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Notation

General

at & a~ The positive and negative parts of a € R (§1.2).

]
frs
Il

1

The integer part of t € R.
The restriction of the function f to the set S.
The uniform (supremum) norm.

The imaginary number y/—1.

o(g(t)) A function f for which LM tends to 0 as ¢ tends to a limit.

g(t)

Bg(a,r) The ball of radius r around « in the metric space E.

r&r , The interior, and closure of a subset in a topological space.

(z,6)

The action of £ € B* on x € B.



Sets, Functions, and Spaces

sgn(x)

Cb(E,R) or Cb (E,(C)

The complex numbers.

The integers and the positive integers.
The non-negative integers: N = {0} UZ™".
The set of rational numbers.

The complement of the set A.

The unit sphere in RV,

The indicator function of the set A.

The signum function: equal to 1 if z > 0 and —1 if
z < 0.

The space of bounded continuous functions from a
topological space F into R or C.

Z(RN:R) or #(RY;C) The Schwartz test function space of smooth R or

Cyv(E;R) or Cy(FE;C)
C(E;RY)

Cr(E;RN)

C-valued functions with rapidly decreasing deriva-
tives.

The space of bounded, continuous, R or C-valued
functions on F.

The space of f : G — RY with n € NU {0}
continuous derivatives.

The space of f € C"(G;RY) that vanish off of a
compact set.

S (RN:R) or #(R¥;C) The Schwartz space of smooth R orC-valued func-

tions with rapidly decreasing derivatives.



ix

As
M (E)
n<Lv
wlv
Dp
Jr f(z)dx

Measure Theoretic

To be read almost everywhere with respect to p.
The o-algebra generated by C (§2.1.2).
The Borel o-algebra o (&(E)) over E.

The completion of the g-algebra B with respect to the
measure fi.

The unit point mass at a.

Lebesgue measure on the set S € B
Space of probability Borel measures on E.

w1 is absolutely continuous with respect to v.
1 is singular to v.

The pushforward (image) of u under .

Equivalent to the Lebesgue integral f rJd\gy of fon
I.

LP(u; E) or LP(u; E) The Lebesgue space of E-valued or C-valued functions

(5 1)
(R) Jio () duo(2)

E & E#

f for which || f||% is p-integrable.
The integral of ¢ with respect to p.

The Riemann—Stieltjes integral of ¢ on [a,b] with re-
spect to .

The expected value and expected value with respect to
I
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Chapter 1
Characteristic Functions

This chapter is devoted to a few facts, several of which I learned from an
interesting set of notes by W. Bryc [1], about and related to what probabilists
call characteristic functions.

1.1 Some Basic Facts

Given a Borel probability measure p on RY, its characteristic function is its
Fourier transform /i defined by

j(e) = [ 6N (o) for € € RV,

Lemma 1.1.1 For every u € Mi(RN), fi is a a uniformly continuous C-
valued function such that ||plle < 1 = (0) and (=€) = (). Moreover, if
¢ € Cb(RY;C) N LY (A\gw; C) for which ¢ € L*(A\gw; C), then

[edu=cn [eon-9a (1)
In particular, p = v if and only if = .

Proof. That ||iil|s < 1 = [1(0) is obvious, as is the continuity of ji. To see that

{1 is uniformly continuous, note that

la(n) —o(¢)> < /\1 — =8N |y (dr) = 2 /(1 —cos(n — &, x)gn ) p(dz),
and therefore that

|(n) = () < 2(1 = Ra(n - €)). (1.1.2)
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Turning to (1.1.1)), note that, because ¢ and ¢ are Agn-integrable, the
L!-Fourier inversion formula says that

o(z) = (2m)N / e~ HED o(€) d.

Hence, by Fubini’s theorem

0™ [edn= [ ( [eren g dg) u(d)
= / ¢ (&) ( / e e u(dw)) d¢ = / P(O(—E) de.

Finally, to see that u = v if i = ¥, remember that the Fourier transform
takes the Schwartz space .7 (R™;C) (cf. §3.6.1) into itself. Thus, if ¢ €
(RN C), then both ¢ and ¢ are in L'(Ag~;C), and so, by (1.1.1)),

ﬂ:ﬁ _— /Lpdu:/gpdljforau@Gy(RN’C)v

which means that u = v. ad

Lemma 1.1.2 If u is the distribution of a random variable X, and, for some
n > 1, E[|X|"] < oo, then i € C™"(R;C) and

E[Xmeigx] = (=)™ (&) for 0 <m < mn.

Proof. This is trivial when m = 0. If it holds for some 0 < m < n, then

m "€+ ) —0"AE) E | xmeitX X —1
n n
Since | X™Me#X # < |X|™*+1, the result follows from Lebesgue’s Domi-
nated Convergence theorem. O

Define A;p(§) = w for functions ¢ : R — C. If ¢ vanishes
at 0 faster than |{|™ for some n > 1, then lims o A7¢(0) = 0. Thus, for f’s
which are n times differentiable in a neighborhood of 0, limy o A} f(0) =
limy o AP P, (0), where P, is the Taylor polynomial " _ %f’” There-
fore we will know that lim, o A? £(0) = f(™(0) once we show that APE™ =
10y, for 0 < m < n, which comes down to checking that A}*(™ = m! for
all m > 1. That A;{ = 1 is obvious. Now assume the result for 1 < m < M.
Then
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tAMEM = AN (g4 )M (6= H)™)
MoM
=y (m> (AM MM (D)™ (14 (=)™ ) = MtAY Mt =M,
m=0

Lemma 1.1.3 If n > 1 and there exists a sequence t \, 0 such that
supy>; [A77(0)] < oo, then E[X?"] < oo. In particular, this will be the
case if [i is 2n times continuously differentialble in a neighborhood of 0.

Proof. Set ¢, (&) = €€, and observe that

t—1 t
AFe,(§) = 2ea(a) = = —4t e, (§)sin” T,

and therefore ;
AFer(§) = (=4 2"es(€) sin" T

Thus

Xt
| A204(0)] = 474, 2"E {sinQ" 2’“]

Xt
> 472 [sin? =E X < 2= | > 27K | X, [X| < —|.
2 21, 21
O

Theorem 1.1.4 If i admits an extension as an analytic function on Be(0,1),
then ]E[eo“)q] < oo for a €[0,7), and so

Cef{zeC: R e (—T,r)}%M(():E[eCX] eC

s analytic.

Proof. Since i € C*(R;C), Lemma implies that E[|X|"] < co and, by
Lemma 0" 1(0) = ¢"E[X™] for all n > 1. Hence,

e =3 gy

n=0

where the radius of convergence of the series is at least r. In particular, for
a€0,r),

E XZn
[ }a2n < o0,
2n)!

(

and so E[e""Xq < 00. O

o0
E[eax + efaX] =2 Z
n=0

Knowing that the map u € M;(RY) — i € C,(RY;C) is one-to-one,
one should ask about its continuity properties. For that purpose, introduce
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the notation (p,u) to denote the integral of a function ¢ with respect to
a (not necessarily finite) measure p, and say that a sequence {u, : n >
1} € My (RY) converges weakly to p € My(RY) if, for every ¢ € C,(RY;C),
(@, i) — (@, p). T will write g, — g to mean that {p, : n > 1} converges
weakly to u.

It is clear that i, — /i pointwise if p,, — . In fact, as we will see, the
convergence of the fi,’s is uniform on compact. More important, we will show
that uniform convergence on compacts of the fi,,’s implies weak convergence
of the u,’s.

Lemma 1.1.5 Let {u, : n > 1}U{u} € My (RY) be given, and assume that
(@, ) — (i, 1) for all p € C°(RN;R). Then, for any 1 € C(RY;[0,00)),
(, py < lim,, (¥, p1n). Moreover, if p € C(RN;[0,00)) is pi,-integrable for
each n € Z and if (Y, pn) — (Y, 1) € [0,00), then for any sequence {¢y, :
n > 1} C O(RY;C) that converges uniformly on compacts to a p € C(RY;C)
and satisfies || < CY for some C < oo and alln > 1, {on, pin) — (@, ).

Proof. Choose p € C2°(R¥;[0,00)) with total Ag-integral 1, and set p.(z) =
e Np(e~'x) for € > 0. Also, choose n € C(RY;[0,1]) so that n = 1 on
Bgn (0,1) and 0 off of Br~ (0,2), and set nr(z) = n(R~'x) for R > 0.

Begin by noting that (p, u,) — (@, u) for all ¢ € C®(RN;C). Next,
suppose that ¢ € C.(RY;C), and, for € > 0, set p. = p. * ¢, the convolution

/ pe(z —y)p(y) dy
RN

of p. with . Then, for each ¢ > 0, . € CX®(RY;C) and therefore
(pes tin) — {@e, 1). In addition, there is an R > 0 such that supp(ye) C
B~ (0, R) for all € € (0,1]. Hence,

T [(, pin) = ()] < 200, w)lloe = @llu-
Since limeo ||oe — ¢|lu = 0, we have now shown that (p, un) — (@, u) for
all p € C.(RV;C).

Now suppose that ¢ € C(RY;[0,00)), and set ¢ = nrt, where ng is as
above. Then, for each R > 0, (¢r, u) = limp 00 (Vr, pn) < lm,, ., (W), pin).
Hence, by Fatow's Lemma, (1, 1) < limp . (4, 1) < lim,,_,__ (1, 1).

Finally, suppose that ¢ € C (RN ; [0, oo)) is p,-integrable for each n € Z
and that (¥, u,) — (Y, u) € [0,00). Given {p, : n > 1} C C(RY;C)
satisfying |, | < Ct and converging uniformly on compacts to ¢, one has

[(@ns tin) — (0, 1) < [{on — @, )| + [0, tin) — (0, 1))

Moreover, for each R > 0,
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Lim |(¢n — @, fin)]

n—r oo

< lim  sup fon(z) = @(@)|(ng, i) + T [((1=18)(en — @), )|
N7 zeByn (0,2R) nereo

and similarly

< Tim [(nre, pn) — (e, )| + C Tim (1= nr)tp, i) + C((1 = nr)t, )
=2C((1 — nR)v, 1)

Finally, because v is p-integrable, ((1 — nr)¥,u) — 0 as R — oo by
Lebesgue’s Dominated Convergence Theorem, and so we are done. a

In the proof of the following theorem and elsewhere, a function ¢ : RN —
C is said to be rapidly decreasing if sup,cp~ (1+2%7)|p(z)| < oo for all n > 0.

Theorem 1.1.6 Given a sequence {p, : n > 1} C M (RY) and a pu €
Mi(RN), i — [ uniformly on compacts if p, — u. Conversely, if
In(§) — (&) pointwise, then (vn, n) — (@, u) whenever {, : n > 1}
is a uniformly bounded sequence in C,(RY;C) that tends to o uniformly on
compacts. In particular, fi, — { uniformly on compacts.

Proof. Since e*&n®an s ¢i&2)eN yniformly for « in compacts if &, — &,
Lemma says that, if p, — u, then ji,(&,) — A(€) if & — €, and
therefore that y,, — p implies that ji,, — g uniformly on compacts.
Turning to the second part of the theorem, suppose that i, — /i point-
wise. By Lemma we need only check that (o, un) — (¢, ) when
p e CX (RN ; R). But, for such a ¢, ¢ is smooth and rapidly decreasing, and
therefore the result follows immediately from together with Lebesgue’s
Dominated Convergence Theorem. ad

The following is a generalization to RY of the classical Helly-Bray The-
orem. It was further generalized to complete separable metric spaces by Y.
Prohorov, and, with only minor changes (cf. Theorem 9.1.9 in [10]), the treat-
ment here can be used to prove Prohorov’s result.

Lemma 1.1.7 A subset S of Mi(RY) is sequentially relatively compact in
the weak topology if and only if

lim sup p(Bg~ (0, R)C) = 0. (1.1.3)
R— ueSs

Proof. The first step is to recognize that there is a countable set {pj :
k € Zt} C C.(RY;R) of linear independent functions whose span is dense,
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with respect to uniform convergence, in C.(RY;R). To see this, choose
n € Cc(RM;[0,1]) so that n = 1 on Bgn(0,1) and 0 off Bgn(0,2), and
set nr(y) = n(R~'y) for R > 0. Next, for each ¢ > 1, apply the Stone-
Weierstrass Theorem to choose a countable dense subset {¢;, : j € Z} of
C(Bgn (0,20);R), and set @; o = netpje. Clearly {pj ¢ : (j,€) € (Z7)?} is
dense in C.(RY;R). Finally, using lexicographic ordering of (Z%)?, extract
a linearly independent subset {¢} : k > 1} by taking ¢r = ¢j, ., where
(j1,41) = (1,1) and (jr41, k1) is the first (j,¢) such that ¢, is linearly
independent of {¢1,..., ¢k}

Given a sequence {u, : n > 1} C S, we can use a diagonalization proce-
dure to find a subsequence {p,,, : m > 1} such that a; = limy, o0 (©k, fin,, )
exists for every k € Z*. Next, define the linear functional A on the span of
{¢r : k > 1} so that A(¢x) = ai. Notice that if ¢ = Z,[::l Pk, then

K

|[4(9)] = lim_ kzak<<pmunm> = Tim (@, ftn,)] < @l
=1

and similarly that A(¢) = limy,—eo{(@, tin,,) = 0 if ¢ > 0. Therefore A
admits a unique extension as a non-negativity preserving linear functional on
C.(RV;R) that satisfies [A(p)| < |||l for all p € C.(RV;R).

Now assume that holds. For each ¢ € Z, apply the Riesz Repre-
sentation Theorem to produce a non-negative Borel measure v, supported
on Bgn (0,2¢) so that {(p, 1) = A(nep) for ¢ € C.(RY;R). Since (¢, vp41) =
A(p) = (p, v¢) whenever ¢ vanishes off of Bg~(0,£), it is clear that

V@+1(F N Brn (0, ¢+ 1)) > Vot (F N Brw~ (07£)> = Vg(F N Brw~ (0,5))

for all I' € Brw~. Hence the limit

oo

u(I) = lim v (I'0 By (0,0)) = > v (F N (Bgx (0,6) \ Bax (0, — 1))),
=1

exists and determines a non-negative Borel measure pu on RY whose re-
striction to By~ (0,£) is v, for each ¢ € Z*. In particular, u(R™) < 1 and

(o, 1) = limy, 00 (@, fin,, ) for every ¢ € C.(RY;R). Thus, by Lemma m,
all that remains is to check that u(RY) = 1. But

P(RY) > (e, ) = lim (e, jin,,,) > Tm pun,, (Ben (0,0))
=1-— lm p,,, (Be~(0,0)0),

m— 00
and, by (1.1.3)), the final term tends to 0 as ¢ — oc.
To prove the converse assertion, suppose that S is sequentially relatively
compact. If ([1.1.3) failed, then we could find an 6 € (0, 1) and, for each n € Z,
a un € 5 such that p, (B]RN (O,n)) < 6. By sequential relative compactness,
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this would mean that there is a subsequence {p,,, : m > 1} C S and a
1 € My(RYN) such that p,,, — p and pip,, (Bg~ (0,n,,)) < 6. On the other
hand, for any R > 0,

p(Bex (0,R)) = lim (ng,pin,,) < Im_pin, (Be~ (0,7m)) <6,

and so we would arrive at the contradiction 1 = limp_, 4 'LL(BRN (0, R)) <84.
O

Lemma 1.1.8 Let u € M;(RYN). Then, for all (r,R) € [0,00)? and e €
SNfl’

|1 = f(re)| < rR+ p({z € RY : |(2,e)pn| > R}). (1.1.4)
Next, define .
s(r) = sup <1 - smH) forr > 0.

0>r 0
Then 0 < s(r) < Cr for some C < o0, and
N1 = ()] 2
z € RN : |z| > R}) < max ———1 for all (r,R) € (0,00)?. (1.1.5
nd ol 2 ) < s L forall () € (0,091 (115)

Proof. The facts about s(r) are easily checked using elementary calculus.
To prove (1.1.4]), simply observe that, since |1 — | < [£] A 1,

|1 = f(re)| < /|1 — (@ e)pn | w(dx) < rR+ p({z: |(z,e)] > R}).
Turning to , note that, for ¢ > 0,
|1 — alte)| > /(1 — cos(tz, €)pn ) dp.

Now integrate this inequality with respect to ¢ € [0, r], and divide by r to see
that

w1 ()| > 1 [ -t > [ (1 - m) ()

sin(re, x)gn

= / ( (re, )pn

I(eyw)kN IZR

) utde) > st (o lfe.a)en| > RY)

Finally, use the fact that

p({z: |z > R}) <N ESSuprlu({w: (e, 2)gn| > N™2R})

to arrive at ([1.1.5) O
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The following theorem answers the question posed above about the re-
lationship between characteristic functions and weak convergence. It was
proved by P. Lévy and is called Lévy’s Continuity Theorem.

Theorem 1.1.9 Let {u, : n > 1} C M;{(R"), and assume that f(£) =
lim,, o0 fin(€) exists for each & € RN. Then f is the characteristic function
of a ;€ My(RY) if and only if there is a § > 0 for which

lim sup |1, (€) — f(€)] =0,

0 |¢]<s

in which case fl, — .

Proof. The only assertion not already covered by Lemmas and is
the “if” part of the equivalence. But, if ji,, — f uniformly in a neighborhood
of 0, then it is easy to check that sup,,~; |1 — [in(§)| must tend to zero as

|¢€] — 0. Hence, by (1.1.5) and Lemma we know that there exists a u
and a subsequence {y,, : m > 1} such that p,, — p. Since fi must equal

f, Lemma says that i, — fu. a

Bochner found an interesting characterization of characteristic functions.
To describe his result, say that a function f : RY — C is non-negative

definite if the matrix
((f(fj - 5k)))1§j,k§n

is non-negative definite for all n > 2 and &1, ..., &, € RY, which is equivalent
to saying

> F(& —&)aar >0
jk=1
for all aq,...,a, € C.

Theorem 1.1.10 A function f : RN — C is a characteristic function if
and only if f is continuous, f(0) =1, and f is non-negative definite.

Proof. Assume that f = j for some p € M;(RY). Then it is obvious that
f is continuous and that f(0) = 1. To see that it is non-negative definite,
observe that

3 f(gj_gk)ajyk:/ S € ar | u(de)
Jik=1 j.k=1
2

:/ Z e“ia;| p(dz) > 0.

jk=1

Now assume that f is a continuous, non-negative definite function with
f(0) = 1. Because
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e

f(=¢) 1
is non-negative definite, S(f(¢) + f(—¢€)) and S(if(&) — if(—€)) are both
0, and therefore f(¢) = f(—&). Thus A is Hermitian, and because it is

non-negative definite, 1 — [f(£)[* > 0. Therefore |f(£)] < 1. Next, let
Y € Z(RV;R), and use Riemann approximations to see that

[[ #te = nite)it dedn > o
Assume for the moment that f € L' (A\g~;C), and set
gla) = (2m) N [ 1) e

By Fubini’s Theorem and the fact that z@({) = 1[)(75),

(2m)™ / o(a)(x)? d = / FO)R3 () de = / FE) (@« ) (—€) de

— [[ s@yite+ i azan = [[ s~ md©im dsan o,

Hence, since ¢ is continuous, it follows that g > 0. In addition, f = g and
so [g(z)dx = f(0) = 1 and f is the Fourier transform of the probability
measure dy = g dA\pn.

