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The Classical Adams Spectral Sequence
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Adams differentials

Theorem (Isaksen - Wang - X.)

Up to 6 differentials, we have complete info on Ey, through 90.
» 71-stem, ds on hip1,
» 77-stem, dr on X777,
» 83-stem, dy on heg + hye,
» 8b-stem, dy on Xgs6,
» 87-stem, dg on AhiH,

» 87-stem, do on Xg7.7.
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Adams differentials

Theorem (Isaksen - Wang - X.)

Up to 6 differentials, we have complete info on Ey, through 90.
» 71-stem, ds on hip1,
» 77-stem, dr on X777,
» 83-stem, dy on heg + hye,
» 8b-stem, dy on Xgs6,
» 87-stem, dg on AhiH,

» 87-stem, do on Xg7.7.

Theorem (Chua)

dr(x77.7) = h§xz6.6-

Theorem (Burklund - Isaksen - X.)
ds(hip1) = 0.
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Hopf classes and Kervaire classes

» hj: Hopf classes

» hg, hi, hp, hz survive and detect 2, 7, v, o.

» Adams: da(hj) = hohj?_l, for n > 4.

> h?: Kervaire classes

» h7, 0 < j <5 survive and detect 0.

» Hill-Hopkins-Ravenel: For j > 7, h2 supports a nonzero differential.

> h% is still open.

Question
What are the differentials that hf, Jj =7 support?
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Hopf classes and Kervaire classes

Easy to show for all j,
> dy(h?) =0,
> d3(hf) =0.

Theorem (Burklund - X.)

> d4(hjg) =0, for all §.

Work in progress: For j large enough,
> d5(hj2) = 0,
> d6(hf) =0.
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Hopf classes, Kervaire classes and 777

Question
What about h?, h},---?

» h =0in Ext for j > 1.

= Only need to discuss 5.

> hf survives for 0 < j < 4.

Theorem (Isaksen - Wang - X.)

> day(h3) = higs.
> h8g3 detects 040s.

Theorem (Burklund - X.)

> dy(h?) = h3gj 2+ possible other classes, for j > 6.
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The open case 6
Theorem (Isaksen - Wang - X.)

» h3h survives and detects (04,2,05) .

» For any a € (04,2,05), ifnaw = 0, and 0 € {«, n,2), then O exists.
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Cellular Motivic Stable Homotopy Category SH(k)cel

» S1.0: simplicial sphere S?

» SLL AL {0} = G,

» Stabilization with respect to 52!

» 1: the motivic sphere spectrum

» HIF,: motivic mod p Eilenberg-Mac Lane spectrum
» 1 HIF ,-completed sphere

» MGL: algebraic cobordism spectrum

» Motivic analogue of classical computational tools exist!
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Over Spec C
Theorem (Voevodsky)

Ty, xHFp = Fp[7], |7] = (0,-1).

» Y0 LT

» 1/7: the cofiber of 7.

Theorem (Isaksen)
motAdamsNovikovSS(1/7) collapses at E,.
Theorem (Gheorghe - Wang - X.)

1/7-Mod. ~ Stable(BP,BP-Comod)

Alternative proofs: Krause, and Pstragowski.



Isomorphism of spectral sequences

Theorem (Gheorghe - Wang - X.)

algNovikovSS(BP,.) ~ motAdamsSS(1 /7).

Extiin e (Fp, 127/17+1) —=—~ Ex™~**" (B, 1], F,)

Algebraic Lovikov SS Motivic Adams SS

e

Extgarsp(BP«, BPy) Tow—s,w(1/7).
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Strategy of Stem-wise Computations

» Compute Ext over C.
» Compute algNovikovSS(BP,.), including all differentials.
> algNovikovSS(BP,) ~ motAdamsSS(1/7)

f i 1]
pull back Adams differentials from 1/7 to 1.
» Apply ad hoc arguments such as shuffling Toda brackets.

> Invert 7.
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Questions

» Can this ﬁ/T method be applied to other fields?



General Questions

Questions

» Can this ﬁ/T method be applied to other fields?

» What about the non-cellular part?



Chow-Novikov t-structure on SH(k)

» X: smooth projective scheme over k,

» &: virtual vector bundle over X,



Chow-Novikov t-structure on SH(k)

» X: smooth projective scheme over k,
» &: virtual vector bundle over X,

» Th(X,€): its Thom spectrum.



Chow-Novikov t-structure on SH(k)

» X: smooth projective scheme over k,
» &: virtual vector bundle over X,

» Th(X,€): its Thom spectrum.

Definition (Chow-Novikov t-structure)

» SH(k)t>%: full subcategory generated by Th(X, &)
under colimits and extensions.



Chow-Novikov t-structure on SH(k)

» X: smooth projective scheme over k,
» &: virtual vector bundle over X,

» Th(X,€): its Thom spectrum.

