82

of A2, using a second order Taylor expansion of ¢(-,r), a first order Taylor expansion of ¢(y, -)

(spatial second derivatives) by ¢;;. Then by the symmetry of A(z.,t.) in the sense

and A5 we have

e DY, )Wy, 1. (dydr)
Ae(xsats)

:B/ / Sy, P (dy)ps ,  (dr)
o (Ae (e te)) JAL (ze te) (zeste) (Te,te)

-5 [ [ (@) + Vota )y - o)
o (Ae(weste)) Ag(xavts)

+%<D2¢(1’E=T)(y_ﬂja)v(y—xa» (‘y_$€| )) o )(dy) (x ts)(dr)

—5 / (6(r-.7)
(1'57758
1 N
5 <Z: i .%'5, /Ag’i(zg tg)(y (l’g) )2/‘%‘1:22:) (dyz)> M?;;i’ts)(dr) + 0(62)
( et (D(xe, 1) + de(we, t7") (r — t2*) + o(|r — tT)V)W(mE,tE)(d’"))

( (Z ¢zz Te, T / 52%2#% Syﬂ)(dyz)) :U'?f . )(dT’)> + 0(82)
.AE x57t5 Asr,i(xi7t€) te esle

B0l t2) + Bntae.t?) [ (r— M, (dr)

2(Ae(we,te))

+6 / ¢ii(xe, r)Var(p 15“’ dr £2)
( w2 (A (ze,te)) ( Z 5))) H(m ts)( )) ( )

14



So we finally get
m 52 2 my, m ,m
¢($57t5) ZO&(f)(l‘g,tE )+ « 5<D (b(x&?ts )ye y Ye >

+ B6(we ) + Bon(an,t?) [ (r— M, (dr)
2(AE (9567755)) ’

9 N
€ 1,8-,2 2. 2
o / o 2 Giilwe, r)Var(ug ") | pe o (dr) | —ole”)
( o (A (e ts)) <2 ; c (zete) (ze.te)

=1

from which it follows that

Pz te) = e, tl) {1<D2¢(ggs,t?)y§”7y?>}

g2 2

B / 2.
+ S op(we, t7 r—t"™u dr
62 t( ey le ) (Ao (x57t5))( € )H(:cs,tg)( )

1 g 1 S0 0(52)
+ IB / 5 ¢ZZ T 7 Var ™ /’l’ dr _ )
( 72 (Ae(Ze te)) 2 ( ‘ E))> (zg,ts)( )) 2

Using the first order Taylor approximation of ¢(z.,-) and (4.4) we get

(4.6)
l—c¢c,, c+1 )
- Sg - ¢t (L.E?te 2 S D ¢ x€7 yg 7y5 >
c 2 2
/8 2,e
5 Oi(e, 8 ) (r =ty 4 (dr)
e Ac(ae ) (oete)
1 1,sp,8 0(82)
= ¢ii(ze, ) Var( xT ) ,ux (dr) | — —=.
( WZ(As(xeyte 2 (Z ) E7t€) ( E7t5) 82
Since (y*,s") € Ac(xe,t.) C B(0,1) x [—5, 5] and by compactness, for all € > 0 there exists a

relabeled subsequence {(y", s7") }e>0 which converges to some (yo, s9) € B(0,1) x [-§,§] ase — 0T

and by A3 (yo, so) € A(xo,to). By the change of variables formula for pushforward measures, A3,
(4.4) and realizing that h(xze,t., s) := 1 and h(z.,tc, s) := s satisfy the conditions of Lemma 2.6 we

15



have
lim 12/ (r— t?)ﬂ?gf 1y (dr)
e—=0t € w2 (Ae(ze,te)) o
1 1—c c+1
= lim — te - —t I
Tim /WQ(A(%M)( + < —s 5 ) OVt oy (ds)

. l1-c¢c c+1 1-c¢ c+1 9
=1 — m — d
3 [ (5055 ) + (2555 st

l1-c l—c_. 5
= — - S0 -+ c }E[/’L(.’Eo,to)]‘

We now analyze the limit

lim (/ = Z Var ¢u (:cg, T)M?&it‘s) (d?’))
T2 (.Ag (Is,ts

e—0t

. 1,5, c+1 c—1 9
([ rin (525 10)

Using the continuity of ¢;; we would like to show that

c+1 c—1
h(ze,te, s) := ZVaru%;lt)qu <x€,t + &2 < 5 + . s>>

satisfies the conditions of Lemma 2.6 so we can conclude

' 15, c+1 c¢c—1 9
El;r&_ (/7r2(A i) fZVar ,Lt(x te) ¢zz <$5,t +5 < 9 + c S>> 'u(xg,tg)(ds)

5 Z iz, o [V ar (2, (o, to)

1 .
(B [Var(ulzh, ). Ding(D0(x0, o))
Indeed, h(z.,t.,s) is uniformly bounded by the construction of the measures, and since ¢;; is

1,s,2

continuous it attains its maximum on the compact set B(0,1) x [—£, §]. Moreover Var(,u,(x ))

converges uniformly in s by using A1 and a proof similar to the proof of Lemma 2.6.

Thus, taking e — 0% in (4.6) gives

<(0480 + BE[u xo,to)])% + CJ; 1> dt(x0,t0) — %<D2¢($o,to)yo,yo>
OBy Vel ) Diag(D0(o, 1)) > 0
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If Vé(zo,t0) = 0 then we have

0< ((Oéso + BE[u,, to)])% + C;r 1> ¢t(z0, to)

Q

_ %<D2¢(a:0,to)y0,y0> 5 (E

- [Var(y ; )] Diag(D?6 (o, 1))

Pzo.t0)

< E
= (s.w)€Am0.t0) <(aw+ﬁ Wt

> d)t antO

D%l to)z,2) ~ Sy Var(eb ), Ding(D% (o 1))

=G*(D*¢(z0, t0), V(0. t0), ¢t(z0, t0), To, to)-

If Vé(wo,t0) # 0 it suffices to show that (yo,s0) = (Jizg,40) (VA (T0,20)), L(zg,40) (VE(70,t0))) and
take the limit in (4.6).

We show that (Vo(zo,t0)),y0) < (VO(20,%0))s J(a0,t0) (VP(T0,0))) and that (Vé(zo,10)),y0) >
(Vo(x0,t0))s J(z0,t0) (VP(T0,20))). (The latter is true by the definition of J(5 40)(Vé(x0,t0)) and
since (yo, s0) € A(zo,?0).) Then we conclude that (Vo(xo,t0)), yo) = (Vé(70,t0)), J(z,t0) (VO (T0, t0)))
which by A4 implies that (yo,50) = (J(z0,t,)(VO(20,10)), L(z0,t0) (VO (20, t0)))-

Indeed, by A3 there exists (ye,sc) € A(ze,t:) such that
(Yer 5¢) = (J(wo.10) (VE(20,10)), L(z0,10) (VO (0, t0))) as € = 0F. Let (2, w.) be defined by

1-— +1
(Zaawa) = (xaata) + <8yg,€2 < c 655 _— >)

2

and note that by the definition of (z,¢™) we have ¢(z.,w:) — ¢p(z™,t") > 0. As e — 07 the
¢(Zsywe) Cb( ?JE)

£

Yo so we get that (Vo (xo,10)), o) < (Vd(20,t0)); J(zo,t0) (VP(T0, 20)))- O

expression is the directional derivative of ¢ in the direction of J(, ;0)(Vé(z0,t0)) —
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