To remove the assumption that f is integrable, choose a non-negative, even
p € . (RV:R) for which (p, \gn') = 1, and set py(z) =t~ p(t~'z) for t > 0.
Then p € Z(RY;R) and p;(€) = p(t€). Therefore f; = p,f is a continuous,
Arn~-integrable function that is 1 at 0. To see that f; is non-negative definite,
note that

fe(& = = — &)ajar [ €S p(2) d
>

Jk=1 Gk=1

:/ F(& = &) (e ") (ane’es) | pe(a) dz > 0.

J,k=1

Thus f; = ji; for some u; € M;(RY), and so, since f; — f uniformly
on compacts, Lévy’s Continuity Theorem implies that p; tends weakly to a
p € My (RY) for which f = ji. O

Because it is difficult to check whether a function is non-negative definite,
it is the more or less trivial necessity part of Bochner’s Theorem that turns
out in practice to be more useful than the sufficiency conditions.
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Exercise 1.1.1

(i) By combining Theorem [1.1.10| with (1.1.2), one sees that if f is a
continuous, non-negative function for which f(0) = 1, then [f(£)] < 1 and
If(n) — f(&)* <2(1 —Rf(n—&)). Show that these inequalities hold even if
one drops the continuity assumption.

Hint: Use the non-negative definiteness of the matrices

L (=8 f(=n)
and | f(¢§) 1 f(€-n)
f) fn=¢ 1

L f(=9)
e 1

to see that f(—=¢) = f(§) and that
14+2a(1=Rf(n—9)) + 2a2’f(77) — f(§)| >0 for all @ € R.

(ii) Show that if f; and fy are continuous, non-negative definite functions,
then so are f;fo and, for any a,b > 0, af; + bfs. See if you can drop the
continuity assumption.

(iii) Suppose that f : RY — C is a function for which f(0) = 1. Show

that if lim,~ o %l(f) = 0, then f cannot be a characteristic function. In

particular, if o > 2, then e~ /¢l” is not a characteristic function.

(iv) Given a finite signed Borel measure o on RY, define i(¢) = [ ¥ &@)en y(dx),
and show that g = 0 if and only if u = 0.

Hint: Use the Hahn Decomposition Theorem to write p as the difference of
two, mutually singular, non-negative Borel measures on R¥.

(v) Suppose that f: R — C is a non-constant, twice continuously differ-
entiable characteristic function. Show that f/(0) < 0 and that f’in(O) is again
a characteristic function. In addition, show that ||f/[la V [|f”|la < |f”(0)|2

1
and that |f(n) — f(E)] < (I/(0)[ +[7(0)[2)In — &].

(Vi/)\Let tn € M1(R) be the measure for which Z“T*R‘ = (2n)"'1[_, ). Show

that 1, — 1y0y pointwise, and conclude that {y, : n > 1} has no weak

limits. This example demonstrates the important role that continuity plays
in Bochner’s and Lévy’s theorems.

1.2 Infinitely Divisible Laws

Except for Lemma the contents of this subsection will not be used
below.

Because sums of independent, identically distributed random variables
play a prominent role in probability theory, Lévy and Khinchine asked what
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are the distributions of random variables that, for every n > 1, can be
written as the sum of n independent, identically distributed random vari-
ables. To express this in terms of measures, remember that the convolution
of p,v € My (RY) is the measure u * v € My (RY) given by

penll) = [ [ 11+ ) @iy

and that, if 4 and v are the distributions of independent random variables X
and Y, then p x v is the distribution of X + Y. Thus, what they were asking
is which p € M;(RY) have the property that, for every n > 2, p admits nth
root 1 € M (RN) with respect to convolution. That is,

n

which, since i * v = i, is equivalent to i = (ji1)
Denote by Z(RY) the set of infinitely divisible u € M;(RY). What Lévy
and Khinchine proved is that p € Z(RY) if and only if

) = exp (i60. s = 6. 46)
(1.2.1)

(P 1 i €0 ) M) ).

for some b € RY | non-negative definite, symmetric A € Hom(R";R"), and

Borel measure M on RY such that M({0}) = 0 and [ %M(dy) < 0.
The expression in is called the Lévy-Khinchine formula, a measure
M satisfying the stated conditions is called a Lévy measure, and the triple
(b, A, M) is called a Lévy system. It is clear that if the right hand side of
is a characteristic function for every Lévy system, then these are
characteristic functions of infinitely divisible laws. Namely, if x4 corresponds
to (b, A, M) and 1 corresponds to (2,24, M) then fi = (Az)™

n’n

Proving that the function f, 4 a7y on the right hand side of (1.2.1)) is a
(cf. ©LT)

characteristic function is a relatively easy. Indeed, fo 10y = ¥ ),

z|2
where (dz) = (27‘()7%67% Ar~ (dz), and so it is easy to check that fp 4.0
is the characteristic function of the distribution of b+ A%z under ~. Also, if
the Lévy measure M is finite and 7, is the Poisson measure given by

S M
e~ M®RY)

™ = 1
n.

n=0

then fy,, 0,m = Tar, where
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by = / y M(dy).
Byn (0,1)

Hence, when M is finite, f; 4 1) is the characteristic function of v;,_p,, 4 *
7. Finally, for general Lévy measures M, set My (dy) = 11 oy(|y|)M(dy).
Then Mj, is finite, and so f, a,ar,,) is @ characteristic function. Therefore,
since f(5,4,01,) — f(v,4,0r) uniformly on compacts, Theorem [[.1.9]says that
J,4,0) i a characteristic function.

There are several proofs that describes the characteristic function
of every u € Z(RY), but none of them is simple. Nonetheless, it is possible
to explain the idea on which all approaches are based. Namely, elements of
Z(RY) have nth roots for all n > 1 in the Abelian group M;(RY) with
convolution. Thus, for any m, n > 1, a u € Z(RY) has an “th root pm =
(121)*™. Hence one should expect that one can take the logarithm of .
Eq?livalently, one should expect that the limit

0,(6) = lim (73 () — 1)
exists and that i = e». As we will show, the existence of this limit is quite
easy, but the proof that

£u€) = (b, O = (6 AL) gt [ (1M~ 0 (0)(€ W) ) M ()

for some Lévy system (b, A, M) is harder.

To prove that £, exists, we will need the following elementary fact about C-
valued functions. In its statement, log is the principle branch of the logarithm
function on C\ (—o0,0]. That is, log(re®) = logr + 0 for r > 0 and 6 €
(—m, 7). In particular,

o0 n

log(¢) = —Z% when |1 - (| < 1.

n=0

Lemma 1.2.1 Given R > 0, suppose that f : Brn (0, R) — C is a continu-
ous function that equals 1 at 0 and never vanishes. Then there exists a unique
continuous function £y : Bpn (0, R) — C such that £;(0) = 0 and f = €%
on Bgn (0, R). Moreover, if £ € Brn (0, R) and r > 0, then

Sup{‘l—]fcgg’:neBRN(f,r)ﬂBRN(O,R)}<1
— £50) = £5(9) + log R} for n & B (€111 B 0,
and so
120 — -] <2 - 1)
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Finally, if g : Brn (0, R) — C is a second function with the same properties
as f, then

= [{y(&) —Lp(8)] < 2‘1 - ?8'

¢eByn (0,R)

Proof. To prove the existence and uniqueness of £, begin by observing that
there exists an M € Zand 0 =rg <7y < --- < ry = R such that

(I
f (Tm—lf)
I€]
Thus we can define a function £¢ on Bgn (0, R) so that ££(0) =0 and

(&) =1y (T%lg) +log 7{(5_)15
7 (")
if1 <m < M and € € Bgn(0,7,) \ Bry (0, 7m—1).

1
3 for 1 <m < M and & € Bgrn(0,7y,) \ B~ (0, 7m-1).

Furthermore, working by induction on 1 < m < M, one sees that this
is continuous and satisfies f = e’/. Finally, for any ¢ € C(Bgn (0, R);C)
satisfying £(0) = 0 and f = e, (i27)"1(¢ — ¢;) is a continuous, Z-valued
function that vanishes at 0, and therefore £ = ¢;.

Next suppose that £ € Br~ (0, R) and that

‘1 - J;EZ;‘ <1 forall y€ Bgn(&,r) N Bry (0, R).
Set
_ i)}
t(n) = £5(£) +log 0 for n € Bgw (&, 7) N By (0, R),

and check that 7~ (i2m) 71 (¢(n) — €£(n)) is a continuous, Z-valued function
that vanishes at £&. Hence, ¢ = ¢; on Bgn (0, R) N Bg~ (€, 1), and therefore on
Bgn (0, R) N B(E, 7). Since |log(1 — ¢)| < 2[¢| if [¢| < %, this completes the
proof of the asserted properties of /.

Turning to the comparison between ¢, and £ when ‘ — %‘ < % for all
¢ € Ben (0, R), set £(€) = L(€)+log 4, check that £(0) = 0 and g = ¢’, and
conclude that ¢ — £; = log %. From this, the asserted estimate for [¢; — (7]
is immediate. O

Lemma 1.2.2 If p € Z(RY), then fi never vanishes.

Proof. Choose 7 > 0 so that |1 —(¢)| < 2 for [¢| < r. By Lemmal1.2.1] there
is a unique continuous ¢ : By~ (0,7) — C such that £(0) = 0 and i = e
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on B~ (0,7). Now choose g1 so that i = (fi1)™. Then i1 doesn’t vanish

on Bg~ (0,7), and there is an £, : Bgn (0,7) — C such that £,,(0) = 0 and
ﬁ% = e’ on Bgn(0,7). Hence, fi = e™r, and so, by uniqueness, £ = nf,, and
therefore /i1 = e on By (0, 7).

Next, because ¢ = logfi and [1 — 4| < % on Bgn(0,7), [¢| < 2 there.
Therefore, since $¢ < 0, |1 — ﬁ%| =|1- e%\ < % on B~ (0,7). Now apply

(1.1.5) to see that, for any p > 0,
pin({ = [z] > p}) <
ns

and therefore, by (|1.1.4)), that

/\ 2N
1 —p1(€)| <pR+ ——F— forp, R>0and |[¢| <R.
" ns(N~-z2rp)
Finally, take p = ﬁ and n > ﬁ7 and conclude that /ﬁ , and therefore
fi, doesn’t vanish on Bgn (0, R) for any R > 0. a

As a consequence of Lemmas and we know that if u € Z(RY),
then i = e’ for a unique continuous ¢, : RY — C which vanishes at
0. Further, by the argument at the beginning of the preceding proof, u =

4
(u1)™ = fi1 = e . Thus £, is the limit which was predicted above.
The challenge now is to show that

6(8) = a0 (€) = (b — 3 (6 AE) g

+/@%%w—ywhwumm@wM)M@o

for some Lévy system (b, A, M). Here is an outline of one approach. Using
the estimates in Lemma one can show that £,,(§) has at most quadratic
growth, thereby justifying

[ ott-rds =t [ p(e) -9 -1) de = (2m) i 1L = 20

for ¢ € Z(RY;C). Next, define the linear functional A, on .#(R;R) by

(e, ) — 9(0)
_ Jim P # —P0)
Aup tl\i% t

At this point the problem becomes that of showing that
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N
1
Aup = (0.V(0)) gn + 5 D Ajr0;050(0)

jk=1
+ [ (9@) = 00 = 15,0 00)@) &, T(0)) ) M)

for some Lévy system (b, A, M). Indeed, define the Lévy operator L a ar) on
CE(RY;C) by

N
1
L, amyp(@) = (bj, V() pn + 3 > Ajr0;0kp(x)
jk=1

+ /(s@(x +y) — () = 1p_5 0,1)() (Y, Vso(x))RN) M (dy).

Using Fubini’s theorem and elementary Fourier theory, one can check that

2r) Y [ 6€)60,400(~€) d = Ln a0,
and therefore one would know that
/ BE) () de = / SO ann(—E)dE for o € S(R;C),

which is possible only if £, = £ 4 ).

The proof that A, ¢ = L, 4,09 (0) for some Lévy system (b, A, M) relies
on two facts, the most crucial of which is the simple observation that A,¢ > 0
if p € .Z(RN;R) satisfies ¢ > ¢(0), a property that is reminiscent of the
minimum principle for second order elliptic operators and is obvious from
original expression for A, ¢. The second required fact is that 4, has a quasi-
local property. Namely, if ¢ € .7 (R;C) and ¢pg(x) = @(%), then A,op — 0
as R — oo. Verifying this property is most easily done by using the expression
for the action of A, in terms of £,,. Finally, based on these two properties
alone, one can show that A,¢ = L, 4,0)9(0) for some (b, A, M). See §3.1
in [10] for more details.

Exercise 1.2.1

(i) Show that if u € Z(RY), then e'’s is a characteristic function for each
t>0.

(ii) Let u € My (RY) and {ny : k > 1} C Z7 is a sequence that increases
to co. Show that if, for each k > 1, there is an y1 € M;(RY) such that
ng
p=(po)*, then u € Z(RY).
"k

(iii) Show that for each a € (0,2] there is a u € Z(RN) for which e~ 6" is
the characteristic function. Thus, when combined with (iii) in Exercise m,
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this proves that, for any t > 0, e */¢€I” is a non-negative definite function if
and only « € (0,2].

(iv) The Poisson kernel for the upper halfspace R x (0, 00) is the function
py(z) = W After checking that [ p,(z)dz = 1, take du, = p, d\g, and
show that f, (&) = e7vI¢l.,

Hint: Show that dip,(z) = —02p,(z) and therefore that 97p,(¢) =
&2py (€). Next, show that lim, o py(£) = 1, and use the fact that |p, (&) <1
to conclude that py (&) = e ¥I¢l,



Chapter 2
Gaussian Measures and Families

This chapter deals with some of the properties of Gaussian measures and the
construction of families of Gaussian random variables.

2.1 Gaussian Measures on R

The standard Gaussian measure on R is the Borel probability measure vy ;1 <
Ar with Randon—Nikodym derivative

dro,1

D (z) = (27)"2e” T Ap(dz).

If b € R and a > 0, then the v, € M;(RY) is the distribution of b + azx

under 7p ;. Thus, 50 = &, the unit point mass at b, and if @ > 0, then
(z=b)?

Voo(dz) = (2ma)~2e~ 2@ Ag(dx). It is easy to check that a real valued
random variable with distribution 7, , has mean value b and variance a.
Some people say that such a random variable is Gaussian and others say it is
normal, and we will sometimes use one term and sometimes the other term.
Finally, the set N(b,a) will denote the set of normal random variables with
mean b and variance a.

The following lemma contains a few useful facts about Gaussian random
variables.

Lemma 2.1.1 Ifa >0 and X € N(0,a), then

E[ecx] —e'T forall ¢ € C, (2.1.1)

Ele™ ] =(1 —aa)_% forae [0,a7"), (2.1.2)

17
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E[|IX|*] = Cna? where C, = / |z 0,1 (dx) for a € [0, 00), (2.1.3)

and, form > 1,

E[X?"'] =0 and E[X*"] = (Qn ra" =a" | [ (2m—1). (2.1.4)
n!
m=1

Moreover, if {X,, : n > 1} is a sequence of Gaussian random variables and
X, converges in probability to X, then X is Gaussian and E [|anX\p} —0
for allp € [1,00).
Proof. When ¢ € R, (2.1.1)) follows by writing (z — % as

_ o A\2 2

_(z—a)” | al®
2a 2

and using the translation invariance of Ag. To handle general { € C, note that
both sides of the equation are entire functions that agree on R and therefore
on C.

To prove (2.1.2), set ¢ = =%—, and observe that

E[ewf] = (277(1)_% /exp(—;Z) dx = (2)%

Since X has the same distribution as a? times a standard normal random
variable, (2.1.3)) is trivial and (2.1.4]) reduces to the case when a = 1. But,
when a = 1, Theorem justifies

S CExn] B[] =¥ = 30 2
= m! a = 2mm!’

from which (2.1.4) with a« = 1 follows immediately.
Now suppose that X,, € N(b,,a,) and that X,, — X in probability.
Then, for all £ € R,

el n

5 R[] s E[e€].

Choose 7 > 0 so that E[e®X] # 0 for |¢| < r. Then, by Lemmal|l.2.1} there is
a unique continuous ¢ : [—r,7] — C such that £(0) = 0 and E[e®X | = %),

and so, by that lemma, b, — % — £(§) for |£] < r. Hence, there exist
b € R and a > 0 such that b, — b and a, — «a, and so X € N(b,a).
Furthermore, since b, — b, to see that E[|X,, — X[?] — 0, it suffices to do
so when b, = 0 for all n. But, since {a,, : n > 1} is bounded, in that case,

(2.1.2)) says that there exists and a > 0 such that
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o 2
E[ea)f] Sili}iE[e )2(”} < 00,

and so {|Xn —XPP:n> 1} is a sequence of uniformly integrable functions
that tend to 0 in probability. O

2.2 Cramér—Lévy Theorem

The following remarkable theorem was discovered by Cramér and Lévy. So
far as I know, there is no truly probabilistic or real analytic proof of it.

Theorem 2.2.1 If X and Y are independent random variables whose sum
is Gaussian, then each of them is Gaussian.

Proof. Without loss in generality, assume that X +Y € N(0,1).
Choose r > 0 so that P(|X| > ) VP(|Y]| > r) < . Then

R2

P(|X|>r+R)<2P(|X|>r+R&|Y|<r)<2P(|X 4+Y|>R) <4e” 7,

and similarly P(|Y]| > r+ R) < de~% . Therefore E[e“XQ] Y E[e“yz] < 00

for some o > 0. Knowing that X and Y are integrable, one can reduce to the

case when they have mean 0, and so we will proceed under that assumption.
Set f(¢) = E[eCX] and ¢(¢) = E[ecy] for ( € C. Both f and g are

2
entire functions whose product equals er. In particular, neither of them
vanishes anywhere, and so, by Lemma there is an entire function 6
2
such that 6(0) = 0, f(¢) = €, and g(¢) = exp(% —6(¢)). Furthermore,
since E[X] = 0 and therefore 6(0) = 0,

9(¢) = ch(" where nlc, = 9§ log E[e** ] ‘5:0 eER.
n=2

Observe that, by Holder’s inequality, log o f and log og are convex functions
of £ € R. Thus, since they and their first derivatives vanish at £ = 0, they
must be non-negative on R. That is,

52
o6 = 0< S~ o(e).
Therefore, for = & + in,

oROC) — ‘ee(C)| < EHecXm — 969 < e%

and

2_.2 2
TR < T 0
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which means that —n? < 2R0(¢) < £2 and therefore that |R(()| < @
Finally, by Cauchy’s Theorem, for n > 2 and any r > 0,
2m . ) 2m ) )
2me, =1 " O(ree " dt = 29" RO(reit)e= i dt
0 0

since

2m 2m
/ O(reit)e~ "t dt = / O(reit)eint dt = 0.
0 0

Thus 27|c,| < 27r?~™ for all 7 > 0, which means that ¢, = 0 for n > 2.
Therefore f({) = GC"C2, which is possible only if ¢, < 0. O

In the following and elsewhere, I will employ the technique of symmetriza-
tion of a p € M1 (R). To describe this technique, define fi by a(I") = p(—1I").
Then the symmetrizaton of y is the measure pu* ji. Equivalently, m = |al?,
and if X and Y are independent random variables with distribution p, then
X —Y has distribution pxfi. Obviously, u*fi is even in the sense that it assigns
—1I'" the same measure as it does I'. Less obvious is the fact that integrability
properties of X are intimately related to those of X — Y. Specifically, let «
be a median of X (i.e., P(X > a) > 3 <P(X < a)). For any R >0,

P(X>R+a)<2P(X >R+a&Y <a)<2P(X -Y >R),
and similarly P(X < —R+ a) < 2P(X — Y < —R). Therefore
P(IX - o > R) < 2P(IX — Y| > R),
and so L ) .
E[|X|P]? < 2PE[|X — Y!]? +a

for all p € [1, 00).
The following corollary, which is closely related to (iii) in Exercise
and was proved originally by J. Marcinkiewicz.

