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COMPUTING L-POLYNOMIALS OF PICARD CURVES
FROM CARTIER-MANIN MATRICES
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ABSTRACT. We study the sequence of zeta functions Z(Cp,T) of a generic
Picard curve C : y2 = f(z) defined over Q at primes p of good reduction
for C. We define a degree 9 polynomial ¢y € Q[z] such that the splitting field
of ¢¢(x3/2) is the 2-torsion field of the Jacobian of C. We prove that, for
all but a density zero subset of primes, the zeta function Z(Cp,T) is uniquely
determined by the Cartier-Manin matrix A, of C' modulo p and the splitting
behavior modulo p of f and 1 ¢; we also show that for primes = 1 (mod 3) the
matrix A, suffices and that for primes = 2 (mod 3) the genericity assumption
on C is unnecessary. An element of the proof, which may be of independent
interest, is the determination of the density of the set of primes of ordinary
reduction for a generic Picard curve. By combining this with recent work
of Sutherland, we obtain a practical deterministic algorithm that computes
Z(Cp, T) for almost all primes p < N using N log(N)3t°(1) bit operations.
This is the first practical result of this type for curves of genus greater than 2.

1. INTRODUCTION

Let C be a Picard curve defined over Q, that is, a curve admitting an affine
model given by an equation of the form

(1.1) y’ = f(z),

where f € Q[z] is a degree 4 separable polynomial. Without loss of generality we
will assume from now on that C' is given by an integral model in which f(z) =
2t + fox? + fix + fo and the f; are integers. Let (3 denote a primitive cubic root
of unity in an algebraic closure Q of Q. The obvious action of (¢3) on C induces a
ring monomorphism from Z[(3] to the geometric endomorphism ring End(Jac(C)g)
of the Jacobian of C'. We will say that C' is generic if this ring monomorphism is an
isomorphism. This amounts to asking that the geometric endomorphism algebra
End(Jac(C)g) ® Q is isomorphic to Q(¢3).

For a prime p of good reduction for C, let C}, denote the reduction of C' modulo p.
The zeta function of C), is a formal power series
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2(C,T) = exp | 32 #C, () | € QT

n>1

Received by the editor November 10, 2020, and, in revised form, March 30, 2021, and May 28,
2021.

2020 Mathematics Subject Classification. Primary 11M38, 14G10, 11Y16, 11G40.

The second author was financially supported by the Simons Foundation grant 550033.

(©2021 by the authors
943

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.ams.org/mcom/
https://doi.org/10.1090/mcom/3675

944 SUALEH ASIF ET AL.

defined in terms of the number of points of C, over the finite extensions of the
finite field of p elements F,,. It can be shown to be a rational function admitting
an expression of the form

L,(C,T)

AT TEna

where L,(C,T) is a degree 6 polynomial with coefficients in Z, which we call the
L-polynomial of C' at p.

The purpose of the present paper is twofold. On the one hand, we contribute
several theoretical results related to the L-polynomials of C'. On the other hand, we
apply these results to develop and implement an efficient and practical deterministic
algorithm to compute the L,(C,T), for almost all p up to some bound N. The
sequence of the L,(C,T) contains deep arithmetic information about C, and it has
been the object of celebrated conjectures in number theory, such as generalized
forms of the Sato-Tate conjecture (see for example [Serl2] Chap. 8], [KS09]) or of
the Lang—Trotter conjecture. Convincing numerical evidence for these conjectures
sometimes requires computing L,(C,T) for p up to a bound N within the range
[239,240]. In recent years, there have been several breakthroughs to make these
computations feasible for curves of genus at most 2; the methods of previous articles,
however, do not allow for computations for N within this range for curves of genus 3.

Before we return to this question in more detail let us start by describing the
theoretical contributions on which the main algorithm of this paper relies.

Theoretical contributions. Let C, denote the Cartier operator acting on the 3-
dimensional F,-vector space H°(C), Qép /Fp) of regular differentials of C},. By the
Cartier-Manin matrix A, of C' at p, we will mean the matrix of the operator C,
acting on this space in a certain basis. By the work of Katz and Serre, the reduction
of L,(C,T) modulo p is uniquely determined by A, (see Section 2] for a quick
recollection of these facts and their references).

In the first part of this article (corresponding to Sections P2 and [)), we show
that in fact A, carries enough information to uniquely determine L,(C,T') quite
often. In order to state more precisely our main results, let us consider separately
the cases p = 1 (mod 3) and p = 2 (mod 3). To this aim, let &(C) (resp. I(C))
denote the set of odd primes coprime to the discriminant of f and congruent to 1
(resp. 2) modulo 3. In the first case, we obtain the following.

Theorem 1.1. Let C be a Picard curve defined over Q. Then:

(i) For every p > 53 in &(C) of ordinary reduction for C, the Cartier—Manin
matriz of C at p uniquely determines the L-polynomial L,(C,T).
(ii) If C is generic, then every prime in &(C) outside a density 0 set is ordinary

for C.

See Corollaries and Let g,(C,T) denote the reversed T3y, (1/T) of
the characteristic polynomial x,(T") of C, acting on H°(C), Qlcp /]Fp). To prove the
theorem, we first show that the existence of a functorial map from the crystalline
cohomology space H,. (Cp/Z,) onto the semisimple subspace H O(CP,Q}JP Jk, Jss
implies that the action of Z[(3] on these two spaces induces compatible factorizations
of the polynomials L,(C,T) and g¢,(C,T), over Z[(3][T] and F,[T], respectively.
This is the content of Section 2.2, which is written for general superelliptic curves
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of prime exponent (with no cost of extra conceptual or technical complication with
respect to the case of Picard curves).

The first assertion of the theorem is proven in Section Bl It relies on the
compatible factorizations of L,(C,T) and ¢,(C,T), and uses the Weil bounds and
the fact that if p is ordinary, then g,(C,T) has degree 3.

While the proof of the first assertion is p-adic in nature, the proof of the sec-
ond statement (accomplished in Section B.4) relies on f-adic methods. It uses the
description of L,(C,T) in terms of the étale cohomology group Hélt(C@7 Zy) (or
alternatively, in terms of the Tate module Ty(Jac(C))). It should be regarded as a
refinement of [Fit20, Thm. 1] obtained by replacing Ogus’ method by that of Sawin
(see [Sawl6]). We actually need a mild generalization of Sawin’s result, which is
presented in Section [3.3]

We now turn to primes p = 2 (mod 3). Attached to the Picard curve C, define
the polynomial

(1.2)  tp(z) i= 2 + 24fon” — 168 f12° + (1080 f5 — 78f2)x" + 336 f1 fox*
+ (1728 fo fo — 636 f7 + 803 )a® + (=864 fo f1 — 16811 f3)x
+ (—432f5 + 2160 f3 — 1207 fo — 27 fy)a — 8f7.

The splitting field of 1 ¢(23/2) is the 2-torsion field of the Jacobian of C. This is
explained in the Lemma of the Appendix to this article, which was kindly written
for us by Andrew Sutherland. We then have the following result.

Theorem 1.2. Let C be o Picard curve defined over Q, and let f,vy € Z[x] be as
in (LI) and [L2), respectively. For every prime in J(C), the data:

(i) the Cartier—Manin matriz of C at p,
(i) the knowledge of vy having a root or not modulo p, and
(iii) the knowledge of f being irreducible or not modulo p

uniquely determine the L-polynomial L,(C,T).

Its proof is the content of Section and the Appendix. It is based on the
following simple idea. For all p € J(C), the L-polynomial L,(C,T) is uniquely
determined by the coefficient of T2. By writing this coefficient as p — t,, one has
that |¢t,] < 2p. Since condition (i) determines ¢, modulo p, the theorem follows
from the facts that (ii) determines ¢, modulo 2 (see the Theorem in the Appendix),
and that (iii) determines it modulo 3 (see Lemma and Proposition BI1)). The
latter should be no surprise, as it is well known that the splitting field of f is closely
related to the 3-torsion field of the Jacobian of C.

We highlight the constructive nature of the proofs of Theorems [Tl and By
this, we mean that they provide a way to compute L,(C,T) from the given data.
This is exploited in the second part of the paper.

A practical algorithm. In the second part of the paper (corresponding to Sec-
tionM]), we are concerned with the problem of computing the L-polynomials L,(C,T),
forp < N.

At a theoretical level, this problem is well understood: for a fixed smooth and
projective curve of genus g and defined over Q, Pila’s algorithm [Pil90] (extending
[Sch85]) computes the zeta function at a prime p of good reduction using log(p)go(l)
operations.
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As mentioned above, there are situations in which one is interested in computing
the zeta functions at all primes p < N. In these situations, one can do better
than applying Pila’s algorithm prime by prime. In fact, Harvey has proposed
an algorithm that achieves this computation using a total of N log(N)3+°() bit
operations (see [Harl4] for the case of hyperelliptic curves and [Harl5] for the case
of a general arithmetic scheme, including, of course, the case of smooth projective
curves).

The existence of Pila’s and Harvey’s theoretical algorithms sets the challenge
to develop practical versions of them, amenable for implementation and producing
effective results when run by real hardware and N is in the range, say, [23°,240].