Definition (Chow-Novikov t-structure)

» SH(k)t>%: full subcategory generated by Th(X, &)
under colimits and extensions.

» SH(k)t<0: objects Y such that for any object X € SH(k)t>?,

[X, Y]shk) = 0.



Chow-Novikov t-structure on SH(k)

» X: smooth projective scheme over k,
» &: virtual vector bundle over X,

» Th(X,€): its Thom spectrum.

Definition (Chow-Novikov t-structure)

» SH(k)t>%: full subcategory generated by Th(X, &)
under colimits and extensions.

» SH(k)t<0: objects Y such that for any object X € SH(k)t>?,

[X, Y]shk) = 0.

This defines a t-structure.
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Chow-Novikov t-structure on SH(k)

» Hopkins-Morel, Levine:
MGL, 4 is in = 0 Chow-Novikov degrees.
Chow-Novikov degree 0 part = MU,,.

» X e SH(k)*?? =
MGL,. X is in = 0 Chow-Novikov degrees.

Y e SH(k)*<0 =

v

MGLy Y = colim 7y « X 2"~ "Th(Gr, V) A Y
= colim [Z**1 A X*™"D(Th(Gr, V)), Y]su(k
= 0 on = 0 Chow-Novikov degrees.
MGL, Y is in < 0 Chow-Novikov degrees.
» X € SH(k)¥ = MGL, 4 X is in Chow-Novikov degree 0.

Question
What is this heart?
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Chow-Novikov t-structure on SH(k)

MGL-Mod SH(k) —— > 7,<o1-Mod

Theorem (Bachmann - Kong - Wang - X.)

> MGL-Mod” =~ Fun* (hPM  Set),
> SH(k)® ~ Ty<o1-Mod"” ~ C-Comod, C = FU.

Restricting to cellular subcategories,

Theorem (Bachmann - Kong - Wang - X.)

» MGL-Mod,, ~ MU,-Mod,
» SH(k)Y, ~ MU;MU-Comod,

cell —

> Ttso]]-cell'MOdcell = Stable(MU*MU—Comod)
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Motivic Adams and Adams-Novikov spectral sequences

>

>

>

>

=)

: HIF,-completed sphere,

1t=9: cellularization of T¢<o1,

1t=°-Mod, ~ Stable(BP,BP-Comod),

X e 1=%-Mod_,, = BPGL, +X is a BP,BP-comodule.

Work in progress: (Bachmann - Kong - Wang - X.)
For X € 1t=%-Mod”,

» motAdamsNovikovSS(X) collapses,
» motAdamsSS(X) = algNovikovSS(BPGL, . X).
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Postnikov tower for 1 w.r.t. the Chow-Novikov t-structure:
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» 1t=n: cellular spectrum such that

BPGL,. . 1'=" = Chow-Novikov degree n part of BPGL .



Computing Stable Stems over k

Apply the motivic Adams spectral sequences:

motASS(1>2) = motASS(1t=2) = algNSS(BPGL, , 1=2)

motASS(1t>1) > motASS(1t=") — algNSS(BPGL, ,1t=1)

motASS(1) = motASS (1) — motASS(1:=°) = algNSS(BPGL, ,1:=°)
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Stable Stems over C

» Ty «BPGL = Zp[T, vi, vo,- - -],

» Chow-Novikov degree: || =2, |vj| = 0.
» Chow-Novikov degree 2k: ¥ kBP,,

» Chow-Novikov degree 2k + 1: 0.

motASS(X%21) > motASS(X%21/7) = algNSS (X% 2BP,)

|

motASS (X% 1) > motASS(X%11/7) = algNSS (X% 1BP,,)

|

motASS(1) —— motASS(1) — > motASS(1 /) ——— algNSS(BP,,)




Stable Stems over R

» Ta xHEp = Fplp, 7]
|T| = (07_1)a |p| = (_17_1)



Stable Stems over R

» Ta xHEp = Fplp, 7]
|T| = (07_1)a |p| = (_17_1)

»pr XM 1, pe y L1151
» 1/p: cofiber of p



Stable Stems over R

» Ta xHEp = Fplp, 7]
|T| = (07_1)a |p| = (_17_1)

»pr XM 1, pe y L1151
» 1/p: cofiber of p

SR ED X [ p—



Stable Stems over R

» Ta xHEp = Fplp, 7]
|T| = (07_1)a |p| = (_17_1)

»pr XM 1, pe y L1151
» 1/p: cofiber of p
> T ZO”lﬁ/p — ﬁ/p

~

» 1/(p,7): its cofiber - a 4 cell complex.



Stable Stems over R

» Ta xHEp = Fplp, 7]
|T| = (07_1)a |p| = (_17_1)

»pr XM 1, pe y L1151
» 1/p: cofiber of p

SR ED X [ p—

» 1/(p,7): its cofiber - a 4 cell complex.