Corollary 2.2.2 If i is the exponential of a polynomial, then p is Gaussian.

Proof. By symmetrization and the Lévy—Cramér Theorem, we may assume
that u is even, and therefore that fi(€) = eP(©) where P(&) = Y0 _ cn&?™
with ¢, € R for all 0 < m < n. If n = 0, there is noting to do, and so we
will assume that n > 1 and ¢,, # 0, in which case, since [2(£)] < 1, it is clear
that ¢, < 0, and, by Theorem |1.1.4] we know that

E[ecx] =P for ¢ e C.

Now let X be a random variable with distribution j, and take (x = iKezn,
where K > 0. Then, on the one hand,

‘E[eCKX} | = exp (RP(Ke'2n)) = exp(—c, K" + o( K*™)),
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and, on the other hand,
[E[e¢xX]| < E[eRxX] = E[e~Ksin 5 ¥]

= PKsings) — exp((—l)”cnK2" sin®” QL + 0(K2")>.
n

2n

Hence |c,| < (—1)"c, sin™ g, which is possible only if n = 1. O

By combinining Corollary with Theorem [T.1.10] one sees that the
only non-negative definite functions which are the exponential of a polynomial
are, apart from a multiplicative constant, characteristic functions of Gaussian
random variables.

2.2.1 Cauchy’s Equation

A function f : R — R is additive if f(x +y) = f(x) + f(y) for all z,y €
R. Cauchy asked which additive functions are linear. The following lemma
provides a way to answer Cauchy’s question.

Lemma 2.2.3 Let p € M;(R) and o, 3 € (0,1) with o® + 3% = 1 be given.
Then u is a centered Gaussian if and only if ((€) = p(ag)(BE).

Proof. The necessity part is trivial.
Now assume the sufficiency condition. Using induction, one sees that, for
any n > 0,

a6) = T atampr—me)).
m=0

In particular, & never vanishes and so there is a unique continuous choice of
log f1(§) which vanishes at £ = 0.
First, suppose the ¢t = [ 22 p(dz) < co. Then

[antdn) = [[(a+ sy) wtanntay) = @+ 8) [ wputde),

which, since @+ > 1, means that [ 2 pu(dz) = 0. In addition, for each £ € R,

log (€)= 3 (ZL) log (fi(a™ B""€))

m=0

n 2m 32(n—m) ¢2 &2
- (”) (W+O(a2mﬁ2(nm>)) L,
= \m 2 2

as n — co. Thus, it suffices to show that [ z? u(dz) < oco.
Next suppose that p is symmetric. Then g > 0 everywhere and
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log ji(1) = ;) (;:L) log ( / cos(a™ Bz M(dw)) .

Hence, since 1 —t < —logt for t € (0,1],

m

~log (1) > Z_ (”) [ (= costam 57 ma)) o).

Because
2

0< i (:L) (1 — cos(a’"ﬁ"_mx)) — %7
m=0

Fatou’s lemma implies that [ 22 u(dz) < —2log(fi(1)) < oco.

Finally, for general p’s, one can use either the Theorem [2.2.1] or observe
that the symmetrization of p will again satisfy the hypothesis and therefore
have a second moment. ad

Say that a function f : R — R is a.e. additive if f(z+y) = f(z) + f(y)
for \gz-almost every (z,y) € R2.

Theorem 2.2.4 Let f : R — R be a Borel measurable function. If f is
additive, then f(x) = f(1)x for all x € R. If f is a.e. additive, then there is
an a € R such that f(z) = ax for Ag-almost every x € R.

Proof. Assume that f is additive. It is easy to check that f(qzx) = ¢f(z)
for all ¢ € Q and x € R. Thus, if f is continuous, then f(x) = f(1)x. Now
assume that f is locally Ag-integrable, and choose p € C°(R;R) with total
integral 1. Then f * p is smooth and f * p(z) = f(z) + [ f(—y)p(y) dy. Thus
f is smooth and therefore it is linear. In general, let p be the distribution
of f under the standard Gaussian measure v 1, and set ¢; = % and ¢p = 2.

5
Then, because ¢% + ¢35 = 1,

[i(q1€)fi(g2€) = / / eslarf @) +a2f W) oy, | (da)yo 1 (dy)
B / / et (Dt aw) o (da)yo 1 (dy) = fu(€),

and therefore, by Lemma [2.2.3] 1 is a centered Gaussian measure. In partic-
ular,

[ P natde) = [ a2 utao) < o,

and so f is locally integrable and therefore linear.

Now assume that f is a.e. additive. The first step is to show that, for
all g1, @2 € QF, f(q12 + q2v) = 1 f(x) + q2.f (y) (a.e., g2). To this end, let
n > 1, and assume that f(nz +y) = nf(x) + f(y) (a.e.,Agz). Then, because
the distribution of (z,x 4 y) under Agz is equivalent to that of (z,y),
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f((n+1)x+y) Zf(nx+(x—|—y)) =nf(z)+ flx +y)
=nf(z)+ f(z)+ f(y) = (n+ 1) f(z) + f(y)

for Age-a.e. (z,y) € R2 Hence, by induction, for all n > 1, f(nx +y) =
nf(z) + f(y) for Agz-a.e. (z,y) € R%. At the same time, because the distri-
bution of (nz,y) under Ag2 is equivalent to that of (z,y),

fnx)+ fly) = flne+y) =nf(x)+ f(y) for Age-a.e. (x,y) € R2,

and so, by Fubini’s Theorem, f(nz) = nf(x) (a.e.,Ag). Similarly, because the
Apz-distribution of (%,y) is equivalent of that of (z,y), for all m, n € Z¥,
f(%x) = 2 f(z) (a.e.,Ar). Finally, given ¢1, g2 € Q*, the Age-distribution

of (g1, g2y) is equivalent to that of (z,y), and therefore

flaz + ay) = f(az) + flaoy) = a1 f(2) + g2f(y)  for Ape-ace. (z,y) € R%

To complete the proof, again take ¢; = 2 and ¢o = 2

5 =, and again consider
the distribution p of f under 7o 1. Then, just as before, i(&) = fi(q1€)1(g26),
and therefore f is locally Ag-integrable. In addition, if p € C°(R;R) has

total integral 1, then

f(x) = f*pla) — /f(—y)p(y) dy = f(z) for \g-a.e. x € R.

In particular, for each y, f(z +y) = f(x + y) for Ag-a.e. x € R, and from
this and Fubini’s Theorem, it follows that f is a smooth additive function.
Hence, f is linear, and so f(z) = f(1)x for A\g-a.e. x € R. O

Extentions of these results and ideas can be found in [2].

2.3 Gaussian Spectral Properties

The first goal here is to prove

2
/ (6= (©:701)° d01 < 1912200000 (2.3.1)

for ¢ € CY(R;R). A closely related inequality was used to great effect by
H. Poincaré, and such inequalities have ever since been called a Poincaré
inequality.

In the proof of 7 we will make use of the function

p(t,z,y) = (277(1—6_t))_% exp (—W) for (t,z,y) € (0, 00)xRxR.
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Observe that
/p(t,fc,y) dy=1and p(s +t,z,y) = /p(&x,f)p(t,&y) ¢

and
Op(t,z,y) = (82 — 20,)p(t, z,y).
(R

Hence, if P; is the operator on C},(R; C) given by

Pip(z) = | o(y)p(t, z,y)dy, (2.3.2)
then it is a contraction on Cp(R; C) into itself, and Psyy = P,oPs. In addition,

0¢Prp = LP,p where L = %(02 — 20, ) (2.3.3)
and so, if ¢ € CZ(R;C),
. Po—¢
}{% ; =Ly, (2.3.4)

where the convergence is uniform on compacts. Probabilists call £ the
Ornstein—Uhlenbeck operator.
Note that

[N

i e_%x 2
p(t,z,y)v01(dx) = (27r(1 —e™h )71 exp (— 2(21 — e_yt;_ Y ) Ar(dz),

and so
(907 th) L2(70.1;R) = (thv 30) L2(y0,1;R)"

In particular,

/thd70,1 = (l’Pt(p)Lz(’Yo,l;R) = (Ptl’w)L2(’yo,1;R) = /‘Pd7071~

Next, by Jensen’s inequality, | P[P < PP, and therefore

1Pepll Lo (ro,1:8) < 12l L2 (70,1:2)

for p € [1, 00]. Hence, P; extends to L?(91;R) as a self-adjoint contraction,
and so {P; : t > 0} can be viewed as a strongly continuous semigroup of
self-adjoint contractions on L?(7p 1;R). Finally, note that

tll)rglo Pip(z) = /SOd'YO,l and }{I})th =¥,
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first uniformly on compacts for ¢ € Cp(R;C) and then in LP(y1;R) for
p € [1,00) and ¢ € LP(yp,1;R).
The estimate ([2.3.1]) is equivalent to

||g0||i2(70,1;R) < ||<)0/H%2(70,1;R) + <(p”70,1>27

and it suffices to check it when ¢ € .(R;R). Thus let ¢ € .7(R;R) be given,
and observe that

(Pig) (2) = 0 / oy + e a)p(t,0,y) dy = e P! (x).

Using ([2.3.3)), integration by parts, and the preceding, conclude that

d
dt (('0’ Pt@) L2(y0,15R) (90’ EP“D) L2(v0,1;R)
o

= *% (90,7 (PtSD)/)L2(’YO,1;R) = 77( /, PtSOI)Lz(

ST

~o0,1;R) "

Since

{(SD/’Pt(p/)L%»YOJ;Rﬂ < ||¢/||L2(70,1;R)”Pt@/HLZ(’Yo,l;R) = ||90/||%2(70,1§R)’

e+

d et

/112
_%(w’PtW)LZ(WO,l;R) < 2 le ||L2(”/0,1;R)'

Integrating the preceding over ¢ € (0, 00), one arrives at (2.3.1)).
An important application of (2.3.1) is the following ergodic property of
{P; : t > 0}. Namely, suppose that {¢,vp,1) = 0. Then

d
ﬁﬂpﬁﬂH%%yo,l;R) = Q(Pt%ﬁpt@)ml = —[1(P) 12 (y0.1) < —II1Pell72(0., )

where the final inequality comes from (2.3.1)) and the fact that (P,¢,v0,1) = 0.
Hence, [Pl ) < € 19120, s a0 50, even if (,70.1) 70,

1Pep = {2, 0.0 12 (01 m) < € N0 = (027,072 30,:m)

~ (2.3.5)
< e~ llellZe (0. m)-

A feature of Poincaré inequalities like (2.3.1]) is their behavior when one
takes products. Namely, suppose that u; € M;(RYi), j € {1,2}, and that

||s0||%2(,uj;R) < CH‘VJ'QOH'%?(;L]';R) + <907:U’j>27

where V; is the gradient for functions on R™7. Then, if N = N; + Na and
1= 1 % e on RV, an application of Fubini’s Theorem shows that
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o172 < ellVelllZ2( + (0, )2,

where V is the gradient for functions on RY. As a consequence, we now see
that (2.3.1)) implies that, for any N € Z7,

I = 0, BN < NV, (2:3.6)

Define

=

PVpta) = [ o) [T ot )00 ()
j=1

for ¢ € C,(RY;C). Then it is easy to check from (2.3.3)) that atPt(N)ap =
E(N)Pt(N)go, where LNMq)(z) = L (Ay(z) - (:E, Vw(x))]RN). Thus, proceeding
as we did in the derivation of (2.3.5)), one finds that

N
”Pt( )S07<90’76\’[1>”%2('Yév1) (237)
< e o — (e )2 < e7!lg? -
=~ (p (10’,)/0,1 Lz('Y(]]\fl) = 80 Lz(ﬂ/é\jl).

2.3.1 A Logarithmic Sobolev Inequality

It turns out that one can prove a slightly stronger inequality than (2.3.1)).

Namely,
2

¥
/S02 10gm d’YO,1 = 2H(p/||%2(“/0,1;R)' (2’3'8)
70,13

This inequality was proved first by L. Gross [5] who called it a logarithmic
Sobolev inequality.

Obviously, (2.3.8) looks a lot like (2.3.1]), especially when one rewrites it
as

/ 2 1og 62 dro < 201912 vy + 191122000 i 108 1912 0

However, as Gross showed, it has regularity consequences similar to, albeit
weaker than, a classical Sobolev inequality. To prove ([2.3.8)), let ¢ be a strictly
positive element of .#(R;R), and set (cf. (2.3.2))) ¢ = Pip. Then, since

<atS0t»'YO,1> = 3t<80t,’70,1> =0,

d
%<90t log ¢+, 70,1> = <£<Pt log 1, 70,1>

L /(eh)? _ et [(Py)?
7y o1 » 70,1 ) = D) Pip »7Y0,1 ) -
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Observe that, by Schwarz’s inequality,

’ 2 "2
o= (n (5)) < ()
® ¥
and therefore

d 67t N2 eft N2
§<</’t log ¢¢,70,1) = — <Pt <(<,0<p) ) ,’Yo,1> =5 <(<,0(p) 770,1>-

After integrating over ¢ € (0,00), one has that

(¢)?

M

1
(plogw,v0.1) < 5 < ,70,1> + (©,70,1) log{,70,1)-
Knowing this inequality for strictly positive ¢’s in . (R;R), it is obvious that
it extends to non-negative ¢’s in C1(R;R). Finally, given a ¢ € C*(R;R),
apply the inequality to ©? and thereby arrive at (2.3.8).
To see that (2.3.8)) is optimal, suppose that it holds with 2||90/||2L2(70 LR)

replaced by c||ap'||%2( and take ¢ = e for a € (0,1). Show that

~o0,1;R)?

a2

4(1—a)?

«

2 _ -1 12 _
ma <80 0,1) = (1=a)72, [[¢ ||L2(70,1;R) =

{p®log p*v0,1) =

)

@)

and conclude that o < $ao? — (1% log(l — «). Now let @ 7 1 to see that
c> 2.

The regularity result alluded to above was discovered by E. Nelson [8]
and is called hypercontraction. It states that the semigroup {P; : t > 0} is
smoothing in the sense that

1Pepll Lact) (v 15%) < NP1l LP (y0.15)

(2.3.9)
when p € (1,00) and ¢(t) =1+ (p — 1)e

t

Gross’s proof of this from (2.3.8)) is the following. Let a uniformly positive
¢ € CL(R;R) be given, and set ¢; = Pyp and F(t) = [[¢t]lpact) (4, ,)- Then,

with ¢ = %, one sees that

dF q
— = ——=Flog F1
7 P og I +

GF'

(¢ log 1, v0,1) + F=Upl " Loy, v0,1)

P ¢} *lg—1), 4
= q2 |:q <90;51 1Og <S0q ;/O 1> 7’7071> - ) ) <¢g 2(90:5)27 7071>
it 5

Since ¢ = ¢ — 2 and ! '(p})? = ;%(M)Q where 1; = wtg, the bracketed
expression equals
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w2
=y W o ey ) 2 |
0,13

which, by is less than or equal to 0. Hence F' is non-increasing, and
SO holds.

Notice that, because Pyyy = P, o Py and q(s +t) = 1+ (q(s) — 1)é’,
implies that ||Piollpaw (y,,) i a non-decreasing function of ¢t > 0,
and therefore Gross’s computation shows that is equivalent to .
In particular, q(t) cannot be replaced by 1+ (p — 1)et for any ¢ > 1. In
fact, by direct computation of |||z (v, ) and [|¢||La(y, ) When ¢ = e,
one can show that, for any ¢ > ¢(t) there is a ¢ € LP(v,1;R) for which
1Pl La yo, ) = 00

Just as was the case for the Poincaré inequality, one can use Fubini’s
theorem to check that implies

2

P
[ 108 ity <201Vl (2:3.10)
RN ||(p||L2(7(§V1;R) ’

for ¢ € C?(R¥;R). Thus, by Gross’s argument, one knows that

N
1B ol oo o, my < NPl ooy, 1y

(2.3.11)
when p € (1,00) and ¢(t) = 1+ (p — 1)e’.

Because his goal was to construct quantum fields on infinite dimensional
spaces, Nelson’s interest in these matters was their dimension independence.
Given a Borel measurable function V : RV — R which is bounded either be-
low or above, a key step in his program was to prove a dimension independent
estimate for

AWV) = sup{(Ve®, 901)* = 3lIVellLa o, )

e (2.3.12)
i p € CH(RY;R) with H4p||L2(%,1*N;R) = 1},

which is the upper bound for the spectrum of the Schrédinger operator
1
LM 4 v = (A= (@, V)an) +V
on L?({";;R), and what he showed is that

1
AV) < 1 log <e4v,’yé\’[1>. (2.3.13)

Although Nelson based his proof of (2.3.13]) on (2.3.11)), it can be seen as a
direct consequence of ([2.3.10]) combined with the following interesting varia-
tional formula. Given a pair of probability measures p and v on a measurable
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space (E,F), define the relative entropy H(v|u) of v with respect to u by

[ flog fdu ifu<<uandf:§—:

H(v|p) =
i) {oo if v & .

Because tlogt is a convex function of ¢ € [0, 00), Jensen’s inequality implies
that, for each u, H(v|u) is a non-negative, convex function of v and that it
is 0 when p = p. Less obvious is the fact that

v = pllFar < 2H (v|p), (2.3.14)
where || - ||var is the variation norm. One need only check this when H (v|u) <
oo, in which case || — pillvar = || f — Ll|p1(ur) Where f = ZZ—Z. At this point

one needs the inequality
3(t—1)2 < (4+2t)(tlogt —t +1) for ¢t > 0.

To prove this inequality, let g(t) be the right hand side minus the left hand
side, and check that ¢ is a convex function for which g(1) = ¢’(1) = 0. Now
apply this inequality to see that

I =13 < N(A+2F)2(flog f — f+ 1231 um)

Lemma 2.3.1 Let B(E;R) denote the space of bounded, F-measurable R-
valued functions on E, and, for any probability measures p and v on (E, F),
set

1,(v) = sup{(p,v) —log(e?, ) : ¢ € B(E;R)}.
Then H(v|p) = 1,(v).

Before proving Lemma notice that (2.3.13) is a relatively easy
consequence of (2.3.10) combined with Lemma |2.3.1| applied to pu = fyé\”l.