Let us summarize part of the progress which has been made toward the obtaining
of practical versions of Harvey’s algorithm. In the hyperelliptic curve case, practical
algorithms to compute the Cartier-Manin matrix A, have been developed and
implemented by Harvey and Sutherland (see [HS14] and [HS16]). In [HMS16], such
practical algorithms were developed for genus g = 3 geometrically hyperelliptic
curves, that is, curves admitting an affine model given by the equations

h(I,y):O, w® :f(xvy)a

where f,h € Z[z,y] are polynomials of respective degrees 4 and 2. In genus g < 2,
computing A, suffices to compute the L-polynomial, but this is no longer true for
g > 3. This makes adapting Harvey’s algorithm more difficult.

In another direction, the case of cyclic covers of the projective line has been
examined in [ABCMT19]. The authors provide an algorithm to compute the L-
polynomial at p using p'/2t°(1) bit operations in the case of a superelliptic curve,
and this yields the fastest practical algorithm in the literature for computing the
L-polynomials at all primes p < N. In [Abel§|, a Las Vegas type algorithm with
expected complexity 10g(p)14+0(1) is provided to compute the L-polynomial at p of
a genus three hyperelliptic curve. However, for computing the L-polynomials at
all p < N, when N is in the range we consider, [ABCMT19] still exhibits better
performance.

For a Picard curve C defined over Q, our case of interest, [BTWO5|] provides an
algorithm of complexity O(p'/?) to compute L,(C,T). The main computational
contribution of this article is a practical deterministic algorithm for the computa-
tion of the L-polynomials of a generic Picard curve at almost all primes p < N,
performing N log(N )3+°(1) bit operations. This is obtained by combining the recent
work of Sutherland [Sut20] with the constructive proofs of Theorems [[T] and

Before stating the result more precisely, let us establish some conventions and
notation. From now on, the term algorithm, without further qualification, is used
to refer to a deterministic algorithm. For a generic Picard curve C' defined over Q,
let &*(C') denote the subset of ordinary primes of G(C). For N > 1, set

S4(0) =& (C)N[LN],  In(C):=3(C)N[L,N].

Theorem 1.3. Let C be a generic Picard curve. Algorithm determines G (C)
and returns L,(C,T) for every prime p € &% (C)UIn(C) using N log(N)3T°M) bit
operations.

One might speculate that the time spent with the computation of the L,(C,T)
for primes p < N in the complement of the set &% (C) U JIn(C) using existing
algorithms (such as [ABCMTI9] or lifting methods; see Remark [LH) would be
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subsumed by the bound N log(N )3“’(1). Despite showing that this complement is
of 0 density, we were not able to prove that it is thin enough to retrieve such a
conclusion. Algorithm is described in Section ] where we also analyze its
correctness and running time. In Section 2] we discuss our implementation of the
algorithm and its speed compared to the implementation in [Sut20]. In Section 2]
we also explain how the methods of this article can be combined with the algorithm
of [ABCMT19] to provide a constant factor improvement in the performance of the
latter.

2. PRELIMINARIES

Fix an algebraic closure Q of Q and let Z denote its ring of algebraic integers.
For a rational prime p, let I, denote the finite field with p elements, and let v,
denote a prime ideal of Z lying above p (by abuse of notation, we will also denote
by v, the corresponding extension of the p-adic valuation). The residue field of v,
is an algebraic closure of F,,, which we will denote by Fp.

Let D,,, denote the decomposition group of v,. We will denote by ¢, the (arith-
metic) Frobenius element of Gy, := Gal(F,/F,) and by Frob, a preimage in D,
of ¢, by the canonical projection from D,,, to Gr,.

2.1. L-polynomials modulo p. Throughout this section, C' denotes a smooth and
projective curve of genus g defined over Q. Let S denote a finite set of primes such
that C has good reduction outside S. By this, we mean that there exists a smooth
and projective scheme C — Spec(Z) — S whose generic fiber is C. We will denote
by C),, the special fiber of C at p, and will refer to it as the reduction of C' modulo p.
We will denote by Jac(C') the Jacobian of C.

Reduction from étale cohomology. Let ¢ denote a rational prime. Suppose
from now on that p # ¢ is a prime of good reduction for C. Let V;(Jac(C)) denote
the rational ¢-adic Tate module of Jac(C). We define the L-polynomial of C' at p
as

(2.1) L,(C,T) := det(1 — Frob, T'| V;(Jac(C))) = det(1 — Frob;1 T|H(C, Zy)).

Here C stands for the base change of C from Q to Q. It is a degree 2g polynomial

with integer coefficients, and it does not depend on the choice of £. Let us write
gp(C,T) :=det(1 — @;lT | Hélt(_pa Z[pZ)),

where C,, is the base change of C,, from F, to F,. By [Kat73, Thm. 3.1], we have

the congruence

(2.2) L,(C,T) = g,(C,T)  (mod p).

We will give an alternative description of g,(C,T) in terms of the Cartier opera-
tor. Let F}, : C;, = Cp, be the absolute Frobenius, the map which is the identity on
the underlying topological space of C), and which acts by F},(r) = v on sections v
of O¢,. By abuse of notation, let us also denote by F}, the map

H'(Cy, Oc,) = H'(Cy, Oc,)

induced in cohomology. Let Cp: HO(CP,Qlcp/Fp) — HO(CP,QICP/FP) denote the
Cartier operator as defined in [Ser58l, §10] (see also [Sut20], §2] or [AHTI9l §2] for
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a concise treatment). The F,-linear operators F,, and C, give rise to Fp—linear
operators

Fp (39 ]Fp: Hl(Cp, O@p) — Hl(Cp, O@p),

T .o Ol 07 Ol

Co@F,: H (CP’QEP/FP) — H (CP’Q@,/FP)'
We denote with a subscript s the semisimple part of the above spaces with respect
to the respective operators. Fundamental to our discussion will be the existence of
isomorphisms
(2.3) H;, (Cy, Z/pZ) @5, Fy = H' (Cp, O, )ss = H*(Cp, O 5 )ss-
For the first isomorphism we refer to [Kat73, Prop. 2.2.5], where it is moreover
shown that it transforms the automorphism ¢,; 1®Fp into the automorphism F,,@Fp.
The second isomorphism is Serre duality, and by [Ser58, Prop. 9] it sends F, ® F,
to Cp ® F,. We deduce that

9p(C,T) = det(1 = C,T | HO(Cp, Qg )ss) = det(1 = C,T | HO(Cp, Q5 ))-

Reduction from crystalline cohomology. Crystalline cohomology provides a
functorial version of ([22), which we now recall. Let W denote the ring of Witt
vectors of F), and let H.,, (Cp,/W) denote the crystalline cohomology of C,. The
latter is a free module over W =~ Z, of rank 2g. By abuse of notation, we also

denote by
Fyt Hepy(Cp/W) = He,y (G /W)

crys crys

the map induced by the absolute Frobenius. By [KMT4], we have the equality
(2.4) Ly(C,T) = det(1 = F,T | Hiyyo(Cp/W)).

The cohomology group H&rys(Cp /W) comes equipped with a functorial map to de
Rham cohomology

(2.5) H, (Cp/W) — HéR(Cp/]Fp) - HéR(Op/FP)SS

crys

preserving the action of the absolute Frobenius on the respective spaces. By [Kat73,
(3.3.4)] and Serre duality, respectively, there are functorial isomorphisms

Hig(Cp/Fp)ss =~ H'(Cy, Oc, )ss = H°(Cy, QlCP/JFp)SS
mapping F), to C,. Together with (Z3]), this provides a functorial map
(2.6) Heyo(Cp /W) = H(Cp, U, e )ss

crys
mapping the absolute Frobenius F), to the Cartier operator Cp,, which refines ([2.2))
and which will be exploited in Section

Note that further subtleties arise when working over a nonprime field, but we
will not encounter them in our discussion.

2.2. Superelliptic curves and Cartier—Manin matrices. From now on, let C'
be a superelliptic curve defined over QQ, that is, a curve admitting an affine model
given by the equation

y™ = f(x),
where m > 2 is an integer and f € Z[z] is a separable polynomial of degree d > 3.
Let O denote Z[(,,], where (,, denotes a fixed primitive mth root of unity in Z.
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We will further assume that m is prime. Then (see [Sch98, p. 149]) the action of
(Cm) on C induces a ring monomorphism

(2.7) O End(Jac(C’)Q(cm)).
The genus of C' is then expressed by the formula
~ (d=1)(m —1) —ged(m,d) + 1
= 5 .

Let &(C) denote the seffll of rational primes coprime to the discriminant of f
and to its leading coefficient, and congruent to 1 modulo m. Assume until the end
of this section that p belongs to &(C). In particular, p is a prime of good reduction
for C which splits completely in Q((,,). The choice of a prime v, of Z lying over p

singles out one of the ¢(m) primes of O lying over p, where ¢ denotes Euler’s totient
function. Call it py. For a prime p of O lying over p, define the IF,-algebra map

(2.8) op: O Fp = (PFy ~5 T,

Plp
where pr, denotes the projection from the IFy-component. To shorten the notation,
we will often simply write o to denote o, and 0g to denote op,,. Note that there
exists an integer 1 < j(o) < m such that the equality

(2.9) () = 00(Cm)? ()
holds in F,. Fix a W-algebra map O ®z W — W rendering the diagram
(2.10) Oz W ——W

l@WFp l@WF;}

O®ZFPU—>-]FP

commutative. Let us still denote by o the map O @z W — W.
We will use oy to define an action of the cyclic group ((,) on Cj. It is given by

[Cmloo - (2,9) = (2,00(Cm)y)-

Define the o-eigenspaces
H;(CP/W) = H(}rys(cp/W) ®O®ZWJ VV’
HY(Cp, Qg g ) = H(Cp, i) ®002F, 0 Fp-
The commutativity of ([2I0) yields a commutative diagram

QwEFp
Hclrys(CP/W) Hc}rys(CP/W) Qw FP
1 l ewFp ~ 1 l
HU(CP/W) - HU(CP/W) Qw IFP - (Hcrys(CP/W) Qw ]Fp) ®O®Fp,0 ]Fim

where the vertical arrows are projections to the respective o-eigenspaces. By com-
bining the bottom row of the above diagram with the functorial map (2.6]), we
obtain a map

(2.11) H (Cp/W) = Hg(Cp, Qg 5, )ss

INote that the set G(C) in fact depends on the model chosen for C.
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that sends the absolute Frobenius F}, to the Cartier operator C,. Set the polyno-
mials
(2.12)

LE(C,T) = det(1 — F,T | HH(Cp /W),

95(C,T) :=det(1 — C,T | HY(C,, QICP/F,,)SS) =det(1 - C,T| H(C,, Qé‘p/ﬂ‘"p))'
We now describe the basis of HY(C,, Qlcp /Fp) given by [Sut20, Lem. 6]. Namely,

set

di
u::m—{%J—l, and dj:—d—{ng—lforlgjgu,

and then define
(2.13) Wi = I My for 1 <j<p,1<i<dj.