> 10~ 1/(p, 7).



Stable Stems over R at p = 2

Theorem (Hu-Kriz, Hill)

P vo =2
2 4 6 8
Yo, T"Vo, T Vo, T Vo, T Vo, - PVO = 0
BPGLy s = Zp | w1, v, v, - | /[P =0

8 7
V2, T V2, - PV2=O

and the generators satisfy the further relations

itl - K+1, iFLos ok—i
72y 2y = 22T T Dy,

when i < k, as if the class 7 were an element in this ring.
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Low Chow-Novikov degrees over R

» Chow-Novikov = 0: Z[v, v1,-- -] = BP,.
» Chow-Novikov = 1: p- Zs[vy, vi, - ]/pvo = T H71BP, /2.
» Chow-Novikov = 2: p? - Zs[vo, v1,- - ]/pvo = T2 72BP, /2.

» Chow-Novikov = 3:
p* - Lo[vo, v, -+ 1/(pvo, pPv1) = T3 73BP4/(2, v1).

» Chow-Novikov = 4:
p*BP, @ T2voBPy = T4 7*BP,/(2,v1) ® L% 2BP,.

» Chow-Novikov = 5:
p°BP. @ ((p- 72vo = 0)BP, = T > 75BP,/(2, v1).

» Chow-Novikov = 6: p°BP, @ p? - 72vyBP, = ¥ ~%76BP,/(2,v1).
+ Chow-Novikov = 7: p"BP, = £~ 7BP,/(2, v1, va).

» Chow-Novikov = 8: p®BP, @ T vBPy BTy BPy

THvo-vi—T4vi v

=Y 87 8BP,/(2,vi, ) ® (X**BP, + X2 3BP,/2).
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Low Chow-Novikov degrees over R

0 — ¥ilBP, /I, =~ BP, /I, —> BPy /I, 1 — 0.

BP. /I, can be inductively realized by i/(p,T,Q, Vi, o, Vp).
F 120 < /(p, 7).

» 1t~ 20 (p, 7, 2).

P 172 2 $2720(p, 7, 2).

» 173 ~ Y331 /(p, 7,2, v1).

» 14~ ¥441/(p, 7,2, v1) v £%721/(p, 7)

» 165 ~ Y551 /(p, 7,2, v1).

» 116 ~ ¥-667 /(p, 7,2, vy).

» 17 ~ Y1/ (p, 7,2, 1, va).

» 168 ~ ¥-8-87/(p, 7,2, v1, v) v X, X = cofiber of:

(vo,v1)

2_27_3ﬁ/(p, T) v ZO’_4]A1/(p, 7)



Stable Stems over R at p = 2

motASS(1t>3) >~ motASS _ algNSS
(2_37_3]1/(p7 T, 2a Vl)) (273’73BP*/(2’ Vl))

motASS(1>2) —~ motASS ____ algNSSs
(X72721/(p, 7,2)) (£-2-2BP,/2)
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More purely algebraic parts!
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Stable Stems over F, at p = 2

» g: power of an odd prime,

» Fg: finite field with g elements,

Fo[7, u]/u?, Sg*t =0 if g =1 mod 4,
7T*7*HF2 = 2 1 . _
Fa[7, pl/p?, S¢'T=p if g=3 mod4.

7| = (0,=1), |u[ = |p| = (=1, -1).

> W*,*HZZ = {22 i (*7*) - (0,0)7

» 7 xBPGL = my +HZ, ® BP,.

(Z/(g”¥ — 1))y if (#,%) = (—=1,—w) and w = 0.
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Zo if (x, %) = (0,0),
(Z/(g” — 1))y if (#,%) = (—=1,—w) and w = 0.

> 74.+BPGL = m, +HZ, ® BP,,.

< 7T*7*HZ2 = {

» Chow-Novikov degree 1 part of m, ., BPGL =

Z_l’_lBP*/2 if g =3 mod 4,
y-1-1BP, /4 if g=15 mod 8,
Z—l,—pr*/g -2™ if g=1 mod 8.
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Stable Stems over F, at p = 2

» Hoyois-Kelly-@stvaer computed the mod 2 Steenrod algebra over Fg,

» Wilson-@stvaer computed 7, for

0<n<20 ifg=1mod 4,
0<n<18 if g=3 mod 4.

Proposition (Wilson-@stvaer)

» d(rg) = uhdg, if g =75 mod 8,
> da(7g) =0, ifg=1mod 8,
> dy(r2g) = prhig or 0, if g = 3 mod 4.

Using Chow-Novikov degree < 3 part of 7 . BPGL,

Proposition (Bachmann-Kong-Wang-X.)
When q = 3 mod 4, d2(7%g) = 0.



Thank you!