Namely, given ¢ € C*(R;R) with loll2 (v, im) = T, set f = ©? and take
dv = fdp. Then H(v[1§}) = (¢°log?,781) < 2[IVell7: (v gy and so, if
V' is bounded, then

2V i,y > AV 028 — o (e, 285,
which means that
1 log <e4V,V(JJ\,’1> > <V<P2’7(])\,[1> - %”'VSOHI%/Z(V(])\”I;R)’

which proves ([2.3.13)) for bounded V’s. Finally, knowing it for bounded Vs,
it is easy to extend it to V’s which are bounded either above or below.
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Proof of Lemma|2.3.1] First note that v ~» I,,(v) is non-negative and convex.
Further, because, by Jensen’s inequality, (o, p) < log(e?, u), I, (1) = 0.

Next, given 6 € (0, 1), set vg = (1 — §)v + Ou. Then, because H(u|p) = 0,
convexity implies H (vg|u) < (1 — 6)H (v|u). On the other hand,

v& = vp K = H(vplp) = oo,

and if dv = f du, then dvg = fy du, where fy = (1 — 0)f + 6, and therefore,
since log is non-decreasing and concave,

H(vo|p) = (folog fo, 1)
= 0(log fo, ) + (1 — 0)(flog fo, ) = 0log + (1 — 6)>H (v|p).

Hence H(v|p) = limg~ 0 H (vg|p).

We now show that I,,(u) < H(v|u), and clearly we need do so only when
H(v|p) < oo and therefore dv = fdu. If f is everywhere positive, then, by
Jensen’s inequality,

@

exp((gp,u) — H(u|u)) = exp((go —log f, y>) < <e

7 7V> = (e”, ),

and so (p,v) — log <e‘f°, u> < H(v|u). If f can vanish, consider vy, and, after
letting 6 ™\, 0, conclude that this inequality continues to hold, and therefore
that I,,(v) < H(v|p).

In proving that H(v|u) < I,(v), we will assume I,,(v) < co. The first step
is to show that v <« p. Thus, suppose I' € F with u(I") = 0, and, given
r >0, set ¢, = rlp. Then

IN(V) > <<)O7‘7V> - IOg <e<.9r“u> = TV(F)a

for all > 0, and so v(I') = 0. Now assume that dv = fdu. If f is bounded
and uniformly positive, then log f € B(E;R), and so

Lu(v) = (log f,v) —log (f, u) = H(v|p).

If f is uniformly positive and not necessarily bounded, set f, = f An. Then,
since limy, o0 (fn, ) = 1,

H(v|p) = lim (log fn,v) = lim ((log fu,v) = log(fn, 1)) < Iu(v)
Finally if f can vanish,
H(volp) < I.(ve) < (1—0)1,(v),

and so H(v|p) < I,(v). O
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2.3.2 Hermaite Polynomaials

For n > 0, set H,(x) = (—1)”e§8;;e_é. Then 0H,(x) = xH,(z) —
H,1(x), and so Hy,+1 = apH,, where ay = x — 9, is the raising opera-
tor. Proceeding by induction, one sees that H,, is an nth order polynomial,
known as the nth unnormalized Hermite polynomial, for which 1 is the coef-
ficient of 2™ and H,(—z) = (—1)"H,(x). Next, observe

(@+2:%) 20 1oy =(9:0%) 12000 1) (2.3.15)

for ¢, € C1(R;C) whose derivatives have at most exponential growth.
Hence, if m < n, then
(HnaHm) = (aiHmHm) HO7anHm)

= =nlé
L2(v0,1;R) L2(v0,1;R) ( L2(v0,1;R) s

and therefore ||H,[|z2(y,,r) = (n!)2 and {H, : n > 0} is an orthogonal
sequence in L?(vp,1;R). In addition, for n > 1,

nl fm=n-1
(aH”’ Hm)Lz(’YO,l;R) - (H"’ aJFHm)LZ(’Yo,l;R) - {0 ifm#n—1

Since OH,, is in the span of {H,, : 0 < m < n}, O0H, = Z;Ll;lo o H,, for
some {a,, : 0 < m < n} C R. By taking inner products in L?(7o.1;R), one
finds that ., = 0 for m < n—1 and (n—1)la,—1 = n! and thereby concludes
that 8Hn = an_l.

Summarizing, our results thus far,
(x —0)H,, = Hyy1, OH,, = nH,_1, (H,, Hm)LQ(%,l;R) =nlpmn. (2.3.16)

In particular,
LH, = —%Hn, (2.3.17)

where L = (9% — x0) is the Ornstein-Uhlenbeck operator.
To show that {H,, : n > 0} is a basis in L?(v9,1;R), use the exponential
Taylor’s series to see that

- 0"
T = 2% 2 Hn(2) for (¢,2) € CxR, (2.3.18)

where the convergence is uniform on compact subsets. In addition, using the

preceding computations, one sees that, as a function of z, the convergence is

in L?(v9,1; R) uniformly for ¢ is compacts. Now suppose that ¢ € L?(yp1; R)
z2

is orthogonal to {H, : n > 0}, and set ¢(z) = (27) 2e~ T @(z). Then,

¥ € L'(Ag;R) N L?2(\g; R), and, by (2.3.18) with ¢ = i€,
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Z L2(’Y0 1;R) =0,

and so 1, and therefore ¢, vanish (a.e.,Ag). Hence, we now know that if
H, = \HF is the normalized nth Hermite polynomial, then {H :n > 0}

n!

N‘m

is an orthonormal basis in L?(yg1;R) consisting of eigenfunctions for the
Ornstein—Uhlenbeck operator.

Define the operators {P; : ¢ > 0} as in (2.3.2), and recall that ,P, =
LP,p. In addition, using the semigroup property, check that LP,p = P,Ly
for ¢ € C?(R;C) whose second derivative has at most polynomial growth.
Thus, by 23.17), 9, H, = —2P,H,, and so P,H, = e~ % H,. Now let
¢ € L?(70,1;R) be given. Then

o= Z va 2(vo, 1,]R)H

where the convergence is in L%(v91;R), and so, since P; is self-adjoint on
LQ(WO,I;R)a

e T (
Py = Z (o, H LQ(% 5B g for ¢ € L?(v0.1;R), (2.3.19)

where the convergence is in L?(g 1;R).

2.3.3 Hermite Functions

For n > 0, the nth unnormalized Hermite function h,, is given by h,(x) =

:1:2
e_THn(Q%x). Using ([2.3.16]), one can check that

(x — O)h,, = Q%hm_l, (x+ 0)h, = 22 nhy,_1;

and (o, o) (2.3.20)

ip!
L20wr) = T 0m.n,

and therefore that
Hhy, = —(n+ 1)h, where H = 1(9° —2?). (2.3.21)

Mathematicians call H the Hermite operator, and phycists call it the one
dimensional harmonic oscillator Hamiltonian. Clearly, the h,’s are mutually
orthogonal elements of .#(IR; R). To check that they form a basis in L?(\g; C),

let p € L2(\g; C), set ¢(z) = W_%€_§(p<2_%.’17), and check that

(SDa hn)L?(AR ;C) (7/1, )LQ(’YO 1;0) -
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Hence ¢ = 0 if ¢ is orthogonal to {h, : n > 0}, and so {h, : n > 0} is an
orthogonal basis in L?(\g;R) consisting of eigenfunctions for H.

Lemma 2.3.2 For each n >0, hy, = i" (27m)2 hyy.

Proof. First note that 1o = (27)2 ho. Next, assume that hy = i(21) 2 hyy,
and conclude that

2% g1 (€) = / ezh, (z) dz — / T h! () da = —iBchn (€) + i€ (€)
= " (2m)7 (€ — B)hn(€) = i 2% (27) 2 hpia (6),
O

After multiplying both sides of (2.3.21)) by 2h,, and integrating, we know
that

1
2|22 (rgiry + 10 T2 rem) = 200+ Dl hall72 0wy = (20 + D)wznl,

and thedrefore
/(1 + 2 ho (2)2 dz < 2(n + )bl

As a consequence of this and Schwarz’s inequality,

[ /(1 +a?) 3 (1 4 22) % |hy (2)| da < 72 (2(n+ V)mEnl) 2,

and so o 1 1
Pl esry < 2272 (n+1)2(n!)z.
At the same time, by Lemma[2.3.2] we have that
_ 1,7 1
[nllu = (27) 72 [|hnllu < (27) 72 || Bl 11 (i) -

Starting from this and using the fact coming from (2.3.20) that h] =
23 (nhn_l - hn+1), one sees that

M\»—A

lhnlle < 7F((n+ 1)) and 8]l < 2 57t @n+1)(nl)?,  (2.3.22)
from which it follows that
1,2 1,2
|H, (z)| < Wi((n +1)!)2e™ and |H, (z)| < 7r4n(n') e, (2.3.23)

Define the operator Q; for t > 0 and ¢ € L?(\g;R) by

— (o]

Qv = e 2 Zeinchm (2.3.24)
n=0
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and so
Qihy = e (" F2)tp (2.3.25)

Using the properties of {h, : n > 0} in (2.3.20), one can check that {Q; :
t > 0} is a semigroup of self-adjoint operators and that [|Q:¢llz2(asr) <

e % |||l L2 (aem)- In addition, if ¢ € .7 (R;C), then (2.3:21) says that

R , Hhy,
0 Qep = : Z e_"t—((p )'L2 (On R) I
T2 = n!
and so
0Qrp = QHeyp for p € L(R;C). (2.3.26)
Recall that for p € Cp(R;R),
> _nt (QD, Hn)L2 ;R
[pta ey = e # BB ()
n=0 ’
e b2
where p(t,z,y) = (2m(1 — e_t))_% exp <—m> :
—e

Using the estimate ([2.3.23), observe that, for each € > 0, the series

[e'e) L H
2_: 2 n(y)

is absolutely convergent uniformly for ¢ > ¢ and (z,y) in compacts. Thus

and so,

(l—e_t)_%exp< e ty? — 2e” 2xy+e ) Ze_gtH H()

2(1 —et)

Equivalently, if, for § € {z: Rz € (-1,1)},

1 )2 — 20z 2
M(0,,y) = (2n(1 - 6%) ¥ exp (— e ),

then

M(8,z,y) ZG" Hnly ), (2.3.27)
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first for 6 € (0,1) and then, by analytic continuation, for § € C with R €
(—1,1).

The function M (0, z,y) is called the Mehler kernel, and (2.3.27)) is one of
the many formulas in which it appears. Another formula in which it plays a
role is in connection with the semigroup {Q; : ¢ > 0}. Namely, notice that
the estimate (2.3.22)) guarantees that, each € > 0, the series

n

> —nt Pn(2) Dy,
> ()l )

absolutely uniformly for ¢ > € and (z,y) € R?. Moreover,

oo hn hn 22442
Ze—ntw - M(e_t,2%a?,2%y)€_ ¥
n=0 '

n

= (1 - 6_2t)_% exp <_ (1 + et)xQ — Qe_txy + (1 + et)yQ) .

1—e 2

Hence, for ¢ € L*(A\g;C),
Qip(z) = /q(t,fc,y)w(y) dy  where q(t,z,y) equals

(s o (IR L) sy

(cosht)z? — 22y + (cosh t)y?
2sinht '

=27 Sinht)_% exp (—

Finally, notice that this expression for Q; shows that Q; maps L (Ag;R) into
S (R; C) and therefore that, by (2.3.26]), 0sQsQ:p = Qs HQrp. After s \, 0,

this means that

Qrp = HQpp for p € L*(\g;R). (2.3.29)

2.4 Gaussian Families

If X and Y are square integrable random variables on a probability space
(£2, F,P), then the covariance cov(X,Y) of X and Y is the number

E[(X — E[X])(¥ — E[V])] = E[XY] - E[X]E[Y].

If X1,...,X, € L?(P,R), then the covariance cov(X7, ..., X,) of {X1,..., X,,}
is the n x n-matrix whose (k, £)th entry is cov(Xg, Xy).

Lemma 2.4.1 Given random variable X1,..., X, € L*(P;R), set



36 2 Gaussian Measures and Families
T
X =(X1,...,Xpn)" and A=cov(Xy,...,X,).

If E[Xg] = 0 for all 1 < k < n, then the span span({Xi,...,X,}) of
{X1,..., X} in L*(P;R) equals span({ (¢, X)pn : £ L Null(A)}).

Proof. Let IT denote orthogonal projection onto Null(A4). Then
X =(I—IX + IIX and E[[I1X|*] = Trace(ITAIl) = 0.

Hence, X = (I — I X (a.s,P). O

Given a probability space (£2, F,P), a Gaussian family is a subspace G of
L?(P;R) each of whose elements is Gaussian. A Gaussian family is said to be
centered if all its elements have mean value 0. By Lemma the L2-closure
of a Gaussian family is again a Gaussian family.

If G is a Gaussian family, define the function mg : G — R by mg(X) =
E[X] and the function Cg : G2 — R by Cg(X,Y) = cov(X,Y). The func-
tions mg and Cg are known as the mean and covariance of G.

2.4.1 A Few Basic Facts

Set v0,1 = *yé\’fl. Given b € RY and a non-negative, symmetric linear operator

A on RM, take vy, 4 to be the distribution of b+ Az z under v0,7- When A is
non-degenerate, it is easy to check that v, 4 < Ag~y and

dryp, A
gy

(z) = gp,a(z)

(il? _ b, A_l((E _ b))RN> (241)

= ((QW)Ndet(A))_% exp (— 5

In keeping with the notation used in the real valued case, I will write X €
N(b, A) to mean that X is an RV -valued random variable whose distrubution

is Yp,4-

16
Remark: When N =2 and A = for some 6 € (—1,1), a remark that
01

statisticians have found useful is the relation between gyg 4 and the Mehler
kernel. Namely,

23 +23

go,A(CCthz)=(27T)_1M(0,x1,a;2)e_ T

and so

dryo, A o o Hy(21) Hp (22)
2 €T = 91’7,—.
dyo,r (@) 7;) n!
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Lemma 2.4.2 v, 4 is the one and only p € M1 (RY) with the property that
{(a:,f)RN : £ € RN} ds a Gaussian family G under p such that

mg ((z,&)rn) = (b, )~ and Cg((z, &gy, (2, gy ) = (€, Ay for all £ € RY.
In addition][l]

[ e atdy) = exp (<b, Oxn +<<A20RN) Jorcec, (242)

and, if o < ||All5,), then

N

/ea‘xlz Y0,4(dz) = (det(I — aA)) 2. (2.4.3)

Proof. To prove (2.4.2), begin with the case when b = 0 and A = I, and
therefore, since 70,7 = 731, that the desired result follows from (2.1.1)). To

handle the general case, write X as b+ AzY, where Y € N(0,7I) and check
that

E[e@HA1Vn] = (O E[o(A3Van] = oxp ((C7b)RN N MQCA?C)RN) .

2
From we know that
_ . , A RN
Vb,4(§) = exp (@(b, Ery — (52&&) (2.4.4)

and that any u € M;(RY) with the stated properties will have the same
characteristic function as 7y 4.

To prove (2.4.3)), let ay,...,a, be the eigenvalues of A, and observe that,
by (2.1.2)

ol

2 N 2 N 1
/ealw\ Yo, (dz) = H / e* Tk g 4 (dx) = H(lfaak)*i = (det(I—OzA))i
k=1"R

k=1

O

An alternative formulation of the first statement in Lemma 2.4.2] is that
the joint distribution of {X1,...,X,} is 5,4 with b = mg(Xy,...,X,) and
A=0Cg(Xy,...,Xn).

The following result is arguably the most important property of Gaussian
families.

I Even though some of the the vectors involved are complex, the inner product here is the
Euclidean one, not the Hermitian one.
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Theorem 2.4.3 Let G is a centered Gaussian family on the probability space
(2, F,P). For any subset O # S C G, set Fg = o(S), the smallest o-algebra
with respect to which all the elements of S are measurable, and take S* to
be the perpendicular complement in L?(P;R) of S Then Fs is independent of
‘FSng.

Proof. What we must show is that if {X1,...,X,,} C S and {¥1,...,Y,} C
S+ NG, then the distribution of (Xi,..., X, Y1,...,Y,) " is the product of
the distribution of (X1,...,X,,)" with the distribution of (Y7,...,Y,,)". To
this end, set A = cov(Xy,...,Xm), B =cov(Y7,...,Y,), and observe that

A0
C=cov(Xy,...,Xpm, Y1,...,Y,) =
0 B

Hence, since vp,4, 70,8, and 7o,c are, respectively, the distributions of
(Xl, . ,Xm)T, (Yl, e ,Yn)T, and (Xl, e ,Xm, Yl, ey Yn)T,

s § ~ exp <(57A§)R’"72L(77aB77)R")
U

o — §
=70,4(§)%,8(n1) = 70,4 X Y0,B
n

for all £ € R™ and n € R", from which it follows that vo.c = v0,4 X v0,5. O

2.4.2 A Concentration Property of Gaussian Measures

In this subsection I will show that if a Gaussian measure gives positive mea-
sure to a set then it is nearly concentrated on a neighborhood of that set.
The driving force behind the analysis here is the following beautiful result of
B. Maurey and G. Pisier.

Theorem 2.4.4 Let A be a strictly positive definite, symmetric transfor-
mation on RY, and let X be a N(0,A)-random variable on (2, F,P). If
f: RN — R is a continuous function satisfying

1f(y) — (@) S NAT2(y — )| for 2,y € RV,

then

22,2

E[e!VCO-EFON] < 55 forteR.

Proof. First observe that, by replacing f by A" (f—]E [f(X)} ), we can reduce
to the case when A =1 and E[f(X)] = 0 Thus we will proceed under these
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assumptions. In addition, without loss in generality, we will assume that there
is a second N (0, A)-random variable Y which is independent of X.

Next note that, after applying a standard mollification procedure, we may
assume that f is smooth and A2V f| < 1 everywhere.

Now let f be a smooth function satisfying E[f(X)] =0 and |A%Vf\ <1
everywhere, Then, by Jensen’s inequality applied to the convex function x ~~
e ",

E[e=/0)] > e B = 1

and so
E[et(f(X)*f(Y))} — E[etf(X)]E[eftf(Y)] > E[etf(X)] (%)

Next, for 0 € R, set X () = X cosf + Y sinf and Y (0) = —X sinf + Y cos 6.
Using characteristic functions, it is easy to check that, for each 6, X (6) and
Y () are again mutually independent, N (0, A)-random variables. Further-
more, by the Fundamental Theorem of Calculus,

™

fuv—ﬂyraéﬂvﬂanywnwda

and so, by Jensen’s inequality,

INE

I =F(V)) _ gt o (VX @)Y (0) a0 g/ % (VIXOY0) 1 gp.
™ Jo

Hence, by Fubini’s Theorem and (x),

E[4/¥)] < 2 /g ]E[e%t(vf(x(o))y(e))mw] do.
T Jo

Finally, because Y (6) is independent of X (), (2.4.2) implies that

exp <ﬂ2t2|A%Vf<X<9>>l2>] <o

E[e® (VXY ©) ] _
3

As a more or less immediate consequence of Theorem [2.4.4] we have that

P -2
P(f(X)-EF[f(X)] > R) <e = for B 0. (2.4.5)

2

P(|f(X) — EF[f(X)]| > R) < 2¢” =57

Indeed, by Markov’s inequality,

A2x2¢

P(f(X) - EP[f(X)] > R) < e *R¥>%% forall t >0,
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and so the first of these follows when one takes ¢t = %. Further, given the
first estimate, the second follows when the first one is applied to both f and
—f and the two are added.