We then denote by w the basis (wi1,wi2,...,wa1,...), where the w;j are lexico-

graphically ordered by subindex. Let A, be the matrix of the Cartier operator C,

acting on H(Cp, Q¢ /) with respect to w. We refer to A, as the Cartier-Manin
p p

matriz of C, with respect to w.
Let w? denote the tuple (w; j(¢))i, Where i runs over the interval 1, dj(,,)] and
j(o) is as defined in (29). From the relation

(Gl Wi i(0)) = 00(Cn) D wi (o) = (G )i j(0)

we obtain that w? is a basis of the o-eigenspace H2(Cp, QC /F, ). Let us denote by
Ag the matrix of the restriction of C, on this subspace Wlth respect to w?.

Lemma 2.1. The following holds:
(i) Ly(C,T) is a polynomial with coefficients in O and degree 2g/¢(m).

(ii) We have factorizations
) =[[L5c.1),  g(C.T)=]]g5(C.T)
where 0 = 0, : O @z W — W runs through the W-algebra maps defined
in ZI0). Moreover, for every such o we have
o — 0o — mdi(s o
Ly(C,T) =gy (C,T) =T% - x;(1/T) (mod po),
where Xy is the characteristic polynomial of Ag.

Proof. Given the ring homomorphism (27), in the “/-adic setting”, part (i) is a
special case of [Rib76, Thm. 2.11, Thm. 2.12]. The same arguments apply in
the present “p-adic setting”. The first part of (ii) follows from the eigenspace
decompositions

He »/W) = @Hl (Cp/W), Hg(cpvglcp/ﬂ?p):@Hg(cpvglcp/]k“p)'
As for the second part, by ([2I1), we have a congruence
Ly (C,T) =g, (C,T) (mod py),

and the discussion in the paragraph preceeding this lemma implies that g (C,T)is
the reversed characteristic polynomial of A7.
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3. L-POLYNOMIALS OF PICARD CURVES: SOME THEORETICAL RESULTS

From now on, let C' be a Picard curve defined over Q, that is, a curve admitting
an affine model given by the equation

y* = f(),

where f(x) = 2% + fo2? + fiz + fo is a separable polynomial in which the f; are
integers. Thus C' is a superelliptic curve for which m = 3 and d = 4, and accordingly
we will denote Z[(3] by O from now on.

3.1. The split case. Recall from the introduction that &(C) denotes the set of
primes coprime to the discriminant of f and congruent to 1 modulo 3. Resume
also the notations from Section 221 with the following slight modifications: for a
prime p in &(C) we simply denote by p the prime of O singled out by v, and by p
the prime of O such that pO = pp; we write 0 and & for the maps o, and o5. We
also fix once and for all generators 7,7 in O of the ideals p, p.

With the notation of Section 2.2 we have that d; = 2 and do = 1. Set ny =
(2p — 2)/3 and ng := (p — 1)/3. Let f € Fp[z] denote the reduction of f € Z[x]
modulo p and let f7 denote the coefficient of 2% in f(z)". From [Sut20, (8)] we see
that

mn1 ni _
(3.1) = ) =),

2p—1 2p—2
Recall the polynomials defined in (2I2). Note that L7 (C,T) and L3 (C,T) are
complex conjugate to each other. Let us define their coefficients as:

LY(C,T) =1 —apT + byT? — ¢, 17,
LI(C,T) =1 — azT 4 bpT? — 517,
95(C,T) =21 —r,T + 5,12,

g7(C,T) =1 —r3T.

Recall that a prime p is said to be ordinary for C' if the central coefficient of
L,(C,T) is not divisible by p, or equivalently if the polynomial ¢,(C,T) € Fp[T]
has degree 3. Our goal is to show that, for an ordinary prime p, the L-polynomial
L,(C,T) can be recovered from the Cartier—Manin matrix.

Lemma 3.1. Let p in &(C) be of ordinary reduction for C. Then there ezists a
sizth root of unity ¢ such that

(3.2) cp = CTp.

Proof. Since ¢, divides p® and it is the product of three p-Weil numbers, there exists
an integer 0 < ¢ < 3 such that ¢, = ('3~ where ¢ is a unit of @ and thus a
sixth root of unity. Since g5 (C,T') has degree < 3, we know that i > 1. Proving the
lemma amounts to showing that i = 1. Let a), denote a reciprocal root of LJ (C,T).
Since «,, is an algebraic integer and a,@, = p, we have 0 < v,(a,,) < 1. Since p
is ordinary, the polynomial gy (C,T) has degree 2. The usual Newton polygon
argument then shows that two of the reciprocal roots of Lg(C,T) have vy-adic
valuation 0. Hence the v,-adic valuation of ¢, is that of the third reciprocal root

of L7(C,T), which as argued before is at most 1. The lemma follows. O

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



952 SUALEH ASIF ET AL.

Lemma 3.2. For p in &(C) the following hold:
(i) pbp = cp - ap.
(ii) If by is not divisible by m, then ag is not divisible by 7.
(iii) p is ordinary for C if and only if b, is not divisible by 7.
(iv) p is ordinary for C if and only if b, (or, equivalently, by) is not divisible by
.

Proof. Complex conjugation interchanges the roots of L7 (C, T) and those of L7 (C,
T). Therefore we can pair each reciprocal root a;, of L7 (C,T) with a reciprocal
root oz of LY(C,T) in such a way that oy - ay = p, and this implies (i) (c.f.
[BTWO05, (3. )]) The coprimality of 7 and 7 and part (i), imply that v,(ap) =
1+ vp(by) — vp(cp). Since gy (C,T) has degree < 2, we have v,(cp) > 1. Thus
vp(ay) < wp(by), and (ii) follows. By Lemma 2T} the prime p is ordinary for C' if
and only if
G7(C,T) - gZ(C,T) = g,(C, T) € F,[T]

has degree 3. This happens if and only if s, 75 are nonzero, which by (ii) amounts
to saying that b, is not divisible by 7. This shows (iii). Finally, note that since b,
is always divisible by 7, divisibility by p amounts to divisibility by . ]

Corollary 3.3. Let p > 53 be a prime in &(C) ordinary for C. Then the Cartier—
Manin matriz A, of C' at p uniquely determines the L-polynomial L,(C,T).

Proof. We will in fact show that g7 (C,T) and gg(C, T') already uniquely determine
L,(C,T). By Lemmal[ZTand part (i) of Lemma[3.2] in order to determine L,(C,T')
it suffices to determine a, and c,. Write a, =  + (3y for some integers = and y.
Recall the map o: O ® F, — [, originating from the prime of O singled out by
vp. Recall that the generator of this prime has been denoted 7. Given o € O, by
abuse of notation, let us write o(«) to denote o(a ® 1). Then the reductions of x
and y modulo p are uniquely determined by the invertible linear system

(1 5)0)-()

From the trivial inequalities (2y — x)? > 0 and (2 — y)? > 0 and the Weil bound
lap| < 3,/p, one finds that

4 4
max{z®,y?} < 2 (2% + ¢ —2y) = Slap* <12p.

Therefore the reductions of x and y modulo p determine x and y uniquely as soon
as p > 53. The coefficient ¢, is uniquely determined by the sixth root of unity
¢ € O appearing in (32)). Note that ¢ is determined by its image o(¢) € F,,. Using
that p is ordinary, by Lemma the equation

o (bp) Sp
3.4 o(() = — = =
(34) © o(ag)o(T)  r50(T)
makes sense in IF,,, and it determines o((). O

In Section F] Corollary B3] will be used to describe an algorithm to compute the
L,(C,T) for ordinary primes p in &(C).

In Section 34 we will study the density of ordinary primes. In order to do so, we
will need to apply an analogue of Lemma to certain “M-adic counterparts” of
the polynomials L7 (C,T). We conclude this section by defining these polynomials
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and discussing analogues of Lemma [3.]] and Lemma in the A-adic setting. Let
£ # p be a prime totally split in O, and let A and A\ denote the primes of O lying
above £. Denote by O, the completion of O at A and consider the module

(3.5) H}(C) := H3(C,Z¢) ®02,.05 Li-

The above tensor product is taken with respect to the Z,-algebra map

Pry

O')@O@Z@ZO,\EBOX_)Z@,

where pr, denotes projection from the Oy-component. We define an action of the
absolute Galois group Gg(c,) on H}(C) by letting it act naturally on Hg (C,Zy)
and trivially on Z,. Since p splits in O, we have Frob, € D, C Gg(¢,), and the
polynomial
L)(C,T) := det(1 — Frob, ' T'| Hy(C))

is well defined. By [Rib76, Thm. 2.11, Thm. 2.12], it has coefficients in O and
degree 3. Define similarly H%(a) and L)(C,T). The decomposition HZ, (C,Z) ~
H,(C) ® H(C) implies that

L,(C,T) = L)(C,T) - L)(C,T).

Note that the polynomials L;‘ (C,T) and LE(C7 T) are complex conjugate to each
other. Set the following notation for their coefficients

LNO,T) =t 1= ap \T+by \T? —cp T, LNC,T) =:1— a, 3T +b,5T% —c,5T°.

Remark 3.4. Let &, denote det(H}(C)). By [Fit20, Thm. 14], the 1-dimensional
representation 0y is a Hecke character of infinity type equivalent to (1,2). After
interchanging A and X if necessary, this implies that

dx(Frob,) = (7p,

where ( is a root of unity in O, and hence a sixth root of unity. It follows that
¢p,x = 0x(Frob,) = (7p, in analogy with Lemma 311

Remark 3.5. By unique factorization in O[T, if L7 (C,T) is irreducible, then after
interchanging A and \ we have that

(3.6) L7(C,T) = L)(C,T).

Hence when L7 (C,T) is irreducible, (3.6) together with Remark [B.4] provides an
alternative proof of Lemmal[3.Il It may be interesting to investigate to which further
generality equality (8:6) holds, which may be possible via comparison isomorphisms
in cohomology. Instead of taking this approach in this paper, we will show that
the polynomials L?(C, T) and L;‘(C, T) satisfy the same desired properties that
Lg(C,T) and L7 (C,T) satisfy. This is explained in Remark

Remark 3.6. A glimpse at the proof of Lemma [3.2] shows that the only properties
of L7(C,T) and L7 (C,T) that it uses are that they belong to O[T], that they

are complex conjugates to each other, that their product is L,(C,T'), and that the
reductions of L3 (C,T) and Lg(C,T) modulo p have degree < 2. That L)(C,T) and

LE(C, T') satisty the first three properties follows from their definition. In virtue of
Remark [3.4], the fourth property also holds. Therefore Lemma also holds after
replacing ag, by, ¢y with ay by, 2y Cp,a-
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Remark 3.7. It would be interesting to investigate to which extent the results of
this section admit generalizations to superelliptic curves of the form y* = f(x),
where f is a degree 3 polynomial.

3.2. The inert case. Let J(C) denote the set of rational primes coprime to the
discriminant of f and congruent to 2 modulo 3. In particular, any prime of J(C)
is of good reduction for C.

Lemma 3.8. For every p in J(C) there exist algebraic integers a, @ satisfying
a - = p such that

L,(C,T) = (14 pT?)(1 — *T?)(1 — @*T?).

In particular, L,(C,T) = (1 + pT?)(1 — t,T? + p?T*), where t, is an integer such
that |t,| < 2p.

Proof. The statement follows from the fact that #C,(F,) = 14+ p and #C,,(Fy3) =
1+ p? (see [BTWO5, Lemma 2.1]). O

Let f € F,[z] denote the reduction of f modulo p.

Lemma 3.9. For every p in J(C), we have:

o {2 (mod 3) Zf]i € Fplx] is reducible,
P71 (mod3) iffe F,[x] is irreducible.
Proof. On the one hand, from Lemma [B.8 one easily finds that
#Cp(Fp2) = (1 +p)* —2(a®> +a%) =t, (mod 3).
On the other hand, since every nonzero element of IF,» has three distinct cubic

roots and Up has a single (Fp-rational) point at infinity P.,, its number of points
over IF,» satisfies

#Cp(Fp2) =1+ n(f) (mod 3),
where n(f) is the number of roots of f over F,2. The lemma follows from the fact
that n(f) = 0, 1, or 4 depending on whether f € F,[z] is irreducible, decomposes
and has an irreducible factor of degree 3, or decomposes in factors of degree at
most 2, respectively. O

Lemma [39] tells that for every p in J(C') the reduction of L,(C,T) modulo 3 is
uniquely determined by the factorization of f € Fp[z]. Let us give an alternative
proof of this fact, which will also extend to the case that p belongs to &(C). The
method is an adaptation of the technique used in [CDF20], where the hyperelliptic
case (of arbitrary genus) was considered.

We will first need to introduce some notations. Let Jac(C') denote the Jacobian
variety of C. Let a; € Q, for 1 < i < 4, denote the roots of f € Z[z], and denote
by E; the degree 0 divisor («;,0) — Py. By [Aru2ll Prop. 2.1], there is a degree 3
effective divisor D; such that

(1—-¢(3)D; ~ E;.
Let D; denote the degree 0 divisor D; — 3P, and thus also (1-¢3)D; ~ E;.

Note that 3£;,3D; ~ 0, and let V; denote the subspace of Jac(C')[3](Q) generated

by the classes [F;]. Note that V] is stable under the Galois action. Let [D;] denote
the image of [D;] in the quotient V5 := Jac(C)[3](Q)/ V.
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Lemma 3.10. [D4], [Ds], [D3] is a basis for Va.

Proof. Note that V; is generated by [E1], [E2], [F3] since —FEy — Eo — E3 ~ E4. In
fact, by [Sch98l Prop. 3.2], there is a Gg-equivariant isomorphism
(3.7) Jac(O)[1 - G)(Q) = W3

of 3-dimensional Fz-vector spaces. Hence it suffices to show that [D;], [Da], [D3]
are linearly independent. Suppose there were a nontrivial linear relation among
[D1], [D2], [D3]. This would yield, by multiplication by (1 — (3), a nontrivial linear
relation among [F1], [Es], [E3)], but this is absurd. O

Proposition 3.11. Let {d;}; denote the set of degrees of the irreducible factors
of f. Then:
(i) For every p in G(C’), we have

L,(C,T) 2H )2 (mod 3).

(ii) For every p in J(C), we have
L,(C,T)= (1 -T*)'[[@ = T%)(1 - (27)*) (mod 3).

Proof. For any prime p of good reduction, by taking ¢ = 3 in ([ZI), we obtain
L,(C,T) = det(1 — Frob, T | Jac(C)[3](Q)) (mod 3).

By Lemma [3.10] we need only determine how Frob, acts on the basis [E;] for V3
and [D;] for V,. Associated to Frob,, there is an element 7 in the symmetric group
on 4 letters such that Frob,(a;) = ar(;). Then Frob,([E;]) = [E(;]. Note that the
set of lengths of the cycles in the cycle decomposition of 7 coincides with the set of
degrees {d;};.

Suppose that p is in &(C'). In this case Frob,(1 — (3) = (1 — ¢3), and hence,
from the definition of the [E;] and [D;], we find

Frob,([Ei]) = [Er)], (1= () Froby([Di]) = (1 = G)[Dri))-
By B.1), the second equality means that Frob,([D;]) and [D, ;] differ by an element

of V4. Hence Frob,([D;]) = [D.(;]. By Lemma below applied to V; and Va,
we deduce that

L,(C,T) 2H )2 (mod 3).

Suppose that p is in J(C). In this case, we have that Frob,(1 — (3) = 1 — (3, and
thus we get

(1~ ¢3) Froby([Di]) = Froby,((1 — 3)[Di]) = Froby([Ei]) = [Er)] = (1 - (3)[Dri)).

By (B1), the above equality means that (1 + (3) Frob,([D;]) and [D, ;] differ by
an element of V4. Since (1 — (3) Frob,([D;]) is an element of V3, we get that
2Frob,([D;]) = [D,(;)], or equivalently that Frob,([D;]) = 2[D,;)]. By LemmaB.I2
applied to V1 and Va, we deduce that

L,(C,T) = (1—-T)"(1—-2T) 1H —(27)%) (mod 3),

which completes the proof of the proposition. O
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Lemma [3.12] is used in the proof of Proposition B.11l

Lemma 3.12. Let k be a field, V' a k-vector space of dimension n, and vy, ..., v,
a basis of V. Define v,41 = —v1 + -+ —v,. Let f: V — V be the k-linear
automorphism defined by

f(vi) = avey, fori=1,...,n,
where a € k and T is an element of the symmetric group in n+ 1 letters. Let {d;};
be the set of lengths of the cycles in the cycle decomposition of 7. Then the reversed
characteristic polynomial of f is

(1) = = [0 - @r)™)

Proof. Let W be a k-vector space of dimension n + 1 with basis wy,...,wy41.
Define the k-linear maps

oW =V, g W =W,
by ®(w;) = v; and g(w;) = aw,(;). It is clear that ® is equivariant with respect
to the actions of g and f on W and V, respectively, and that the kernel N of ®

is generated by >, w;. Therefore x7v(T) = xg,w(T)/(1 — aT'), and the lemma
follows. O

Recall the polynomial ¢ defined in (T2)). Let ¥ + denote its reduction modulo p.

Theorem 3.13. Let C be a Picard curve defined over Q, and let f,v; € Zlx] be
as in (L) and ([L2), respectively. For every prime in J(C), the data:
(i) the Cartier—Manin matriz of C at p,
(ii) the knowledge of 1Lf having an F,-rational root or not, and
(iit) the knowledge of f € F,[z] being irreducible or not
uniquely determine the L-polynomial L,(C,T).