Perhaps the most interesting aspect of these results is their dimension
independence. That is, in any dimension, the distribution of a uniformly
Lipschitz continuous function of a Gaussian random variable satisfies tail
estimates that are remarkably like those of an R-valued Gaussian random
variable. To appreciate the significance of this dimensional independence,
consider f(z) = |z|. Then

2\ = lAllop = sup{(e,Ae)RN te€ SNfl},

and so the second estimate in (2.4.5)) says that

2R?

B(||X| ~ E|X[]| > B) < 2¢ Al

Hence, since

Var(|X]) =E[(|X]| - E[\XH)Q] = 2/000 RP(||X| —E*[|X]]| > R) dR

we see that Var(|X]) < %. That is, independent of dimension, the vari-
ance of the length of an RV-valued, N (0, A)-random variable is dominated by
a universal constant times the operator norm of A. What makes this conclu-
sion somewhat surprising is that EF[|X|?] = Trace(A). Thus, for instance, if
A =1, then EP[|X|2] = N is tending to infinity as N — oo and yet, because

I |lop = 1, Var(]X]) is bounded by %2, independent of N. A closely related
application shows that

_7}?2
P(|X| > R) <e 14T if R > 2,/Trace(A).

To check this, note that R > 2y/Trace(4) = EF[|X|] < £, and therefore,
by the first part of (2.4.5)),

R2

P(|X| > R) <P(|X|-E"[|X]|] > &) <e >714lop,

The preceding estimates say that the rate at which P(\X | > R) decays

for R > 24/Trace(A) is very fast and depends on ||A|op but not on N.
Equivalently, the distribution of X is very nearly concentrated on a ball
of radius R > 24/Trace(A). The following theorem gives a more general
statement of this Gaussian concentration phenomenon.

Theorem 2.4.5 If X is an RN -valued, N(0, A)-random variable and I' €
Brn~, then
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____Rr2
P(X e ) ANP(X ¢ TP)) <" 271410 for R >0,

where I = {x ¢ RN : [¢—T'| < R}. Hence, ife € (0,1) and P(X € T") >

then )
__Rr
P(X ¢ I'®) <e *14lp  for R > m/2||Al|op log L.
Proof. Set f(z) = |z — I'|. IfE[f(X)] < &, then, by (2:45),

R2

P(X ¢ I'M) <P(f(X) ~EF[f(X)] = §) e 2714,
R
2

then, by (2.4.5) applied to —f,

R2

P(X € I) < P(E[/(X)] - [(X) > &) < ¢ %

Hence, the first assertion is proved.

To prove the second assertion, let R > my/2||A|loplog * be given. Then,

N N
because P(X € I') > e > e >I4lor  P(X ¢ [(F) < e 277 4lop O

As a consequence of Theorem one sees that if P(X € I') > ¢, then,
with large probability, X lies within a distance on the order of 4/ || Allop log%

from I'. In other words, once one knows that v 4(I") > €, one knows that
most of the mass of v 4 is concentrated relatively nearby I', and the extent
of this concentration depends only on ||A||,, and not on dimension.

2.4.3 The Gaussian Isoperimetric Inequality

The goal in this subsection is to prove a result that can be thought of as
a isoperimetric inequality for Gaussian measures and can be used to derive
concentration results closely related to those in the proceding subsection. To
-2

describe this result, let p(7) = (27)"2e~ T be the standard Gauss kernel on
R, and take &(x) = [*_ p(7)dr to be the error function. Then the result
states that, for I' € Br~y and t > 0,

or (F®) > @(qs—l (vor(I) + t), 210
where ') = {z e RN : |z — I'| < t}.

The sense in which (| is an isoperimetric inequality is that for a half-
space H = {x : (x,e)RN < a} with e € SV-1 and a € R, 'yO,I(H(t)) =
®(a+t). Thus, if a = @~ (y0,1(I')), then yo 1 (H) = y0,1(I') and 5o, (I'V) >
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’YO,I(H(t)). In other words, among the sets B € Brny with o 1(B) = vo,1(L),
all the ones for which the growth of t ~» 7o 1 (B (t)) is slowest are half-spaces.

The first derivations, given independently by C. Borell and by B. Tsirelson
& V. Sudakov, of were based on Lévy’s isoperimetric inequality for
spheres combined with the observation (originally made by F. Mehler and
rediscovered by E. Borel) that 'yé\fl is the weak limit as n — oo of the marginal
distribution the first N-coordinates under the normalized surface measure on
the n-sphere of radius nz. The derivation that follows was given by S. Bobkov.
It too requires realizing 7o ; as a weak limit, but this time of measures based
on sums of Bernoulli random variables rather than the surface measure on
spheres.

The first step is to rewrite (2.4.6) as
& (0.0 (I'")) = & (0.1 (I)) > . (2.4.7)

It is clear that is equivalent to and that it will hold for all I" €
Bgn if it holds for closed ones. In addition, since @~ 1(1) = oo and #~1(0) =
—o00, we may and will assume that 0 < o 1(I") < 7.1 (') < 1. Now consider
the right-continous, non-decreasing function F\(t) = &~ (v ;(I'®)) for t €
[0,T), where T = sup{t > 0 : 7vo;(I'¥) < 1}. Lebesgue’s Differentiation
Theorem says that

exists for Ag-a.e. t € [0,7)

and that F(t) — F(0) > fg f(7)dr. Hence, (2.4.7) will follow once we show
that f > 1 (a.e.,Ag) on [0,7T). Next observe that (#~!) = L where ¥ =

7l
po®~! and therefore
oy FE+7) —F(0) _ 1 i 20L7) = 0,0 (1)
O T @ (y0,1(I'®)) 70 T ’
which means that it suffices to show that
)Y r®
lim ’YOJ( ) ’YO,I( ) > W(’YO,I(F(t)))'
7N0 T
In fact, because I'*+7) = (I'®)(") we need only prove that
rmy - r
tim 20 = 00D) 5 g0y, (2.4.8)

7\0 T

The second step is to show that (2.4.8)) will follow once we know that for
all ¢ € CZ(RY;[0,1]),

¥ ({p,70,1)) < (¥ op,70,1)+ (IVel,70,1)- (2.4.9)
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To see this, let € € (0, 3) be given, and define

lx — )|

- A1l
(1-2¢)r

() =
Then 7, is a [0, 1]-valued, Lipschitz continuous function with Lipschitz con-
stant equal to ((1 — 26)7')_1 and satisfying

1 if|lz—T|<er
n-(z) = . .
0 ifle—I|>(1—-¢€r

Now choose p € Cg° (RN; [0, oo)) so that p = 0 off Bgn (0, €7) and [ pdAgn =
1, and define ¢, = p*n,. Then ¢, € C*(RY;[0,1]), [V | < ((1- 26)7‘)_1,

and
(2) 1 forxel
L) =
4 0 forz¢ 7.

Hence, lim,\ o ¢-(x) = 1r(x), and therefore lim,\ o ¥ o ¢, (x) = 0 for each
r € RY. Further, since cpT achieves its minimum value off of I'(") and its

maximum on I, |V, | < {1(7—)26)7' , and so, by (2.4.9 -7

¥ (104(1) = i ¥((pr.70.1)

™y = I
< lm (|Ver|,70,1) < (1—2¢)7" lim 20.0(L7) — Y01 )
70 ~0 T

Thus (2.4.8)) follows after one lets € N\ 0.
For reasons that will become clear shortly, we will prove (2.4.9)) by proving
the slightly stronger inequality

¥ ((p,70.1)) < /RN [(Zop)?+ |Ve|’] 5 dyo.1- (2.4.10)

This inequality looks somewhat like a Poincaré inequality, and, like a Poincaré
inequality, it is preserved under products. To see this, assume that it holds
for 1 < N < M, and let ¢ € CZ(RMT1;[0,1]) be given. Writing 79,7 for
RM+1 a5 the product of v ; for RM and g 1,

L oo + 196 dno
= [ (][00 ota)” + V.0t 00 + 10,000 201(d) ) 20 )

Because the triangle inequality implies that (a,b) € R? — (a® + bz)% €
[0,00) is convex, Jensen’s inequality implies that
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Nl

/R NTop(@,y)” + | Vaela,y) + 10,0 9)*] * 0.1 (dx)

N

> l(/RM (@0 p(2,y)? + |Vap(z,y) ] 'YO,I(dx))Z

+ (/}RM Oye(2,y)] vo,z(dw)>2

where ¥(y) = [par ©(2,y) Y0,1(dx). Since

1
2

> [Wot(y)” + ¢ ()*]2,

[N

/R (o v()” + [ W)I2) 2 Y01 (dy) > (6, 701)) = ((p,70.1)),

we now know that (2.4.10) holds for all N > 1 if it does when N = 1. Thus
what we need to show is that

¥({¢,70,1)) < /R[(V'/w)2 +1¢17] ® do (24.11)

for p € CZ(R; [0,1]).

In some ways, the next step is the most interesting. What we are going
to show is that follows from a discrete analog of itself. Namely, let
B be the symmetric Bernoulli measure on {—1,1} (i.e., 8({£1}) = %), and,
given a function f : {—1,1} — [0,1], define Df(£1) = iw. Then
the analog of in this setting is

2 1

v((f,B) < /{ }[(Q/o ) +|Df?]% dB. (2.4.12)
—1,1

To understand why ([2.4.12)) implies (2.4.11]), observe that, by exactly to same

argument as we used above, (2.4.12) is self-replicating under products. Thus,

ifP=p%" on 2= {-1,1}%" and S, (w) = n"2 Sor _ w(m), then, for any

n>1,

where

Since

and therefore
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Z (Dmeo S‘n(w))2 — (¢’ o S‘n(w))z <

m=1

o Q

for some C < oo, an application of Central Limit Theorem completes the

proof that (2.4.11]) follows from (2.4.12]).
What remains to be done is give a proof of (2.4.12)), an intricate but

relatively elementary exercise in calculous. Given f : {—1,1} — [0, 1], set

c={(f,B8) = w and & = w Then (2.4.12)) becomes

c 2 | 2\3 c— )2 4 £2)?
w(e) < et + &) ;(W( 97 +8)" »

To verify (%), we will make frequent use of the calculations in the following
lemma.

Lemma 2.4.6 Foranyf € [0,1], 271(1-0) = —®~1(0) and ¥(1-0) = ¥(0).
Moreover, for ¢ € [0,3] and £ € [0,c], W(c+ &) > ¥(c— &) and |[¥'(c+ )| <
U'(c —&). Finally,

@2y = 2((W')2 1) and ((@')?)" = QL/EZ;* !

on (0,1).
Proof. Once one checks that ¥/ = —®~!, the calculations of derivatives are
simple applications of the product and chain rules.

Because

1=@(t) =1—70,1((—00,1]) = 70,1 ((t,0)) = 70,1 ((—00, —t)) = B(—1),

&~ 11— 0) = —d71(0), from which it follows that (1 — 0) = ¥(0).

Next observe that ¥ is non-decreasing on [O, %] Now let ¢ € [0, %] and
£ €10,c] be given. Then 0 < c—¢ <1—c—¢ < %, and so ¥(c+ &) =
U(l—c—¢) > ¥(c—&). Similarly, because ¥’ is non-negative and non-

increasing on [0, 1], [¥/(c+ &)| < ¥/(c - &). O

Returning to (%), first note that there is nothing to do if ¢ € {0,1} and
second that it suffices to handle £ > 0. Further, since ¥(1 — ) = ¥(6) and
therefore (x) holds for f if it does for 1 — f, we may and will assume that
c € (0,3] and € € (0,¢]. Now set u(§) = ¥(c+ &)? + £2, and, after rewriting
(*) in terms of u and squaring both sides, check that it is equivalent first to

[MES

4u(0) — (u(€) + u(—€)) < 2(u(&)u(~£))?,
and then to
16u(0)2 + (w(&) — u(=£))* < 8u(0) (u(€) + u(=¢)).

Thus, if v(§) = u(§) — u(0), then (x) is equivalent to
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(T(e+6)% —W(e—6)2)" <80 () (v(E) +v(—¢)). ()

Using the calculations in Lemma one sees that v" = 2(¢')? and
therefore that

V'(€) + 0" (=€) =2(¥'(c + €)* + ¥'(c ~ €)*).

Since, by Lemmam (¥")? is convex, the right hand side of the preceding
dominates 4¥’(c)?, and so, because v(£) + v(—¢) vanishes to first order at
E=0,v(&) +v(—€) > 20'(c)*¢2. Therefore (x*) will hold if

(T(e+8)? - W(c—€)?)” < 160(c) W (0)%¢%.

Because, again by Lemma 2.4.6] ¥ (c+¢) > ¥(c —€) and ¥/(c) > 0, what we
need to show is that

U(c+&)? —W(c—¢)?
3

But, from Lemma we know that

< AT ()W (c) = 2(F?) (c).

(@2)"(c+&) — (¥*)"(c = &) =2(¥'(c+€)* —¥'(c - €)*) <0,
which means that & ~ ¥(c+ £)? — ¥(c — £)? is concave and therefore that
U(c+&)? —¥(c—

28

As with the Maurey—Pisier estimate, the most important feature of (2.4.6))
is its dimension independence. For instance it says that, independent of di-
mension,

2
5) S (w2)/(c).

+2

1 2
Yo,r(I") > 53 = 'YO,I(RN \F(t)) <1-9P(t)<e 7.

To see how it can be used to prove estimates like the one in (2.4.5)), consider
a Lipschitz continuous function f : RY — R with Lipschitz constant \, let
m be a median of f under 7o 1, and set I'y(¢t) = {£(f — m) < At}. Then

o0 (T=(0)) > &, (1e(0))" € I'e(#), and so

Yo (I'=(t)) > &(t).

Therefore )

vor({f —m| > M}) <2(1 —&(1)) <2e 7.
Finally, suppose that g : R — [0,00) is a continuous function with the
property that g(s) < g(t) if 0 < s <t or 0 > s > t. Then, starting from
(2.4.13)), one can show that

(2.4.13)
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/ g(f(x) —m) ’YO,I(dﬂf)S/g()\t)’YOJ(dt). (2.4.14)
RN

R

Indeed, it suffices to check this when g is continuously differentiable and
¢(0) = 0, in which case

[ (@) = m) i) = | T o (s @) —m > 1)) de
RN 0
+ / gty ({z f(z) —m < —t}) dt
0
g/o g ) (1 -\~ t))dt+/0 g (—=t)(1—d(\"'t)) dt
= / g (At)(1— (1)) dt + /\/ g (—=At)(1— &(t)) dt
0 0
- / 9(A8) 70,1 ().

In particular

_ 2 1
/eXp (W) vo,1(dz) < m for a €]0,1).

2.5 Constructing Gaussian Families

Let Z be a non-empty index set, and let (£2,F,P) be a probability space.
Given a subset {X(£) : £ € I} of L*(P;R), set

c(§,m) = cov(X(£), X(n)) = E[(X (&) — E[X(§)]) (X(n) — E[X(n)])]
=E[X (€)X (n)] - E[X(]E[X (n)].

The function ¢ is called the covariance function for {X(§) : £ € T}.

There are three obvious properties that such a covariance function pos-
sesses. Namely, it is R-valued, symmetric (i.e., ¢(§,n) = ¢(n,€)), and non-
negative definite in the sense that, for all n > 1, {&,...,&} € Z, and
{81“..,Sn} Q]R,

Z c(&ky &) sKse > 0. (2.5.1)

1<k <n

To check the last property, simply observe that

Z (&, &) SKse = var (Z st(tk)> > 0.

1<k, t<n k=1
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Given a symmetric function ¢ : T2 — R satisfying , the goal in this
subsection is to show it is the covariance function for a family of centered
Gaussian random variables. That is, we will show that there exists a probabil-
ity space (£2,F,P) on which there is a collection {X(§) : £ € T} of centered
random variables with the property that the span of {X(§) : £ € T} is a
Gaussian family such that, for all n > 1 and {s1,...,s,} C R, Z?Zl s; X (&)
is a centered Gaussian random variable with variance

> el &r)sshe

1<j,k<n

Such a family is called a Gaussian process with covariance c.

In order to show this, we will use a famous theorem of A. Kolmogorov
known as Kolmogorov’s Consistency Theorem. To state his result, for each
& €T, let (Eg, pe) be a complete, separable metric space. Given ) # S C Z,
set 2g = ]_[565 E¢, and take 2 = (27. Thinking of {25 as the set of all
functions wg : § — Ugeg Fe such that ws(§) € E¢ for each § € S, define
7g : 2 — Qg so that Tsw =w | S. If @ # F CC Z (i.e., F is a non-empty,
finite subset of 7), give £2r the product topology, and set Ap = {W}lf : I'e
Bg, }. Finally, take F = o(A), where

A= J{Ar: 0 £ Fcc1},

and note that A is an algebra of subsets of (2.
If, for each ) £ F CC Z, pr € M1 (2F), the family {ur : 0 # F CC T} is
said to be consistent, if

pr (1) = pr,({wr, € 2r, 2 wi, | F1 € T})
for all ) £ F|, C Iy CCZand I' € By, -

Theorem 2.5.1 Referring to the preceding, if {urp : 0 # F CC I} is a
consistent family, then there is a unique probability measure P on (£2,F)
such that, for all) # F CCZ and I' € B,

P{w: w | FeTl})=pup().

Proof. Uniqueness is trivial in any case, and, when 7 is finite, there is nothing
to do. Next, suppose that Z is countable, in which case we may assume that
Z = 7% and define

for w,w’ € 2. One can easily check that p is a complete, separable metric
for 2 and that p-convergence of {wy : k > 1} in 2 is equivalent to py,-
convergence of {wr(m) : k > 1} in E,, for each m > 1. In particular, the
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o-algebra F described above coincides with the Borel field By, determined by
p-

Set F,, ={1,...,n}, 2, =02, , 1, =7p,, Ay = Ap,, and p, = pp, for
n > 1. From the consistency hypothesis, we know that for 1 < m < n and
I € Bg

m

() = ,un({wpn twp, [ Foy € F})

Next, for each m > 1, choose an element e, € E,,, and define &,, : {2, — 2
so that
wr (m) if1<m<n
P (wr, )(m) = { F(m) e
em if m > n.
Clearly, @,, is continuous, and 7, o @,, is the identity map on §2,,. Now define
P,, € M1(£2) to be (Py,)fin. Then

P,({w: w | F, €I'}) = pn(I)

for I € Bpp,,. What we need show is that there exists a P € M;({2) such that
PlA, =P, A, foralln > 1, and to do so it suffices that show that there is
a P e M;(£2) to which {P,, : n > 1} converges in the sense that (p,P,) —
(p,P) for all p € Cy,(£2;R). That there can be at most one P is obvious, and
so, by Prohorov’s Theorem (cf. Lemma , it suffices to prove that, for
each € > 0, there is a compact set K C (2 such that inf,,>1 P, (K) > 1 —e.
To this end, let € > 0 be given, and, using Ulam’s Lemma, choose a compact
K1 3 eq in F; such that py (Kl) >1— 5, and, for n > 2, choose a compact
K, 3 e, in E, so that u, (Qn,l X Kn) > 1—5%. A standard diagonalization
argument shows that K = {w : w(n) € K,, for n > 1} is a compact subset
of 2. In addition, if 4, = {w : w(m) ¢ K,, for some 1 < m < n}, then
A, 02\ K. Finally, P1(A;) = p1(E1 \ K1) < §, and, for each n > 2,

Pn(An) < Z Pn({w tw(m) ¢ Km})

(B KD + 3 (e wm) ¢ Knd)
m=2
= m (B \ K1) + Z Nm(Qm—l X (Em\Km)) <e€ Z 27 <e.