Proof. By Lemma B8 it suffices to determine ¢,. Since |¢,| < 2p, it suffices to
detemine ¢, modulo 6p. But (i) determines ¢, modulo p; by the Theorem in the
Appendix, (ii) determines ¢, modulo 2; and both by Lemma[3.9 or Proposition B.11]
(iii) determines ¢, modulo 3. O

In Section [ Theorem BI3] will be used to describe a (deterministic) algorithm
to compute the L,(C,T) for primes p in J(C'). Let Jac(C,) denote the Jacobian
variety of Cp, and let n (resp. ) denote the order (resp. exponent) of the group
of F,-rational points of Jac(C,). Below we present a variant of Theorem B.I3] in
which we replace condition (ii) by the knowledge of A.

Theorem 3.14. Let p > 877 be a prime in I(C). The data:
(i) t, modulo p,
(i) the knowledge of f € Fpz] being irreducible or not, and
(iii) the exponent A of Jac(C,)(F,)
uniquely determine the L-polynomial L,(C,T).
Proof. Since n = (1+p)(1+p?—t,), in order to determine t,,, it suffices to determine

n. By Lemmas B8 and B9 from (i) and (ii) we may assume given an integer
0 < s, < 3p such that t, = s, (mod 3p). In fact, s, uniquely determines ¢,
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unless p < s, < 2p, and hence we will assume that the latter restriction holds from
now on. In this case, the order n is either

(3.8) ny = (1+p)(1+p* —sp) or ny = (1+p)(1 4 p* — s, + 3p).

If \ fails to divide one among n; and no, then the order n is uniquely determined.
Thus, we suppose from now on that A divides both n; and ns, and hence that it
divides their difference 3p(p + 1). By [CFADLNVO05, Prop. 5.78], we have that

6
(3.9) Jac(C,)(F,) =~ @Z/mjz,

where the integers m; satisfy m; | mjpq for 1 < j <5, m; |p—1for 1 <j <3,
and mg = .

Suppose first that p does not divide mg. Then mg must divide 3(1 + p). Since
p =2 (mod 3) and for 1 < j < 3 we have that m; divides p—1 and mg, this implies
that m; | 2 for 1 < j < 3. For 4 < j <6, let us write m; = 3(1 + p)/c; for some
integer ¢;. From (8] and the bounds on s,, we obtain

(p+1)(p—1)% < #Jac(C,)(F,) < (p+1)°.

2
1< Go  (PEINT_ B
27mimoms p—1

A straightforward computation shows that B(p) < 1+273-373 under the assump-
tion of the statement that p > 877. Since the denominator of the central term of
the above inequality is bounded by 22 - 32, we deduce that cycscg = 27mimoms, or
equivalently that n = (1 + p)?, s, = p, and t, = —2p.

Suppose next that p divides mg. Then ([B.8) implies that s, = p + 1. Therefore

(3.10) np=1+pplp—1) and  ng = (1+p)p(p+2).

We claim that this can only occur if p is a Fermat prime. Indeed, suppose the
contrary for the sake of contradiction. Then there is an odd prime ¢ dividing p — 1.
Note that such an ¢ does not divide (1 + p)p. As p = 2 (mod 3), in particular
we have that ¢ # 3 and thus ¢ does not divide ny. Let £ be a prime dividing
p+ 2. Since p = 2 (mod 3), necessarily ¢/ > 5. Note that such an ¢ does not
divide n;. By Lagrange’s theorem, exactly one among ¢ and ¢ divides A. But this
is a contradiction with the fact that A divides both n; and nq. Thus there exists an
integer r such that p =27 + 1. If » > 6 (which is clearly satisfied by assumption),
we have vy(ny1) > 7, where vy denotes the 2-adic valuation. Hence n = n; implies
that va(mg) > 2. On the other hand, we have that va(mg) = 1 if n = ns. O

This implies

In Section [0l Theorem [B.14] will be used to sketch a randomized algorithm of
Las Vegas type with the same complexity as the deterministic one to compute the
L,(C,T) for p in 3(C).

3.3. Interlude on a theorem of Sawin. Throughout this section, let A be an
abelian variety defined over a number field £ and of dimension g, let E be a number
field of degree e, and suppose that there exists a Q-algebra homomorphism

E — End(A) ® Q,
where End(A) denotes the ring of endomorphisms of A defined over k.
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By [Fit20, Thm. 1], if ¢ = 3 and F is imaginary quadratic, there exists a positive
density set of primes of k of ordinary good reduction for A. In Section 3.4l we will
refine this result in the particular case that A is the Jacobian of a generic Picard
curve C. More precisely, we will show that every prime in &(C') outside a density
0 set is ordinary for C.

The main input in the proof of [Fit20, Thm. 1] is a result due to Ogus (see for
example [Fit20, Prop. 8, Prop. 10]), which allows to prove the existence of a positive
density of ordinary primes by studying the p-divisibility of the trace of a certain
Galois representation. In order to obtain the sought refinement of [Fit20, Thm. 1],
we will take the powerful approach of [Sawl6], which by a finer argument permits
to in fact compute the exact value of this density. In this section, we present a mild
generalization of [Sawl6l Thm. 1]. It is this generalization that will be employed
in Section B4

Let £ be a rational prime, V;(A) denote the rational ¢-adic Tate module of A,
and

0a,: G — Aut(V,(A))

be the associated f-adic representation. Our first task will be to define some spaces
Vy(A), which are analogues of the spaces H}(C) introduced in (Z.5) in our current
more general setting. From now on, suppose that ¢ is totally split in E so that
FE) ~ Q. For every prime A of E lying above £, let E be the completion of F at A,
and let V(A) denote the tensor product V;(A) ®rxq,.s, Ex taken with respect to
the Q-algebra map

o =0y E®Q52@E>\/ pr—”@g,
e

where pr, denotes the projection from the Ey-component. Denote by G} the ab-
solute Galois group of k. By letting G act naturally on Vy(A) and trivially on Ey,
one obtains a continuous representation

oax: Gr — Aut(Vy(A)) ~ GLog/(Qo)

unramified outside a finite set S of primes of k and which is integral and of weight 1
(by [Rib76l Thm. 2.11]). By integral, we mean that the characteristic polynomial
of 94 x(Froby) has coefficients in the ring of integers O of E for every prime p
of k outside S. After fixing a polarization on A, the image I' of pa ¢ sits inside
GSpa, (Qe). Let G denote the Zariski closure of I' inside GSp,,, (seen as an algebraic
group over Q). Let I'y denote the image of g, inside GLgyg/.(Qg) and let G
denote the Zariski closure of I'y inside GLgg/.. The isomorphism

Vi(A) = @ Va(4)
A

of Q¢[Gj]-modules induces a monomorphism G < [], Gx. Composing this injec-
tion with the projection to the A-component yields a representation of G inside
GLgg/c(Q¢) that we will denote by Wy. Let x denote the restriction to G of the
similitude character of GSp,,. Let wy denote the number of connected components
of G on which the trace of the representation A2Wy @ x ! is identically equal to a
constant function. By Nm(:) we denote both the absolute norm function on ideals
of a given number field, and the absolute norm function on algebraic numbers. For
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a prime p outside S, let us denote by b, x the tracd? Tr(A%ga (Froby)). Note that
if A2W,, ® x~! is identically equal to the constant function ¢t € Q, on a connected
component of G, then there exist at least two primes p and q of k such that

bp)\ bq,A

" Nm(p)  Nm(q)’

This implies that ¢ in fact belongs to O C Q,. We will denote by p the residue
characteristic of the prime p.

Theorem 3.15 (After Sawin). Suppose that E is either Q or an imaginary qua-
dratic field. The density of the set of primes p of k outside S such that by is
divisible by p equals wy divided by the number of connected components of G.
Proof. Let T denote the set of elements ¢ in O such that |Nm(t)| < (292/6)2.
For any real number C > 0 the set of elements a of Op whose norm satisfies
|Nm(a)| < C is finite. Indeed, if E = Q this is obvious, and if E is an imaginary
quadratic field, then this follows from the fact that both the number of units in Og
and the number of ideals of absolute norm < C' are finite. Therefore the set T is
finite. Since A?p4 ) is of weight 2, for every prime p outside S we have

2
‘Nm (b”—A) < dim(A2Wy)? = <2g/e> :
p

2
and thus if by y = pt, for some ¢t € Op and some p outside S, then ¢t € T. Let Z%
denote the closed subset of G' on which A2Wy ® x~! is identically equal to the
constant function ¢t. Let Zy denote the finite union

Zy = Z.
teT

Let u denote the Haar measure of I', normalized so that it has total mass 1. Then
exactly as in the proof of [Sawl6, Thm. 1] one shows that p(Z) NT) is the sought
for density and that u(Zx NT) equals wy divided by the number of connected
components of G. |

3.4. Ordinary primes for generic Picard curves. Resume the notations from
Sections 3.1l and In particular, let C' be a Picard curve defined over Q.

Corollary 3.16. Suppose that C is a generic Picard curve. Then, every prime p
in &(C) outside a density 0 set is ordinary for C.

Proof. Let k = E = Q(¢3) and A = Jac(C)g. Denote by G the Zariski closure of
the image of the f-adic representation attached to A. By [FKRS12, Prop. 2.17],
when C is generic, G is connected (in fact, Upton [Upt09] has shown that if C' is
generic, then for all but finitely many ¢ = 1 (mod 3) one has g4 ¢(Gj) ~ GL3(Zy)).
Since the trace of A2W) ® x~! is not constant on G, the set of primes p in &(C)
for which by  is divisible by p has density 0. But, by Lemma and Remark [3.6],
a prime p in &(C) is ordinary for C if and only if b, » is not divisible by p. O

Combining Corollary with Corollary 3.3, we obtain the following result.

2In the particular case that A is the Jacobian of a Picard curve and E = Q((3), this coincides
with the definition of by » given in Section 11

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



960 SUALEH ASIF ET AL.

Corollary 3.17. Suppose that C is a generic Picard curve. Then, for every prime p
in &(C) outside a density 0 set, the Cartier—Manin matriz of C at p uniquely
determines the L-polynomial L,(C,T).

By Lemma[B8 no prime in J(C) is ordinary. Let b, denote the coefficient of 7
in L,(C,T). For the sake of completeness, we study the density of the set of primes
in 3(C) for which b, =0 (mod p).

Corollary 3.18. Suppose that C is a generic Picard curve. Then, the set of
primes p in J(C) such that b, =0 (mod p) has density 0.

Proof. Since C is generic, the Zariski closure G of the image of p4  consists of
two connected components G° and G, which are the respective Zariski closures of
the images of Gg(¢,) and Gg — Gg(¢,)- By Theorem applied to k = E = Q,
A = Jac(C), and X = ¢, it suffices to show that the trace of A2W, ® x on G* is not
a constant function.

Let ST(A) denote the Sato—Tate group of A. It is a compact real Lie subgroup of
the unitary symplectic group USp(6) of degree 6. Let U(3) denote the unitary group
of degree 3 in its standard representation, and let I3 € U(3) denote the identity
matrix. Let W denote the standard representation of USp(6). By [FKS21), §3.3.1],
we have that ST(A) = (ST(A)?, J), where

ST(A)° = {(g g) € U(3)} and J= (_013 IO3> .

As argued in the proof of [Saw16, Thm. 3], the trace of A2W,®x on G* is a constant
function if and only if the trace of A2W on JST(A)? is a constant function. But
the latter is not true, since if we set

- 00 1
A:J(O H) withu= (1 0 0],
01 0
then Tr A2W (A) = 0, while Tr A2 (J) = 3. O

4. L-POLYNOMIALS OF PICARD CURVES: A PRACTICAL ALGORITHM

Let C' be a generic Picard curve defined over Q. In this section we use the results
obtained in Section [ to develop and implement an algorithm for the computation
of the L-polynomials L,(C,T') for almost all primes up to some bound N. We first
describe the algorithm, then analyze its running time and correctness, and finally
discuss its implementation.

4.1. Description. Denote by &*(C') the subset of ordinary primes in &(C). For
N > 1, set

Gy (C) =6*(C)N[1, N], In(C):=3(C)NJ[1,N].
We will rely on the following algorithms documented in the literature:

o COMPUTECARTIERMANINMATRICES ([Sut20, p. 10]). Algorithm that,
given an integer N > 1 and a Picard curve C, computes the Cartier—
Manin matrix A, of C at p for every prime 5 < p < N not dividing the
discriminant of f.

Running time: N log(N)3+°(),
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e FINDCUBICROOTS (See Remark [1]). Algorithm that, given an integer
N > 1, returns a primitive cubic root of unity in IE‘;; for every prime p = 1
(mod 3) and < N.

Running time: N log(N)3+o(),

e ISIRREDUCIBLE ([GG13l Thm. 14.4]). Algorithm that, given the polyno-
mial f € Fp[z] of degree 4, determines whether it is irreducible or not.
Running time: log(p)?to().

e HASRATIONALROOT (See the Corollary in the Appendix). Algorithm that,
given the polynomial @f € F,[z] of degree 9, determines whether it has an
[Fp-rational root or not.

Running time: log(p)?*+°™),

Remark 4.1. We describe algorithm FINDCUBICROOTS. Pick an elliptic curve with
CM discriminant D = —12, for example E: y? = 23 — 152 + 22. The algorithms
given in [HSI14], [HS16], and [Sut20] compute the trace of Frobenius t, of E at p
for all primes p < N in time N log(N)3>T°(), excluding a finite subset of all primes.
For every prime p = 1 (mod 3), which is necessarily of good ordinary reduction,
there exists an integer u,, satisfying the norm equation

dp = ti + 12u§.

Since p is ordinary for F, u, is invertible modulo p, and the above equation provides
a way to compute a square root of —3 in F,, as t,/(2u,), and hence (3 € F,. We
note that this is a one-time computation if one wishes to run the algorithm for
multiple curves.

At this point we have described all the theoretical and computational tools nec-
essary in order to state the main algorithm of this article.

Algorithm 4.2 (COMPUTELPOLYNOMIALS). Given an integer N > 1 and a Picard
curve C over Q, compute L, (C, T') for every prime p € &5 (C)UTn(C), by following
the steps:

(a) Apply COMPUTECARTIERMANINMATRICES to obtain A, for every prime
5 < p < N not dividing the discriminant of f.
(b) By means of FINDCUBICROOTS, find primitive cubic roots of unity for
every p =1 (mod 3) up to N.
(c) For every p = 1 (mod 3) as in (a), determine whether p € &*(C), by
computing rk(A,), and if so then:
(1) If p < 53, then use naive point counting to compute L,(C,T'). Other-
wise continue to (2).
(2) Let 0(¢3),(C3) € F,’ be the primitive cubic roots of unity found in
(b). Solve the linear system (3.3)) to determine a, (and hence ap).
(3) Choose an integer 1 < < p such that v = 0({3) (mod p). Determine
m € Z[(3] as the ged(y — (3,p), by applying the extended Euclidean
division algorithm in Z[(3].
(4) Solve the linear equation ([3.4]) to determine ¢ and thereby c,.
(5) Apply part (i) of Lemma B2 to determine b, and thereby L,(C,T).
(d) For every p =2 (mod 3) as in (a), let ¢, be as in Lemma 3.8 Then:
(1) Determine ¢, modulo p by means of A,.
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(2) Apply the Corollary in the Apper}dix to determine ¢, modulo 2 by
applying HASRATIONALROOT to ;.

(3) Apply Lemma or Proposition BI1] to determine ¢, modulo 3 by
applying ISIRREDUCIBLE to f.

(4) Determine L,(C,T) from the above information by using Lemma B.8

Theorem 4.3. Let C' be a Picard curve. Algorithm computes L,(C,T) for
every prime p € &% (C)UIn(C) in time N log(N)3+°M) . When C is generic, the
complement of &*(C)UTI(C) in the set of primes has density 0.

Proof. Once we have computed the Cartier—Manin matrix by using COMPUTE-
CARTIERMANINMATRICES, correctness of the algorithm follows from the proofs
of Corollary and Theorem Note that in step (c¢) (3), we may set m =
ged(y — (3, p) in virtue of the Dedekind—Kummer theorem. As for complexity, note
that both steps (a) and (b) already have the claimed complexity (although we note
that (b) is a one-time computation). We only need to show that the remaining steps
do not exceed this complexity. As we have seen, none of the algorithms ISIRRE-
DUCIBLE and HASRATIONALROOT does, and the remaining steps are clearly faster
as they solve a small linear system or compute a small ged in Z[(3]. In the generic
case, the claim about density is ensured by Corollary O

Remark 4.4. There exist several methods of verifying that a given Picard curve C
defined over k = Q((3) is generic. On the one hand, one may apply the criterions
provided by Zarhin (specifically see [Zarl8, Thm 1.3]). On the other hand, one
can use results due to Upton. More precisely, we claim that if £ > 5 is a prime
= 1 (mod 3) such that the mod-¢ image of the Galois representation associated
to A := Jac(C) is GL3(Fy), then C is generic. Indeed, by [Upt09, Prop. 6],
the hypotheses imply that the image of the f-adic representation g4 is GL3(Z;).
Then, for any finite extension L/k, the commutant of g4 ¢(GL) in End(Vz(A4)) is
2-dimensional. By Faltings’ isogeny theorem, this commutant is End(Ar) @ Qy,
and hence End(A@) ~ Z[(3], which completes the proof of the claim. Verifying that
the mod-¢ image of the Galois representation associated to A is GL3(F,) can be
done by using [Upt09, Lemma 3] and computing a few L,(C,T') (this is done in
[Upt09l §6] for two specific curves, to which we will return in Section [A.2]).

Remark 4.5. Note that by Dirichlet’s density theorem and by Corollary B.16] the
set of primes p < N in 6(C) — &*(C) has size o(N/log(N)). Despite being unable
to prove it, it is conceivable that this set is actually small enough so that the
combination of Algorithm with the algorithm of [ABCMT19] (to separately
treat the primes in &(C) — &*(C)) would yield an algorithm to compute L,(C,T)
for every prime p < N in time N log(N)3+o(1),

We will now sketch how one can use the proof of Theorem [B.14 to give a random-
ized algorithm of Las Vegas time accomplishing the same task as COMPUTELPOLY-
NOMIALS and having the same expected complexity (for details and an actual im-
plementation we refer to [AP20]).