Therefore, for any 1 < m < n, P,(A4,,) = P (A4,,) < e. At the same time,
if 1 < n < m, then, because e¢; € F; for all j > 1, &,1(A,,,) = &, (An)
and therefore that P,(A4,,) = P,(A,) < e. It follows that P, (2 \ K) =
limy,, 700 Pp(Am) < € for all n > 1, which means that P exists.

It remains to treat the case when Z is uncountable. For each countable
subset S C Z, let Pg be the measure just constructed on {2g. Then, by
uniqueness, if S; C So,
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P52 ({w52 D W, [51 € A}) = Psl (A)

for A € Bg,,. Hence we can define a finitely additive function [P on the algebra
A by setting IP’(ﬂ'glA) =Pg(A) for A € Bp,. Furthermore, if {A;: k> 1} C
A and Ay N\, 0, then we can choose a countable S C Z such that {mgAy :
k > 1} C Bo,, and clearly mgAy, \, 0. Hence, P(A;) = Pg(msAx) \ 0,
and therefore, by the Daniell Extention Theorem, P admits an extention to
F = o(A) as a probability measure. O

Corollary 2.5.2 Let T be a non-empty set and c : I> — R a symmetric
function satisfying . Then there is a probability space (£2,F,P) on
which there is a collection of random variables {X () : £ € T} whose span is
a centered Gaussian family for which c is the covariance function.

Proof. Take 2 = RZ, the space of all maps w : Z — R, and define the

o-algebra F accordingly. Given a () # F CC Z, take ug to be the centered

Gaussian measure on RY" with covariance matrix Ap = ((c(&;, §k)))€_ fLeF
JISK

Then it is easy to check that {,up : 0 #£ F CC I} is a consistent fam-
ily. Now apply Theorem to produce a probability measure on ({2, F)
with the property that, for all n > 1 and &;,...,§, € Z, the distribution
of (w(gl),...,w(fn))—r is pge,,....e,1, and conclude that {w(&) : & € T} are
random variables with the required property. a

Exercise 2.5.1 Show that if ¢; and ¢y are covariance functions on Z?, then
c1¢o is also a covariance function there.

Hint: Construct a probability space on which there are mutually independent
families {X3(€) : £ € T} and {X2(&) : £ € T} of centered random variables,
the first with covariance function ¢; and the second with covariance function
co. Alternatively, see if you can find a more direct proof.

2.5.1 Continuity Considerations

Unless Z is countable, there is an inherent weakness in the conclusion of
Theorem To understand this weakness, consider the case in which Z =
R and, for all £ € R, E¢ is the same separable Banach space E. In this case,
(2 is the set of all maps w : R — E and F is the sigma algebra generated
for the maps w ~» w(§). Thus, the only events to which the measure P can
assign a probability are those which depend on the values of w at a countable
number of times. In particular, because, for any sequence {&,, : m > 1} CR
and every w € C(R;R) there is a discontinuous w’ € 2 that equals w at all
the &,’s, the only I € F contained in C(R; E) is empty. Hence, C(R; E) has
inner P-measure 0, and therefore, unless C'(R; FE) has P-outer measure 0, it
cannot be P-measurable.
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When presented with an uncountable collection {X(§) : £ € Z} of random
variables on a probability space ({2, F.P), one way to overcome the kind of
problem raised above is to ask whether there is another family {X (€) : € € T}
which has the same distribution as {X(§) : & € Z} and has the desired
property. With this in mind, one says that {X(¢) : £ € I} is a version
of {X(&) : € € T} if X(&) = X(€) (as.,P) for each ¢ € Z. Clearly, any
version of {X (§) : £ € T} will have the same distribution as {X (&) : £ € T}.
To see how this idea applies to questions like continuity, again consider the
setting described at the end of the preceding paragraph, and suppose that
there exists a version {&(§) : £ € R} of {w(§) : &R} with the property
that & ~» ©(€) is always continuous. Then even though the inner P-measure
of {X () is continuous} is 0, its outer P-measure is 1. To see this, suppose
I' € o({w(&n) : m > 1}) contains C(R; E), and set A = {w : w(&y) =
Om (&) for all m > 1}. Then, P(A) =1 and, because {® : w € 2} C A and
therefore A C I', P(I") = 1.

We will now apply the preceding considerations to the Gaussian processes
constructed in Corollary Suppose that 7 is a metric space and that
¢ is a covariance function on E?. If there is a choice of random variables
X (&), £ € E, that are continuous with respect to £ and form a centered
Gaussian process for which ¢ is the covariance function, then ¢ must be a
continuous function on E?2. Indeed, suppose (&,,7,) — (&,7) in E2. Then,
by Lemma X(&,) — X(6) and X(n,) — X(n) in L?*(P;R), and so

c(&nsn) —c(&,m) = E[(X(£0) =X (£)) X () [+E[X (€) (X (1) =X ()] — 0.

However, the converse statement is false. That is, just because ¢ is continuous
on E?, does not mean that there is a Gaussian process {X(£) : £ € E} on
some probability space (£2, F,P) with ¢ as its covariance function with the
property that £ € F ~ X (£,w) is a continuous function for every w € 2. In
fact, even when E = R, the condition on ¢ that guarantees the existence of a
continuous process is very technicalﬂ Nonetheless, the following theorem of
Kolmogorov enables us to prove that if £ = RY and, for some 3 € (0, 1],

{ C(ga 5) + C(Wa 77) — 26(5’ 77)
In—¢&|°

then a continuous choice exists.

In the proof of the following theorem, we use the fact that if ) is a closed
cube in RY and, for each vertex v of Q, ay is an element of a vector space
E, then there is a unique function f : @ — F, known as the multilinear
extention of v ~ ay, such that f(v) = a for each vertex v and f is an affine
function of each coordinate. For example, if Q = [0,1]2, then

snl v gl < R} <ooforall R>0, (2.5.2)

2 Tt’s sufficiency was proved by Richard Dudley, and its necessity was proved later by
Michel Talagrand.
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f(€1,82) = (1=&1) (1 =&2)a0,0) + (1= &1)&2a(0,1) +E1 (1 —E2)a(r0) +E&1€2a(1,1)-
The general case can be proved by translation, scaling, and induction on N.

Theorem 2.5.3 Suppose that, for some cube Q = [a,b]N C RN, {X(¢) :
& € Q} is a family of random variables taking values in a Banach space E,
and assume that, for some p € [1,00), C < 00, and r € (0, 1],

=

E[|X(n) — X(©)|%]” < Cln— €7+ foralié, n € Q.

Then there exists a version {(X(€): € €Q} of {X(€): €€ Q} such that
£ e Q — X(€(w) € FE is continuous for all w € 2. In fact, for each
a € [0,r), there is a K < 0o, depending only on N, p, v, and «, such that

~ ~ pl|?

E sup HX(’I?) — XO(F)HE < KC(b _ a)%—l—r—a'
£nelo, RN UR

§#n

PTOOf. Given ¢ e RN, define ||§Hoo = MaxXj<j<N |€j|

First note that, by an elementary translation and rescaling argument, it
suffices to treat the case when Q = [0, 1]V,

Given n > 0, set

My = X(m2™") — X (k2"
" e X 2T = X (2
|lm—k|oo=1
:
<| X IxXmey x|
k,meNVn[0,2"]N
|m—k|o=1
and observe that
sl Y B[|xma - xge)[) | oo

k,meNVn[0,2" ]
Hm_kHoozl

Let n > 0 be given, and take X,,(-) to be the function that equals X (-)
at the vertices of and is multilinear on each cube m2~" + [0,27"]. Because
Xni1(€) — X, (€) is a multilinear function on m2-"~1 + [0,27 "1V,
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sup [ Xpny1(8) — Xu()lle
§€(0,1]N

—n—1y —n—1
85X (277 X, (2

Since X,,11(m27 ") = X(m27""!) and either X,,(m27""!) = X(m2 ""1)
or
X,(m27 ") = > O i X (K271,

keNVn[o,2" )
Ik—mlloc=1

where the 0y, k’s are non-negative and sum to 1, it follows that

sup || Xng1(§) — Xn(§)lle < Mypa
£elo,1]N

and therefore that

D=

El sup ||Xn+1(§)_Xn(f)|%1 <02y
£efo,1]N

Hence, for 0 < n < n/,

P 02—717‘-1-%
E|sup sup [|Xn () - Xn(OIE| <5
n’'>n £€[0,1)V 1-2

and so {X,, : n > 0} converges in C([0,1]"; E) both P-almost surely and in

L?(P;C([0,1]"; E)). Therefore there exists a measurable map X :[0,1]N x
2 — E such that & ~» X(€,w) is continuous for each w € 2 and

E | sup ||X(§)_Xn(£)”%'

£elo, 1]y

1

P —nr+%
LCTTT
- 1-2-r

Furthermore, X(§) = X(¢) (as.,P) if § = m27" for some n > 0 and m €
NV N1[0,2"]", and therefore, since £ ~ X (¢) is continuous and

=

E[[| X (m2™") — X(&)[5]” < c27(5+D)
if m;27" <& < (m; +1)27" for 1 < j < N,

it follows that X (&) = X (¢) (a.s.,P) for each £ € [0,1]V.
To prove the final estimate, suppose that 27771 < |n — ¢ < 27", Then

1 X0 (1) = Xn(E)|lp < N227(€ — | M,,,

and so, P-almost surely,
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IX(n) = X(©)lp <2 sup | X(8) — Xn(B)ll5 + N22"|€ — 5| M,.
Be[o, 1]V

Hence, by the preceding,

. s (uX(n) —X<§>||E>”

emefo,1]N n—¢l®
27T —g|<27"

¥4
<cC (12 + 2¥N%> g7nr=e),

— 2—T

and therefore

.
ol wp E@=XOUE) | _ o
&mefo,1]N In — &« N
Ukas
_ o 2" i+1 _9—(r—a)y-1
where K = 2% (57— +4N2"7 | (1 -2 ). O

Corollary 2.5.4 Assume that there is a p € [1,00), 8 > %, and C < o
such that

E[|X(n) — X(©I%]" < Cln—¢° for all &, neRY.
Then, for each v > 3,

Jim 1X(e) |2|5((0)HE =0 (as.,P) and in LP(P; E).

Proof. Take o = 0 in Theorem Then, because

X(£) - X(0 _ o o
ap KO XOUs _yeoin gy 2 - KO,
211 < ¢l <2m ¢l 21 ]| o <2
. - P73
X(€) - X(0 !
d( wp  KO-XOL
2n 1 <lE]|o <27 i3y
S Q*V(”*I)E sup HX({) - X(O)”% S 2,8+7K02(ﬂ77)n7

2n-1<|lg]| o <27

and so
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_ _ p L
EK s ||X<5>—X<o>||E>1 < PVEKC (5

€]l oo >2m—1 4K T 1267

a

Corollary 2.5.5 Suppose that c is a covariance function on RY x RN that
satisfies . Then, there exists a probability space (£2,F,P) on which
there is a Gaussian process {X (&) : € € RN} with covariance function ¢ such
that X(-,w) € C(RY;R) for each w € 2. Moreover, for each o < g, X(-,w)
is Hélder continuous of order a on compact sets. Finally, if there is a C' < oo
such that

c(n,m) +c(€,€) —2¢(&,n) < Cln—¢&|° for all ¢, n e RY,

then, for each o > g, lxl(flgw)l — 0 as |§| — o©.

Proof. Let {X (&) : € € RV} be a Gaussian process with covariance function
c. Then, for each R > 0,

E[|X(n) — X(&)I] = c(n,n) + e(&,€) — 2¢(€,m) < Crln —¢&I°
for some Cp < oo and all &, n € [-R, R]",

and so, for any p € [1,00),
1 8
E[|X(n) — X (§)IP]" < K,Crln—¢€|=,

where KP = [|z[Py0,1(dz). Now let 0 < o < g be given, choose 0 < r <

g — «, and determine p € [1,00) by % = g — 7. Then

E[|X(n) - X(©)P]* < K,Crln— €%+,

and so the continuity assertion follows from Theorem Similarly, when
CR can be chosen independent of R, the concluding growth estimate follows

from Corollary o

2.5.2 Some Examples

By far the most renowned Gaussian process parameterized by the real num-
bers is the one constructed originally by N. Wiener and usually called Brow-
nian motion. The covariance function for this process is

w(s,t) =

if
{|s|/\|t| if st >0 (253

0 if st <0.
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To check that w is a covariance function, it suffices to check that its restriction
to [0,00)? is and to observe that

SAt= / 110,00) (8 — u) 10,00 (t — u) du for s,t > 0,
0

and therefore that

2

Z 55 A spajog = / Z 1,00y (85 —u) | du>0
0 .
Jj=1

J,k=1
for all choices of s1,...,s, € [0,00) and ay,...,a, € R.

Theorem 2.5.6 There exists a probability space (£2,F,P) on which there
is a centered Gaussian process {B(t) : t € R} with covariance function w
and having the property that, for each w € 2, B(-,w) a Hélder continuous

function of every order 0 < a < %, and

_|Bt,w)| _ 1
|t\l~I>noo W =0 for every 8 > 3
Proof. Simply observe that w(t,t) + w(s,s) — 2w(s,t) = |t — s|, and apply
Corollary a

From now on, I will say that a collection {X(¢) : t € R} of random
variables on a probability space (£2,F,P) is a Brownian motion if it is a
centered Gaussian process with covariance w and X (-, w) is continuous for P-
almost every w € (2. Clearly, P-almost all of the paths X (-,w) will possesses
all the properties described in Theorem Observe that if {X(¢) : t € R}
is a Brownian motion, then o ({X(t) : ¢ > 0}) is independent of o ({X(—t) :
t>0}).

Wiener constructed this process to provide a mathematically rigorous
foundation for A. Einstein’s model of a physical phenomenon, first reported
by a botanist named Brown, on which he was basing his kinetic theory of
gases. However, at least for mathematicians, its renown does not derive from
its connection to Einstein or the frequency of its appearance in models of
physical, engineering, and even financial phenomena, but to the sometimes
startling properties it possesses. The following provides a few elementary
examples of these exotic properties.

Theorem 2.5.7 Let {B(t) : t € R} be a Brownian motion on (2, F,P).

(i) o({B(—t) : t > 0}) is independent of o({B(t) : t > 0}), for each
s € [0,00), B(s) is independent of {B(tz) — B(t1) : s < t1 < ta}, and, for
anyn>1andty < - <ty, {B(tm)— Bltm-1): 1 <m < n} are mutually
independent, N(0,t,, — t;m—1)-random variables.
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(ii) Both {—B(t) : t € R} and {B(—t) : t € R} are Brownian motions,
and, for any a > 0, {a"2B(at) : t € R} is again a Brownian motion. In
addition, for any T € R, {B(t+T) — B(T) : t € R} is a Brownian motion.

(iii) Set B(0) = 0 and B(t) = |t|B (§) fort #0. Then {B(t): t € R} is
a Brownian motion.

(vi) Define
[27t] -1 )
Va®) = > (B(m+127") = B(m2™")) " fort > 0.
m=0
Then

lim sup |V,(s)—s|=0 (as.,P) forallt>0.

N0 5¢(0,t]
In particular, P-almost no path B(-) has locally bounded variation or is locally
Hélder continuous of any order larger than L.

2
Proof. By Theorem to verify (i) it suffices to observe that E[B(t)B(—t)]
0 for all t € R, E[(B(t2) — B(t1))B(s)] = 0if 0 < s < t1 < 2, and
E[(B(tg) — B(t1)> (B(t4) — B(tg))] =0 for t] <ty < t3 < ty.

Since all the processes described in (ii) are centered Gaussian processes
with continuous paths, all that one needs to do is check that w is their co-
variance function. Similarly, the collection in (iii) is a centered Gaussian pro-
cess with covariance function w, and so it suffices to check that its paths
are P-almost surely continuous, which comes down to showing that they
are continuous at 0. But we know that lim; %f’) = 0 (a.s.,P), and so
limy—0 [¢|B (1) =0 (a.s.,P).

Turning to (iv), define A, ,, = B((m + 1)27") — B(m2™") for m > 0.
Clearly, A, , € N(0,27"), and, by (i), for each n > 0, the A,,,’s are
mutually independent. Now set Yy, , = A2, | —27" and S,,(m) = >_3" ) Vi
Then, for each n > 0, the Y}, ,,’s are mutually independent random variable
with mean 0 and variance 2 - 47", and

[Va(t) — ¢ < [Va(t) = 27" [2"2] [ + 277 = |Su([27¢] — D[ +27".
Thus it suffices to show that sup{|S,(m)| : 0 < m < 2"t} — 0. But, by

Kolmogorov’s inequality,

]P( sup  [Sp(m)| > 6) < 672E[Sn(L2"tJ)2] < e 2ol

0<m<2nt

and so the proof of the first part of (iv) is complete. To prove the rest, use (ii)
to see that it suffices to consider the paths restricted to [0,1]. Next observe
that if ¢ : [0,1] — R is Holder continuous of order o > 1, then
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2" —1

2
Z (<P((m + 1)2*") _ (p(mQ*”)) < ‘|<pHca([0’1];R)2n(172O¢) _o.

m=0

Also, if ¢ is continuous and of bounded variation and p is the modulus of
continuity for ¢, then

2m -1
2
> (w(m+1)27) = p(m27"))" < lelharp(2™) — 0.
m=0
Hence, P-almost no Brownian path can have either of these properties. O

Given a collection {X (t) : ¢t € R} of random variables, set F, = o({X(7) :
T € (—00,s]}) for s € R. Then {X(t) : t € R} is a Markov process if, for all
s < t, the conditional distribution of X (t) given o({X(s)}) is the same as
that of X (t) given Fs. If {X (¢) : t € R} is a Markov process and, for s < t,
x € R~ P(s,x;t, -) € M;(R) is a measurable map (i.e., x ~ P(s,x;t,I") is
measurable for all I" € Br) such that

E[{X(t) € I'} | Fs] = P(s,X(s);t,I") for I € B,

then P(s,x;t, -) is called the transition probability function for {X(¢t) : ¢t €
R}. Finally, {X(¢) : t € R} is said to be a homogeneous Markov process if
it has a transition probability function that, as a function of s < t, depends
only on t — s. That is, P(s,x;t, -) = P(t — s,x, - ) = P(0,z;t — s, -).

An important fact about a Brownian motion {B(t) : ¢t € R} is that
{B(t*) : t € R} is a Markov process. Indeed, if F; = o({B(7") : 7 €
(=00, 5]}), then, for all s < ¢ and bounded measurable ¢ : R — R,

MMMﬁ»u4=/¢w6ﬂ+w%ﬁﬂ4@>

since, by (i) in Theorem [2.5.7} B(t*) — B(s™) is independent of F and is
a centered Gaussian with variance ¢t* — s. Therefore {B(t") : t € R} is a
homogeneous Markov process with transition probability v, s+ _g+.

Lemma 2.5.8 Let {X(t) : t € R} be a Gaussian process with covariance
function c. If {X(t) : t € R} is a Markov process, then

c(r,t)e(s, s) = c(r, s)e(s,t) for allr < s < t. (2.5.4)

Conversely, if ¢ satisfies (2.5.4) and t € R ~ ¢(t,t) € R is continuous,
then {X(t) : t € R} is a Markov process with transition probability function
P(S,l’;t, ) = VYo(s,t)x,a(s,t)> where

c(s,t) .
b(87t) — J c(s:9) Zf 6(873) >0
O Zf C(Sa 5) - O7
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a(s,t) = c(t,t) - cc((ss’fs))z if c(s,8) >0
et if ¢(s,s) =0,

and Yp,0 = Op.

Proof. First suppose that {X(t) : t € R} is a Markov process. Given s < t,
either ¢(s,s) = 0, in which case ¢(r,s) = 0 and therefore (2.5.4) holds, or
¢(s,s) > 0, in which case X () — 229 X(s) is independent of X(s) and

c(s,s)

therefore E[X (t) | Fs] = €24 X (s), which means that

c(s,s)

e(ry s)e(s, t)
c(s, s)

c(r,t) = IE[X(L‘)X(T)] = E[X(S)X(T)] = .

Conversely, assume t ~» ¢(t,t) is continuous and that (2.5.4) holds. If
r <s<tand c(s,s) >0, then

c(s, t)ce(r, s) _

E[(X(6) = b(s, )X () X (r)] = e t) = ==72=5

and so X (t) — b(s,t) X (s) is a centered Gaussian with variance a(s,t) that is
independent of Fy.

What remains is to handle the case when c¢(s,s) = 0 for some s € R.
To this end, let ¢ € R be given. There is no problem if either ¢(¢,¢) = 0 or
c(s,s) > 0 for all s < t¢. Now set s9 = sup{s < t: ¢(s,s) = 0}, and assume
that sg > —oo. By continuity, ¢(sg, so) = 0, and so we are done if so = ¢. If
S0 < t, then we have to show that c¢(¢t,r) = 0 for all » < so. But r < 59 =
c(t,r)e(r,r) = c(r, so)c(so,t) = 0, which, since ¢(r,r) =0 = ¢(r,t) =0, is
possible only if ¢(r,t) = 0. O

2.5.3 Stationary Gaussian Processes

A stochastic process {X(§) : £ € V'}, where V is a vector space, is said to be
stationary if, for all n € V, the distribution of {X (£+n) : £ € V'} is the same
as that of {X(£) : £ € V'}. For a centered Gaussian process, it is easy to show
that stationarity is equivalent to its covariance function ¢ being translation
invariant. That is ¢(€,n) = ¢(0,n — &) for all {,n € V.

When V = RY, ¢ is translation invariance if and only if there is an R-
valued, non-negative definite function f such that ¢(¢,n) = f(n — &), which
means that ﬁ must be a characteristic function for a symmetric probability
measure if ¢ is continuous. Thus we have a ready source of translation invari-
ant covariance functions. Notice that, by Corollary [2.5.5] a centered Gaussian
process with covariance function f(n — £) will admit a continuous version if
f is Holder continuous of some positive order at 0.
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Theorem 2.5.9 Suppose that f : R — R is a continuous, non-negative
definite function and that {X(t) : t € R} is a continuous, centered Gaussian
process with covariance function f(t —s) on (2,F,P). If f(t) — 0 as t —
oo, then {X(t) : t € R} is ergodic. Equivalently, for any bounded, Borel
measurable p : R — R,

1 [T
Jin 7 [ e(x@) it =E[e(x )] = [ w0 (@s.P)
Proof. Without loss in generality, we will assume that 2 = C(R;R) and
F=o0({w(t): teR}).

For each s € R, define the time-shift map Ts : 2 — 2 by Tsw(t) =
w(s+1t). Clearly each T is a F-measurable, P-measure preserving map, and
Ts 0T, =Ty, for all s,t € R.

By the Individual Ergodic Theorem, what we have to show is that if A € F
is time shift invariant (i.e., A = T; ' A for all ¢ > 0), then P(A) € {0,1}. For
that purpose, we will show that, for any A € F,

P(ANT;"A) — P(A)? ast— oo, (%)

from which it is clear that P(A) = P(A4)? if A is time-shift invariant.
Let A be the collection of all subsets having the form

{w: (w(tr),... ,w(tn))T er}

forsomen > 1,t; < --- <t,,and I' € Bgn, and let C be the set of A € F for
which (%) holds. Clearly A is an algebra which generates F and C is closed
under complementation. Thus, if we can show that C O A and is closed under
non-decreasing limits, then we will know that C = F.

To prove that A C C, let A = {w : (w(tl),...w(tn))T € I'}, where
t; < -+ <t,. By Lemma|2.4.1| we may assume that the matrix B = ((f(t; —

tk)))1<j p<n 15 non-degenerate. Next, for ¢ > t, — t1, define C(t) = ((f(t; —
ty — t)))lgj,kgn and
B C(t
B(t) = (t)
ct)" B

Then 7y (s is the joint distribution of

(w(t), .. w(tn)) " and (w(ty +1),...w(ty +1))

and so P(ANT; " A) = v, gy (I’ x I'). Since

B0
B(t) — ast— oo

0 B



2.5 Constructing Gaussian Families 61

and B is non-degenerate, 7o, p(;) converges in variation to 73) 5, which means
that P(ANT, 'A) — o p(I")? = P(A)2.
Finally, suppose that {A, : n > 1} C C and that A,, /' A. Then

0 <P(ANT; 'A)-P(A.NT} ' A,) < P(A\A,)+P(T 1 A,\T; 1 A,) = 2P(A\A,).
Hence, if (*) holds for each A, then it also holds for A. O

We now have two examples of the influence that properties of f have on
the properties of the associated Gaussian process: continuity properties of f
are reflected in continuity properties of the paths, and decay properties of
f at infinity influence long term properties, in particular ergodicity, of the
process.

Periodicity provides a more dramatic example. To wit, take f(t) =
cos(27t). Of course one can use Corollary to construct an associated
Gaussian process, but there is a more revealing way to do so. Namely, take
2 =R? and P = 7 1, and define

X (t,&) = & cos(2mt) 4 &osin(2nt) for t € R and € € (2.
Clearly {X(t) : t € R} is a centered Gaussian process under P. Moreover,
E[X (s)X(t)] = cos(2ms) cos(2mt) + sin(27s) sin(2nt) = cos(27(t — s)).

Thus cos(2m(t — s)) is the covariance function for {X(t) : ¢ € R}.

As J. Doob noticed, there are very few R-valued characteristic functions
f : R — R for which the corresponding covariance function satisfies .
Indeed, if holds, f(£+1n) = f(£)f(n) for all £, n > 0. Thus, if g(§) =

sgn(§) log , then g(& + 1) = g(&) + g(n) for all £,n € R, and so, by
Theorem f(&) = e?lEl for some o > 0. As a consequence, if {X(t) :

. . . . . L¢]
t € R} is the centered Gaussian process with covariance function e*%, then

any other stationary centered Gaussian process that is Markov will have the
same distribution as {aX(bt) : t € R} for some a,b > 0. Because they were
introduced by Ornstein and Uhlenbeck, these are called stationary Ornstein—
Uhlenbeck processes.

There is an interesting way to construct a stationary Ornstein—Uhlenbeck
process from a Brownian motion. Namely, let {B(t) : ¢t € R} be a Brownian
motion on a probability space ({2, F,P) that supports a random variable
Xo € N(0,1) that is independent of {B(¢) : t € R}, and define

[t]

X(t) = e % (Xo + Blssn(t)(e! - 1)) (2.5.5)

It is not hard to check that {X(¢) : ¢t € R} is an stationary Ornstein—
Uhlenbeck process with covariance function e~'#. For aficionados of Brow-

nian motion, this representation facilitates computations. For example, it
makes clear that, for s < ¢, X(t) — e~ = X(s) is independent of F, =
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o({X(r) : 7 < s} and has distribution g ;_.-:. Hence, {X(t) : ¢t € R}
is a homogeneous Markov process, and the function p(t, z,y) that appeared
in (2.3.2) is the density of its transition probability function.

Exercise 2.5.2

(i) Assume that f € C?(R;R) is a characteristic function whose second
derivative is Holder continuous of some positive order. Set Z = {(s,t) € R? :
st = 0}, and define

C((S,O); (t70)) = f(t - 5)7 C((S’ O)a (Ovt)) = C((O7t); (Sa O)) = f/(t - S)a
and ¢((0, s); (0,2)) = —f"(t — s).

Show that ¢ is a covariance function on Z and that there is a continuous
centered Gaussian process {Z(s,t) : (s,t) € Z} for which c¢ is the covariance
function. Next, set X (t) = Z(¢,0) and Y (t) = Z(0,t), and show that {X (¢) :
t € R} is a centered Gaussian process with covariance function f(t — s),
that {Y(t) : t € R} is a centered Gaussian process with covariance function
—f"(t — s), and that, almost surely,

X(t) — X(s) Z/tY(T)dT for all s < t.

Equivalently, X(-) € C*(R;R) and Y(-) = X(-) almost surely.

(ii) Show that if f is an R-valued characteristic function that is periodic
and {X(¢) : t € R} is a continuous, centered Gaussian process for which f(t—
s) is the covariance function, show that almost surely X (-) is periodic with
same period as f. In addition, if f € C?(R;R) and f” is Hélder continuous
of some positive order, show that X (t) is independent of X (t) for each t € R.

(iii) Let {B(t) : t € R} be a Brownian motion. Using the representation
of an Ornstein—Uhlenbeck process in terms of a Brownian motion, show that,

for each o > 0,
|B(t)|

d=oe [t]3 (log )™
almost surely. This improves our earlier result but is still far short of the

result coming from the law of the iterated logarithm (cf. § 3.5.2) which says

that
— |B(#)]

im ————
[t}=oo /2t log(logt)
(iv) Let {B(t) : t € R} be a Brownian motion, and define

Bo(t) = B(t) — ¥(t)B(1), where ¥(t) = (¢t A1)T.

Show that B(1) is independent of o({Bo(t) : t € R}). Next, given a non-
negative, o ({B(t) : ¢t € R})-measurable function F, set F(y) = E[F o (B +
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Yy)] for y € R, and show that

E[FoB, B(l)eI] = /FF(y) Yo0,1(dy)

for I' € Bg. Conclude that
E[FoB|o({B(1)})] = F(B(1)).

In particular, the distribution of {By(t) : ¢ € R}) is that of a Brownian
motion conditioned to be at 0 at time ¢ = 1. For this reason, {By(t) : t € R}
is sometimes called a pinned Brownian motion.

(v) Referring to (iv), show that {By(t) : t > 0} is a Markov process.
Further, if P(s,x;t, -) is its transition probability function, show that

P(s,x;t, - ) = Vit Q-0)(t=s) forO<s<t<l1.
% 1%

(vi) Let {X(t) : t € R} be an Ornstein—Uhlenbeck process with coveriance
[t]

function e™ =, and set Fy = o ({X(7) : 7 € (—o0,s]}) for s € R. If H,, is the
nth Hermite polynomial, show that, for each n € N,

(e%Hn (X(1)), Fs, ]P’)

is a martingale.
(vii) Let {B(t) : t € R} be a Brownian motion and set F, = o ({B(7") :
T € (=00, s]}) for s € R. Show that,

(oo (c006 - ) 7.5)

is a martingale for each £ € R. Next, for each n € N, check that (¢,2) ~
t= H, (t_%x) is a polynomial in (¢,z) € R? and that

(92 /()" B(Y), 7. P)

is a martingale.

Hint: Use (2.3.18)).






Chapter 3
Gaussian Measures on a Banach Space

3.1 Motivation

The theories of Gaussian measures and Hilbert spaces are inextricably re-
lated, and the contents of this chapter is to explain and explore that rela-
tionship.

To understand the relationship, it is best to begin in the finite dimen-
sional setting. Let H be an IN-dimensional Hilbert space. A Borel prob-
ability measure W on H is said to the standard Gauss measure there if
{(+yh)g : h € H} is a centered Gaussian family under W with covariance
function (g,h)g. To see that such a W exists, let {h,, : 1 < m < N} be
an orthonormal basis in H, define @ : RN — H by &(z) = ququl TP,
and take W = é*yé\ﬁ. To see that there is only one such W, note that @
is invertible and that ®~*(h) = ((h,h1)m,- .-, (h,hN)H)T, and check that
(@71). W =2, Alternatively, set Ay = @, Agn, check that Ay is the unique
translation invariant Borel measure on H that assigns measure 1 to the unit

cube {h € H: (h,hp)g €[0,1] for 1 <m < N}, and show that

N

W(dh) = (1)~ F e~ Ay (dh).

Given a finite dimensional Banach space B, let (z,£) denote the action of
& € B* on x € B, and say that a W € M;(B) is a centered Gaussian measure
on B if {(-,£): £ € B*} is a centered Gaussian family under W. Assuming
that, in addition, WV is non-degenerate in the sense that var(( . ,5}) >0if & #
0, there is a unique Hilbert structure on B such that W is the standard Gauss
measure for B with that Hilbert stucture. Namely, let ¢ be the covariance
function for {(-,&) : £ € B*}, and observe that ¢ is a bilinear, symmetric
form on B* such that ¢(£,£) > 0 unless £ = 0. Thus, for each £ € B* there
is a unique A¢ € B such that (A&, n) = c(&,n) for all n € B*, and the map
A : B* — B is linear isomorphism. Now define (z,y)y = (v, A~ 'y) for
x,y € B. Clearly (z,y) ~ (z,y)p is bilinear. In addition, if z = A£ and

65
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y = An, then (x,y)g = (A&, n) = c(§,n), from which it follows that (-, )y
is an inner product on B. Finally, if y1,y2 € B, then

/ (0, 90) 11 (2, y2) 1 W(dr) = / (2, A=Yy ), A= Lyo) W(dz)
=c(A7 'y, A7 o) = (y1,y2)m-

Hence, W is the standard Gaussian measure for the Hilbert space B with
inner product (-, )g.

The situation is much more complicated when B is infinite dimensional,
and all the complications stem from the fact that there is no standard Gauss
measure on an infinite dimensional Hilbert space. Indeed, suppose that W
were the standard Gauss measure on the infinite dimensional Hilbert space
H, and let {h,, : m > 0} be an orthonormal sequence in H. Set X,,(z) =
(, hm)m, and observe that {X,, : m > 0} would be a sequence of mutually
independent N (0, 1) random variables under W. Thus

/exp ( Z Xm(x)2> W(dz) = nhﬁngo (/ et 7071(dt)> = nhﬂngo 373 =0,
m=0

which leads to the contradiction that |z||3, > >~ X, (z)? = oo for W-
almost every € H. When H is separable, and therefore dim(H ) is countable,
there is a more intuitive reason why W cannot exist. Namely, if W existed,

then one would guess that

1 _nl

W(dh) = e =" An(dh), (3.1.1)

im(H) . . . .
where Z = (27) 2 and A 7 is the translation invariant Borel measure on H

with gives measure 1 to the unit cube {h € H : (h, hy,) g € [0,1] for m € N},
where {h,, : m > 0} is an orthonormal basis in H. However, even though R.
Feynman was able to make remarkable computations using it, the formula
in defies mathematical rationalization: the measure g does not exist
and Z = oo.

It was to overcome the problems caused by the preceding non-existence
result that I. Sigal and L. Gross [6] developed the theory to which this chapter
is devoted.

3.2 Some Background

Besides standard results about Hilbert and Banach spaces, I will need a few
less familiar ones. Throughout, the Banach spaces here will be over R, and I
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will use B* to denote the dual of B and (x,&) to denote the action of £ € B*
onz € B.

Lemma 3.2.1 If B is a separable Banach space, then, for each R > 0, the
weak* topology on Bp«(0, R) is compact and is metrizable. Hence the weak*
topology on any bounded subset of B* is second countable (i.e., is generated
by a countable neighborhood basis).

Proof. 1t suffices to show that the weak* topology on Bp-(0,1) is metrizable
and compact. To this end, choose a sequence {z, : n > 1} C Bg(0,1) of
linearly independent elements whose span S is dense in B, and define

p(§71/) = Z 2_n|<55n77] - §>‘ for 67 ne BB* (07 1)

n=1

Let {&; : k > 1} C Bp-(0,1) be given. Clearly, p is a metric, and p(&, &) —
0if {& : k > 1} is weak™® convergent to £. Conversely, if p(&x,£)) — 0, then
limg o0 (Tn, &) —> (xn, &) for each n > 1 and therefore (z,&;) — (x,€)
for all z € S. Since S is dense in B and ||{x|| g~ < 1 for all k£ > 1, it follows
that {& : k > 1} is weak™ convergent to £. Thus p is a metric for the weak*
topology on Bg+(0,1).

To prove compactness, use a diagonalization procedure to extract a subse-
quence {&; : j > 1} such that a,, = lim; oo (Tm, ;) exists for each m > 1,
and set, for z € S, f(z) = > | @mam if . = D" | @@y, Because the
ZTp’s are linearly independent, f is a well defined linear function on S. Fur-
thermore, f(z) = lim;j_,o(,&,) and therefore |f(x)| < ||z||p for € S.
Hence there is a £ € Bp«(0,1) such that
(2, &) = f(x) = (2,§)

lim
j—o0
for z € S, and, because S is dense in B, this means that {x, — & in the
weak* topology. O

Given a Borel probability measure g on a Banach space B, define its
characteristic function i : B* — C by

(e = [ ¢ (o).

Lemma 3.2.2 If B is a separable Banach space, then Bg is the smallest
o-algebra with respect to which x € B ~~ (x,£) € R is measurable for all
& € B*. In particular, if p, v € My (E), then u = v if and only if i = D.

Proof. Clearly x € B ~ (,£) € R is Bp measurable for all £ € B*. To prove
that sets in Bp are measurable with respect to the o-algebra generated by
these maps, it suffices to show that || - || 5 is measurable with respect to them.
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For that purpose, choose a sequence {&, : n > 1} C B* which is weak* dense
in Bp~(0,1), and check that ||z||p = sup,,>(z,&n)-
Given the preceding, we know that u = v on Bp if, for all &1, ...,&, € B*,

the distribution of the map r € B ~ ((ac, 1), (x, fn))T € R" is the same
under p as it is under v, and, by Lemma [I.1.1] this will be true if and only
it o = . 0

I will also be making use of Bochner’s theory of integration for Banach
space valued functions. What follows is a brief outline of his theory.

Let B be a separable, real Banach space and ({2, F,P) a probability space.
A function X : 2 — B is said to be simple if X is F-measurable and X
takes only finitely many values, in which case its expected value with respect
to P is the element of B given by

E[X] = /QX(W)P(dw) =Y aP(X =a).

zEB

Notice that an equivalent description of E[X] is as the unique element of B
with the property that

(E[X],&) =E[(X,&)] forall £ € B,

and therefore that the mapping taking simple X to E[X] is linear. Next,
observe that, by the same argrument as was used in the proof of Lemma|3.2.2
w € 2~ || X(w)|p € R is F-measurable if X : 2 — B is F-measurable,
and say that X is integrable if || X||z is. The space of B-valued integrable
functions will be denoted by L' (PP; B), and, as usual, we will identify elements
of L'(P; B) that differ on a set of P-measure 0 and will take || X||11p,p) =
E[IX| 5]

Bochner’s definition of the integral of an B-valued, integrable X is com-
pleted in the following theorem.