While from a computational perspective the determination of the exponent A
of Jac(C,)(FF,) presents difficulties, a detailed examination of the proof of Theo-
rem [3.14] shows that only partial (and effectively computable) information on X is
required in order to uniquely determine L,(C,T).
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The variant that we want to discuss only differs from Algorithm in case p
is in J(C'). Let p > 877 be one such prime. Assume given the data (i) and (ii) of
Theorem .14l Suppose also that we are in the case that there exists p < s, < 2p
such that ¢, = s, (mod 3p), and let n; and ny be as defined by [B8). We claim
that exactly one of the following options occurs:

(i) sp #p,p+1ors, =p+1 and p is not a Fermat prime. In this case,
A13p(p+ 1) = ngy —nq so it cannot divide both ny and ny. Thus, there
is a point P in Jac(C,)(F,) such that n; - P # 0 for ¢ = 1 or 2, and then
n=mns_;.

(ii) s, = p and there is a prime ¢ > 5 dividing A but not p + 1. In this case
n=p+1)p*-p+1).

(iii) s, = p and there are three points P, @, R in Jac(C,)(F,) generating a
subgroup of order divisible by 3vs(*1+2_ Tn this case n = (p + 1)°.

(iv) sp =p+1, pis a Fermat prime, and there is an odd prime ¢ dividing A but
not p(p+ 1)(p — 1). In this case n = (1 + p)p(p + 2).

(v) s, =p+1, pis a Fermat prime, and there is a point P in Jac(C,)(F,) of
order divisible by 4. In this case n = (1 + p)p(p — 1).

Indeed, it has been shown in the course of the proof of Theorem [3.14]that we have
the conclusion of (i) if s, # p,p+1orif s, = p+1 and p is not a Fermat prime. From
B3), s, = p implies that n is either ny = (p+1)(p*>—p+1) or ngy = (p+1)3. To show
that (i) and (iii) are mutually exclusive, it suffices to note that v3(p? —p+1) = 1.
Thus, v3(n1) = v3(p+1)+1 and p? —p+1 has a divisor £ > 5. Such an ¢ necessarily
fails to divide p+1. Recall the values m; introduced in (B3)). It remains to show that
if n = ng, then vz(mamsmg) > vs3(p+1)+2. But we have seen that vs(m;) = 0 for
1 < j < 3 and therefore we have vz(my4-ms-mg) = 3vs(p+1) > v3(p+1)+2. From
B38), s, = p+1 implies that n is either ny = (1+p)p(p—1) or ny = (1+p)p(p+2).
Under the assumption that p is a Fermat prime, the conclusions of (iv) and (v)
have been seen at the end of the proof of Theorem [3.14]

Given these five cases, we may produce a Las Vegas algorithm by generating
random points of the Jacobian (using [MJS20l §12.2], for example) and checking
these conditions efficiently (using the methods of [Sutll], for example). We note
that to check each such condition only requires expected O(1) random elements
of Jac(Cp)(F,). On a generic Picard curve, Section [3.4] ensures a dense subset of
primes fall into case (i), the simplest case to check. The expected complexity of
such an algorithm is identical to that of the deterministic algorithm, but in practice
slower.

4.2. Implementation. The Github repository [AP20] includes an implementation
of Algorithm [21in [PARIGP]. This repository also contains an implementation in
[Sage] of the Las Vegas algorithm discussed at the end of the previous section, for
which we used the Jacobian arithmetic from [M.JS20]. We note that this algorithm
is still practical, but is slower by a constant factor due to Jacobian arithmetic being
expensive.

In either case, the full algorithm for lifting is significantly faster than previous
algorithms and has complexity N log(N)3t°(!) when computing Z,(C,T) for al-
most all p < N. Our algorithm can also operate independently for fixed p when
L,(C,T) (mod p) is already provided - this means we can speed up algorithms such
as [ABCMTT9] for a specific prime, since the most expensive lifting component is
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now negligible. As a result, it can also be used to more efficiently compute L, (C,T)
when p is large enough that computing L,(C, T) for almost all p < N is impractical.
For a given generic Picard curve over Q, in Table [Tl we report the average running
time per prime over the primes < N of Algorithm with the implementation in
[PARIGP].

TABLE 1. For the curves C; : y®> = 2* + 2+ 1and Cy : y° =
% + 322 4+ 22 + 1, we display the average computation time spent
per prime p < N for [ABCMT19], [Sut20], and Algorithm 2] in
milliseconds (ms). Bold numbers indicate new results from our
algorithm. The timings are taken on a 3.40GHz Intel(R) Xeon(R)
E5-2687W CPU. All computations were run with a single core.

N 216 220 224 228
Algorithm | Old | New | Old | New | Old | New | Old | New
Full zeta function

Cy 113.2 | 0.31 | 215.1 | 0.69 | 1152.7 | 1.50 | 5051.4 | 4.76
Cy 111.3 1 0.33 | 213.5 | 0.71 | 1152.9 | 1.54 | 5053.9 | 4.87
Lifting component

& 0.12 0.12 0.13 0.14
Cy 0.12 0.12 0.13 0.14
Cartier—Manin matrix

Ch 354 |0.19 | 79.1 |0.57 | 277.8 | 1.37 | 1368.3 | 4.63
Co 344 |0.20 | 77.6 |0.59 |276.7 | 1.41 | 1366.7 | 4.74

In Table [Il to compute these running times we ran each computation for p <
N three times and took the minimum of those attempts. The “New” columns
have running times for our algorithm and [Sut20], since they are used together to
compute the full zeta function. In the “Lifting component” section, we have put
running times for Algorithm [Z2]and in the “Cartier—Manin matrix” section we have
put running times for an implementation of [Sut20] in C. In the “Old” columns, we
have the implementation of the algorithm [ABCMTT9| in [Sage] computing the full
zeta function. We have also used the Frobenius matrix method in [Sage] to compute
a matrix which determines the Cartier—Manin matrix. These times are shown in
“Old” columns of the “Full zeta function” and “Cartier—Manin” matrix sections
respectively in Table [l Running times for all of these algorithms have been given
for two chosen generic curves Cq : 4> =2t +2x+1and Cy : > =2 + 322 + 22 + 1
(see [Upt09} §6.1.1, §6.2.2] for a proof of the genericity of these curves; we note that
Zarhin’s criterion recalled in Remark 4] also applies). For example, we can read
off the table that for C; computing the zeta function with our algorithm for p < 228
takes an average of 4.76 ms per prime. Of this time, on average we spend 0.14 ms
on the lifting component described in this paper and 4.63 ms on computing the
Cartier-Manin matrices. In comparison, the implementation of [ABCMT19] takes
roughly 5051.4 ms per prime.

We note that [ABCMT19] is not fast enough to compute the full zeta function
for all p < N in a reasonable amount of time when N is very large, so we sampled
one out of 102,103,104, 10° primes respectively for N = 216,220 224 and 228 to get
estimates for the running times. The same was done for the computation of the
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Frobenius matrices. Each computation was run on a single core in order to have
a fair comparison. Algorithm is used in the ‘Lifting component’ part of the
table to compute the full zeta function once the algorithm from [Sut20] finishes. As
can be seen from the table, the lifting component is always faster on average and
performs better relative to computing L,(C,T) (mod p) as p becomes very large.
There is some variation in the average running times between the two curves, but
in each example this is ~ 10~% ms which is why it does not appear in the table.
As noted in the beginning of this section, Algorithm also allows us to speed
up [ABCMT19] on a Picard curve for a specific prime p by a constant factor. In
particular, we need only compute L,(C,T) (mod p), and then lifting this takes a
negligible amount of time. The time for the computating L,(C,T) (mod p) differs
by a constant factor compared to computing L,(C,T) using [ABCMT19]. Using
[Sage], we can estimate this constant factor to be about 8, for example from
sage: p=(2**40) .next_prime()
sage: x = PolynomialRing(GF(p),"x").gen()
sage: CyclicCover(3, x4 + x + 1).frobenius_matrix(1)
which takes a total of 3 min and 23 s, while using the algorithm to compute the full
result L,(C,T) takes 24 min and 24 s. By applying Algorithm after computing
the Frobenius matrix modulo p we improve the running time by around a factor
of 8, because for primes of this size our algorithm still takes on the order of a
millisecond, which is negligible.

APPENDIX

by Andrew V. Sutherland?

In this appendix we give a constructive proof of the following theorem.

Theorem. Let p > 3 be a prime congruent to 2 modulo 3, let Cy,: y3 = f(z) be a
Picard curve over F,, with L-polynomial L, € Z[T]. The reduction of L,(T) modulo
2 can be computed (deterministically) in O((logp)?(loglogp)) time.

Without loss of generality we may assume C), is the reduction of a Picard curve
C: y® = f(z) over Q. The Jacobian J := k Jac(C) is an abelian variety of dimen-
sion 3, thus the action of Gal(Q/Q) on J[2] gives rise to a mod-2 Galois represen-
tation

p2: Gal(Q/Q) — Aut(J[2]) ~ GSps(F2) = Sps(F2),
where we have used the Weil pairing to view J[2] ~ F$§ as a symplectic space. The
endomorphism ring of the base change of J to Q({3) contains Z[(3] and the prime
2 is inert in Q((3); these facts imply that the restriction of pa to Gal(Q/Q((3)) has
image in U(3,2) = GU(3,Fy); see [Upt09] §2] for details.

Up to conjugacy, there is a unique subgroup H C Spgs(FF3) that is isomorphic to
GU(3,F,), which has small group identifier (648, 533) 1 The endomorphism ring of
J/Q does not contain Z[(s], so the image of py does not lie in H, in general. It lies
in a subgroup of Spg(F2) isomorphic to GU(3,F4) x Gal(F4/F3), with small group
identifier (1296,2891), which contains H with index 2. Up to conjugacy there is

3Department of Mathematics, Massachusetts Institute of Technology, 77 Massachusetts Ave.,
Cambridge, MA 02139, USA; email: drew@math.mit.edu, URL: https://math.mit.edu/ drew

4In this appendix isomorphism classes of groups of order n < 2048 are identified by the label
(n, 1) assigned to them by the Small Groups Library [BEOO1] used in GAP, Sage, and Magma.
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a unique such subgroup G; it is the normalizer of H in Spg(F2). Let I := ({9),
z3:=(13), s2:=({1), and define

zs 0 0 0 0 =23 ss 0 0
A=10 I 0], B:=|0 22 2], Sy=10 s2 0
0 0 =z 22 22 3 0 0 s

Then we can take H = (A, B) and G = (4, B, Ss).

For each prime p > 3 of good reduction for C the representation py maps the
Frobenius element Frob, € Gal(Q/Q) to a conjugacy class of Spg(Fs) whose char-
acteristic polynomial is the reduction of the characteristic polynomial x, € Z[T]
of the Frobenius endomorphism 7 of J, := Jac(C}), equivalently, the characteristic
polynomial of the endomorphism of J,[2] ~ F§ induced by 7. The polynomials
Xp(T) and L,(T) are reciprocal, meaning that L,(T) = TSx,(T~!), as are their
reductions to F2[T]. The image of Frob, under p, lies H when p splits in Q({3),
and in the complement G — H when p is inert in Q((3), equivalently, when p = 2
(mod 3).

Thus to compute the reduction L, € Fo[T] for p = 2 (mod 3), it suffices to
determine the characteristic polynomial of ps(Frob,) € G — H, for which there are
only two possibilities:

TS+ T4+ T2 +4+1 or 76 +1.

The first occurs whenever po(Frob,) has order 2 or 8; the second occurs when
p2(Frob,) has order 6. It is an easy computation in [Sage] to verify this fact, and
that every element of G — H has order 2, 6, or 8.

The fixed field of the kernel of ps is the 2-torsion field Q(J[2]), and we have
an isomorphism Gal(Q(J[2])/Q) ~ Im ps. It follows that to compute L, € F5[T]
it suffices to determine the order of the restriction of Frob, to Gal(Q(J[2])/Q).
The group G contains a unique normal subgroup Z of order 3 generated by the
matrix Z3 := diag(zs, 23, 23) which gives the action of (3 € End(Jyc,)) on J[2].
The quotient G/Z is isomorphic to the general affine group AGL(3,2), with small
group identifier (432, 734); the projection G — G/Z does not change the order of
elements of G — H.

The group G/Z ~ AGL(3,2) has a natural permutation representation of de-
gree 9 corresponding to the transitive group with LMFDB label 9T26 [LMFDRB].
This permutation representation can be realized via the action of Gal(Q/Q) on the
(3-orbits of the 27 affine bitangents of a generic Picard curve.

As shown in [BTWO5| §2.2], each point of order 2 in J,(F,) corresponds to the
class of an ideal of the form (s, u+y) in the ring F, [z, y]/(y®— f(x)), with s,u € F,[z]
satisfying degu < degs < 3, with s monic and s> = u3 + f. Those with degs = 2
correspond to divisors of the form P; + P, — 200 arising from the 27 bitangents that
intersect the curve at the affine points Py, Ps, where s(z) = (z — 2(Py))(x — 2(P2))
and the linear polynomial u is determined by wu(xz(P;)) = y(F;). If we assume
f(x) = 2 + for? + frz + fo and let s(x) = 22 + s17 + s and u(z) = w1z + ug,
equating coefficients on both sides of the equation s? = u3 + f yields the system

3 2 2 2 2 3
2s1 =uy, 2sp = fa+3upui — 7, 2s0s1 = f1 +3ugu1, sg5= fo+ ugy.
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A Groebner basis calculation over Q( fo, f1, f2) shows that s; must be a root of
Vr(x) = 2 + 24 fox™ — 168f12° + (1080 f5 — 783)x° + 336 f1 fox?
+ (1728 fo f2 — 636 7 + 80f3)x® + (—864fo f1 — 1681 f5)z>
+ (=432 + 216f0 f3 — 120f7 f» — 27f3)x — 817,

and sg can be written as a polynomial in s; whose coefficients are rational functions
of fo, f1, fo. Each of the 9 possibilities for (sg, s1) gives rise to 3 possibilities for
(up,u1) that differ only by a cube root of unity and comprise a single (s-orbit.
The 27 possible values of u; are the roots of ¢¢(23/2), each of which determines
rational values for ug, so, s1. The discriminant of ¢ has the form —224327DJ% with
Dy € Z[fo, f1, f2], a fact we will use in the proof of the lemma below.

This calculation of ¢ (x) is valid over any field k& whose characteristic is not 2
or 3, and we can define ¢ for any Picard curve y*> = f(x) over k by putting f in
the form 2% + fox? + fiz + fo as follows: if f = fix® € k[z] with f; # 1 then
replace f with f2f(x/f1) and if f4 = 1 and f3 # 0 replace f with f(z — f3/4).

Lemma. Let C: y* = f(z) be a Picard curve over k with char(k) # 2,3 and let
J := Jac(C). Then k(J[2]) is the splitting field K of ¢¢(x3/2) over k, and when
k=T, with p=2 (mod 3) this is also the splitting field K' of ¥ ¢(z).

Proof. The points in J[2] corresponding to bitangents are defined over K, so J(K)[2]
has order at least 27 and must be 32 or 64, since J[2] ~ (Z/2Z)5. The three
cuberoots of unity in k lie in K (take ratios of appropriate roots of ¢ (z%/2)), so
Z[¢3] € End(Jk). The endomorphism (3 acts bijectively on the points of order 2
in J(K)[2], with (3-orbits of size 3. We cannot have #.J(K)[2] = 32 because 3 does
not divide 31. Thus #J(K)[2] = 64 and K = k(J[2]).

Now assume k is a finite field F,, with p > 3 and p = 2 (mod 3). The discriminant
—224327DJ2¢ of 1y is a square in its splitting field K’, thus F, C F,((3) € K’. The
action of the Frobenius endomorphism 7 on J[2] is given by a matrix M in the group
G := (A, B, S3) C Sps(F2) defined above that does not lie in the index 2 subgroup
H := (A, B). For any such M, its order n is unchanged in the quotient G/Z3 which
gives the action of 7 on the (3-orbits of J[2]. This action is determined by (and
has the same order as) the action of 7 on the (3-orbits of the points in J[2] arising
from bitangents of C, which coincides with the action of the p-power Frobenius
automorphism on the roots of ;(z). The p-power Frobenius automorphisms of
F,(J[2]) and K’ thus have the same order n, so Fy,(J[2]) = K'. O

Corollary. Let y3 = f(x) be a Picard curve over F), with p # 2,p = 2 (mod 3).
Let L, € Fo[T) be the reduction of its L-polynomial modulo 2. Then

{T6 +T*+T?+1 if () has an Fp-rational root,

L,(T) =
o(T) T6 +1 if ¥r(x) has no Fy-rational roots.

These cases can be distinguished in O((log p)?loglog p) time by computing the degree
of ged(a? — x, 5 (x)).

Proof. Let J := Jac(C). Then L,(T) is reciprocal to the characteristic polynomial
of the Frobenius endomorphism 7 as an element of End(J[2]), corresponding to a
matrix M in the group G := (A, B, S2) C Spg(F2) defined above that does not lie
in the index two subgroup H := (A, B). As noted above, the two possibilities for

L,(T) are those listed in the statement of the corollary; the first occurs when M
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has order 2 or 8, while the second occurs when M has order 6. The order of M
is equal to the order of Gal(F,(J[2])/F,) = Gal(K'/F,), where K’ is the splitting
field of v ¢(z) over F,. The Galois group of ¢f(x) over I, is a cyclic subgroup
of the transitive group [9T26/ whose generator ¢ does not lie in the unique index 2
subgroup (we note that this is true even if ¢;(X) is not squarefree). The cycle
structure of the degree 9 permutation o must be one of 2313, 8'11, or 613!, the last
of which has order 6 and occurs if and only if ¢¢(x) has no Fp-rational roots.

As is well known, the roots of ged(z? — z,9¢(x)) are the distinct Fp-rational
roots of ¢(z); the degree of this polynomial is nonzero if and only if ¢ ;(x) has
an Fy-rational root. To efficiently compute ged(a? — x,1,(x)) one computes 2 in
the ring I, [x]/(¢;(x)) via binary exponentiation to obtain a polynomial g € F,[z]
of degree less than degv; = 9 and then computes ged(g(z) — x,¢s(x)). This
involves O(log p) ring operations in F,[x]/(¢¢(z)), each of which can be computed
using O(1) ring operations and a Euclidean division in F,[z], followed by a GCD
computation on polynomials of degree O(1), which requires O(1) ring operations
and Euclidean divisions in F,[z] using the standard Euclidean algorithm.

Each Euclidean division in F,,[z] can be accomplished using O(1) ring operations
in Fp[z] via Newton iteration [GG13|, Thm. 9.6], and each ring operation in F,[z]
involving polynomials of degree O(1) can be achieved using O(1) ring operations in
Z via Kronecker substitution and Euclidean division in Z. The entire computation
of ged(x? — x, ¢ (x)), including the cost of deriving ¥ (z) from f(z), reduces to
O(log p) ring operations on integers with n = O(log p) bits. Applying the O(nlogn)
bound for integer multiplication [HvdH21] completes the proof. O
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