Theorem 3.2.3 If X : {2 — B is integrable, then there is a unique element
E[X] € B satisfying (E[X],£) = E[(X,&)] for all £ € B*. In particular, the
mapping X € L*(P; B) — E[X] € B is linear and satisfies

[EX]| 5 < E[IIX]|5]- (3.2.1)

Finally, if X € L'(P; B), then there is a sequence {X, : n > 1} of B-valued,
simple functions with the property that || X, — X |1z — 0.

Proof. Clearly uniqueness, linearity, and all follow immediately from
the given characterization of E[X]. Thus, what remains is to prove exis-
tence and the final approximation assertion. In fact, once the approxima-
tion assertion is proved, then existence will follow immediately from the
observation that, by (3.2.1)), E[X] can be taken equal to lim, . E[X,] if
X — Xullz1@;8) — 0.
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To prove the approximation assertion, begin with the case when M =
SUp,cpn || X (w)||p < co. Choose a dense sequence {z; : £ > 1} in B, and set
Apn =0 and

Apy = {w: I X(w) — 2|l < %} for ¢, n > 1.

Then, for each n € Z* there exists an L,, € ZT with the property that
L"L 1
Pl Aoy | < —.

Hence, if X, : 2 — B is defined so that

-1
Xp(w)=12¢ whenl</¢<L,andwe Agy \ U Ak.n
k=0

and X, (w) =0 when w ¢ UlL" Ap p, then X, is simple and

M+1
E[|IX - Xulls] < =

In order to handle the general case, let X € L'(IP; B) and n € Z be given.
We can then find a sequence r,, / co with the property that

1
[ Ix@lant) < 5
2(r,)C

where 2(r) = {w: | X(w)||p < r} for r > 1. Since, rP(£2(r)) < E[||X||5],
we can apply the preceding to the restrictions of P and X to £2(r,) and
thereby find a simple X, : £2(r,,) — B with the property

]E[”X - Xn||37 Q(rn)] <

%.
Hence, after taking X,, = 0 off of £2(r,), we arrive at a simple X,, for which
BIX - X, la] < & -

Once one has the results in Theorem [3:2.3] with little or no change in
the arguments, one can prove for integrals of Banach space valued functions
all the standard results for R-valued ones that don’t rely of special proper-
ties of R. In particular, one can introduce the Lebesgue spaces LP(u; B) for

p € [1,00) with norm || X||zr(u5) = E[||X|;]” and can show that they are
separable Banach spaces.
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Having developed Bochner’s integral for Banach space valued random vari-
ables, I will now introduce the corresponding notion of conditional expecta-
tion values.

Theorem 3.2.4 Let (2, F,P) be a probability space, B a separable Banach
space, and X € L'(P; B). Then

P(X #£0) =0 <= E[X, A] =0 forall Ac F.

Next, if X is a sub-c-algebra of F, then there is a P-almost everywhere unique
X -measurable Xs; € L*(P; B) such that

E[Xs, A] =E[X, A] for every A€ X. (3.2.2)
In particular, if Y is a second element of L*(P; B), then, for all o, 8 € R,
(aX + BY)E =aXy + 8Ys (as.,P).

Finally,
1Xs|, <E[IX[5] 2] (as.P). (3.2.3)

Proof. Clearly, it is only necessary to prove the “<=" part of the first asser-
tion. Thus, suppose that P(X # 0) > 0. Then, because B is separable and
therefore Bp+(0,1) with the weak* topology is also separable, there exists an
e > 0 and a £ € Bp-(0,1) with the property that ,u((X, & > e) > 0, from
which it follows that there is an A € F for which

(E[X, A],€) = E[(X,£), A] £0.

Turning to the uniqueness and other properties of X, it is obvious that
uniqueness follows immediately from the preceding and that linearity follows
from uniqueness. As for (3.2.3]), notice that if £ € B* and ||£]| g~ < 1, then

E[(X5,8), 4] = E[(X,), A] <E[|X|5, 4] = E[E[IX|5| =], 4]

for every A € Y. Hence, by the theory of conditional expectation for R-
valued random variables, (X, &) < (||XHB)2 (a.s.,P) for each element &
from the unit ball in B*; and so, because Bg+(0,1) with the weak* topology
is separable, follows.

Finally, to prove the existence of Xy, suppose that X is simple, let R
denote its range, and note that

Xp=) 2P(X =z|%)
TER

has the required properties. In order to handle general X € L!(P; E), use the
approximation result in Theorem to find a sequence {X,, : n > 1} of
simple functions that tend to X in L!(P; ). Then, since
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(Xn)s — (Xm)z = (Xn— X)), (as,P)
and therefore, by (3.2.3),
E[[(Xn)z — (Xm)z| 5] SE[IXn — Xmllz],

we know that there exists a X-measurable Xy € L'(P;E) to which the
sequence {(X,)x : n > 1} converges in L'(P;R); and clearly Xy, has the
required properties. a

In the future, I will call X5 the conditional expectation of X given X
and will use E[X | X] to denote it. The following are essentially immediate
consequences of uniqueness:

E[YX|Y] =YE[X|X] (as.,P) for bounded X-measurable Y,

and
E[X|T] =E[E[X|Z)|T] (as,P)

whenever 7T is a sub-c-algebra of 3.

Once one knows how to take the conditional expectation of Banach space
valued random variables, one should investigate what can be said about Ba-
nach space valued martingales. That is, given a non-decreasing sequence
{Fn : n > 0} of sub-c-algebras and an adapted sequence {X, : n >
0} C LY(P; B) (i.e., X,, is F,, measurable for each n) with the property that
X, = E[X,41|Fn] for all n > 0, the triple (X,,, F,,, P) is called a martingale,
and one should wonder how many of the properties of R-valued martingales it
has. As the following theorem demonstrates, many of the results for R-valued
martingales have easily proved analogs for Banach space valued ones. An ex-
ception is Doob’s Martingale Convergence, which does not hold in general.

Theorem 3.2.5 Let B be a separable Banach space and (Xn,}"n,]P’) a B-
valued martingale. Then (||Xn||B, Fn, ]P’) s a non-negative submartingale and
therefore, for each N € Z and all R € (0, 00),

1
IP’( sup || Xnlls > R> < E]E {HXNHB, sup || Xnl|lz > R]|. (3.2.4)
0<n<N 0<n<N

In particular, for each p € (1,00),

P

p 1
B sup |15 < L supB (I ) (3.25)
neN p neN

Finally, if F = U(Unzo}"n), X e L'P;B), and X, = E[X|Fy], then
| X, — X||g — 0 (a.s.,P) and in L*(P;R).
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Proof. The fact that (|| X, ||, Fn, i) is a submartingale is an easy application
of the inequality in (3.2.3]); and, given this fact, the inequalities in and
follows from the result in the R-valued case.

Let X € L'(P; B) be given, and set X,, = E[X|F,], n € N. Because of
(3:24), we know that the set of X for which X,, — X (a.s.,P) is a closed
subset of L!(P; B). Moreover, if X is simple, then the P-almost everywhere
convergence of X,, to X follows easily from the R-valued result. Hence, we
now know that X,, — X (a.s,u) for each X € L(u; B). To prove that the
convergence is taking place in L'(P; B), note that, by Fatou’s Lemma,

1 X121 e;m) < nl%; [ Xnll1@;B),
whereas guarantees that
XN @) = Hm [ Xl @im)-
Hence, because
[Xnllz = IX[l5 — [ Xn — X8| <2 X5,

the convergence in L!(IP; B) is an application of Lebesgue’s Dominated Con-
vergence Theorem. a

3.2.1 Fernique’s Theorem

A Borel probability measure VW on separable Banach space B is said to a
centered Gaussian measure if {(-,€) : £ € B*} is a centered Gaussian family
under W. Equivalently, if

o(é,m) = / () (ar,m) for &1 € B,

then ¢ is the covariance function for this family and 17\/\(5) = % for

¢ e B*.
The engine that drives much of what follows is the following remarkable
result of X. Fernique. See Corollary [3.3.13| for a sharper statement.

Theorem 3.2.6 Let W be a centered Gaussian measure on the separable
Banach space B. If

R=inf{r: P(||p>r) < &},

then
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/e'lZR% W(dz) <K = et + i (f)r . (3.2.6)

Proof. Set P =W? on 2 = B?, and define X; (xh:rg) = z; and Xq (ml,xg) =
9. Then X; and Xs are independent B-valued random variables under P.
Furthermore, if Y] = 2422 and Y, = £15%2 then, for all &,&, € B,

2

1 1
22 2

EF[ei80 0280 = W(273 (6 + &))WV(277 (6 — &)
_ < (& +&,6 + &) C(&fm&&)) | _eee) el
=exp| — — =e 2 e 2

4 4
— EP [6i<X1$£1>6i<X2’§2>]7

and so, by Lemma [3.2.2] (Y1,Y3) has the same distribution under P as
(XlaX2)-
Let 0 < s <t be given, and use the preceding to justify
P(| X415 < s)P(| X1l > t) = P(| X:]5 < s & | Xal|s > t)
=P(|| X1 - Xa|lp < 235 & || X1 + Xa||p > Q%t)
<P(|IX1ll5 — || Xall8] < 2%s & | X1 || & + | Xal|5 > 23¢)
-3 _1 2
<P(| X1l A X2l 2275t —s)) =P(|Xa1]p > 272 (t —5)) .

Now suppose that P(||X1]z < R) > %, and define {t,, : n >0} by to = R

and t, = R+ Q%tn_l for n > 1. Then

P(IXillz < R)P(I1X1]5 = ta) < P(IXill5 = t1)”

and therefore

P(IX,ll5 > 1) _ (P(nxlnza > tnl>>2
P(1X:]s < R) = \ P(IX:]5 <R)

for n > 1. Working by induction, one gets from this that

P(| X1l > tn) < (P(”XIHB = R)>2n
P(|X1ls <R) ~ \B(|X:ll5 < R)

n+1

and therefore, since t,, = 253—LR < 3. 2%1R, that IP(HX1||B >3. Q%R) <

271
n
372", Hence,
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11112 > N n
Eﬂ’[eﬁwﬂ < eP(|X1lp <3R)+ D ¢"'P(3-28 R< | Xi||p <3-2°F R)
n=0
<ei 4 i <e>2n K
e —_ —

= 3

O

A B-valued random variable X on a probability space (£2, F,P) is said
to be a centered Gaussian random variable if, for all £ € B*, (X,¢) is a
centered Gaussian random variable, which is equivalent to saying that X.P
is a centered Gaussian measure on B.

It should be obvious that Theorem [3.2.6] provides the following vast gen-
eralization of the estimate in Lemma [2.4.2

Corollary 3.2.7 Let X be a B-valued, centered Gaussian random variable
on (2,F,P). Then

1 il
P(IX]l5 > B) < 15 = E[e*1*s] <K,

where o = (18 R?)~! and K is the one in Theorem. Hence, if {X, : n>
1} is a sequence of B-valued centered Gaussian random variable on (2, F,P)
that converge in probability to a random variable X, then X is a centered
Gaussian random variable and E[||X,, — X |5] — 0 for all p € [1, 00).

Proof. The second assertion follows immediately from the first. To prove the
first, simply set W = X,P and apply Theorem [3.2.6) a

Exercise 3.2.1

(i) Let {x, : m > 0} be a sequence in the separable Banach space B
with the property that Y~ ||zn||p < oo. Show that > 7 [&|[|zn s < o0
for q/gil—almost every £ € RV and define X : RN — B so that X(¢) =
oo o &nn i D207 o nlllzn ]l B < 00 and X (§) = 0 otherwise. Show that the
distribution p of X is a centered, Gaussian measure on B. In addition, show
that p is non-degenerate if and only if the span of {z, : n > 0} is dense in
B.

(ii) Here an application of Fernique’s Theorem and part (i) to functional
analysis. Let F and F be a pair of separable Banach spaces and 1 a Borel
measurable, linear map from F to F. Given a centered, Gaussian E-valued
random variable X, use Lemmal[2.2.3]to see that 10X is an F-valued, centered
Gaussian random variable, and apply Fernique’s Theorem to conclude that
1o X is a square integrable and has mean value 0. Next, suppose that ¢ were
not continuous, and choose {z, : n > 0} C E and {n, : n > 0} C F* so
that ||z,|lg = 1 = ||9a]lr+ and ((2,),7,) > (n + 1)3. Using part (i), show
that there exist centered, Gaussian F-valued random variables {X,, : n >
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0} U{X}, such that X,,(§) = (n+ 1) ?y,z, and X(y) = >or, X, (y) for
75{ 1-almost every y € RY. Check that

/WOX@mw&wmz/WoX@mm%&ww
z/wmm@wfﬁmmZm+m

and thereby arrive at the contradiction that 1 o X ¢ L*({; F). Conclude
that every Borel measurable, linear map from E to F is continuous.

3.2.2 Gaussian Measures on a Hilbert Space

Let H be a separable Hilbert space. If W is a centered Gaussian measure on
H, then {(-,h)g : h € H} is a Gaussian family under W whose covariance
function ¢ is a non-negative definite, symmetric bilinear function on H?2.
Moreover, by Theorem @ C = [||z||} W(dz) < oo, and therefore

clh.h) = [ 1y Wido) < CIJhl,

Hence there exists a non-negative definite, symmetric operator A: H — H
such that ¢(g,h) = (g9, Ah) g for all g, h € H. In particular, if {h, : n > 1} is
an orthonormal basis in H, then

Trace(4) = 3 (hn, Ahy) = 3 /(mn)i, W(da) = / 2l|% W(dz) = C < oo,

which means that A is a symmetric trace class operator.

Conversely, if A is a symmetric, non-negative definite trace class operator
on H, then there is a W € M;y(H) under which {(-,h)g : h € H} is a
Gaussian family with covariance function c¢(g,h) = (g, Ah)g. To see this,
let {hy, : n > 0} be an orthonormal basis in H consisting of eigenfunctions
for A, and set «,, = (hy, Ah,) g, the eigenvalue corresponding to h,,. Next,
let {X, : n > 0} be a sequence of mutually independent N(0,1) random
variables on a probability space (§2, F,P), and define

Sy = Za%thk for n > 0.
k=0

Then, for m < n,
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E[ISn = Smlfr] = D ax < au,

k=m-+1 k>m

and so there exists an S : {2 — H such that

E[IS = Sml3] < > an

k>m

Furthermore, for each h € H, (S, h) g under P is a centered Gaussian random
variable with variance

o0

> am(h hi)gy = (h, Ah) .
k=0

Finally, take W = S, P.
Combined with the preceding, we have now proved the following theorem.

Theorem 3.2.8 Let A be a bounded, symmetric, non-negative definite oper-
ator of the separable Hilbert space H. Then there exists a W € My (H) under
which {(-,h)g : h € H} is a centered Gaussian process with covariance
function (g, Ah) g if and only if A is trace class.

3.3 Abstract Wiener Spaces

Let B be an infinite dimensional, separable Banach space and W € M;(B)
a non-degenerate centered Gaussian measure with covariance ¢ (i.e., the co-
variance function for the Gaussian family {(-,¢) : £ € B*}). Even though,
as explained in §3.1, we know that there is no Hilbert structure on B for
which W is the standard Gauss measure, one can hope that there is a struc-
ture which provides some of the same advantages, and Gross’s notion of an
abstract Wiener space is one such structure. The following lemma is needed
in order to explain Gross’s idea.

Lemma 3.3.1 Let B be a separable, real Banach space, and suppose that
H C B is a real Hilbert space that is continuously embedded as a dense
subspace of B.

(i) For each & € B* there is a unique he € H with the property that
(h,hg)H = (h,§) for all h € H. Moreover, the map §& € B* — he € H is
linear, continuous, one-to-one, and onto a dense subspace of H. In fact, for
any weak™® dense subset S* of B*, {he : £ € S*} is dense in H.

(ii) If v € B, then x € H if and only if there is a K < oo such that
(z,&)| < K|hellg for all & € B*. Moreover, for each h € H, ||h||g =
sup{(h, &) : £ € B* & ||hellm < 1}.
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(iii) If L* is a weak™ dense subspace of B*, then there exists a sequence
{& : n > 0} C L* such that {he, : n > 0} is an orthonormal basis for
H. Moreover, if x € B, then x € H if and only if > .- {z,&,)? < oo. In
particular, if ||z||g = oo when x € B\ H, then ||-||g : B — [0,00] is a
lower semi-continuous function and so By C Bg. Finally,

o0

(hB) = (h, &) (W &) for all h,h' € H.

n=0

Proof. Because H is continuously embedded in B, there exists a C' < oo such
that [|h||g < C||h||g. Thus, if £ € B* and f(h) = (h,§), then f is linear and
If(h)] < Ihl|BlIEllB < Clléll B+ IRz, and so, by the Riesz Representation
Theorem for Hilbert spaces, there exists a unique he € H such that f(h) =
(h, he) - Infact, ||he ||z < C|€]| B+, and uniqueness can be used to check that
& ~ hg is linear. To see that £ ~~ h¢ is one-to-one, it suffices to show that
& =0if he = 0. But if he =0, then (h,§) = 0 for all h € H, and therefore,
because H is dense in B, £ = 0. Finally, to complete the proof of (i), let S*
be a weak* dense subset of B*, and suppose that {he : £ € S*} were not
dense in H. Then there would exist an h € H \ {0} with the property that
(h, &) = (h, hf)H =0 for all £ € S*. But, since S* is weak™ dense in B*, this
would lead to the contradiction that h = 0.

Obviously, if h € H, then [(h,&)| = |(h, he)u| < ||h||allhe|lm for & € B*.
Conversely, if z € B and |(z,&)| < K||h¢||g for some K < oo and all £ € B¥,
set f(he) = (z,§) for € € B*. Then, because { ~» he is one-to-one, f is a
well-defined, linear functional on {h¢ : £ € B*}. Moreover, |f(£)| < K| he|| #,
and therefore, since {he : £ € B*} is dense in H, f admits a unique extension
as a continuous, linear functional on H. Hence, by Riesz’s theorem, there is
an h € H such that

<£L’,f>:f(h§): (hth)H:<h7£>’ fEB*,

which means that « = h € H. In addition, if h € H, then ||h||g = sup{(h, &) :
|hellz < 1} follows from the density of {he : & € B*} in H, and this
completes the proof of (ii).

Turning to (iii), note that, because B* with the weak* topology is second
countable , the weak* topology on L* is also second countable. Thus, we can
find a sequence in L* that is weak* dense in B*, and then extract a subse-
quence of linearly independent elements whose span S* is weak™ dense in B*.
Starting with this subsequence, apply the Grahm—Schmidt orthogonalization
procedure to produce a sequence {&, : n > 0} whose span is S* and for
which {he, : n > 0} is orthonormal in H. Because the span of {h¢, : n > 0}
is equal to {he : £ € S*}, which, by what we proved earlier, is dense in H,
{he, : n > 0} is an orthonormal basis in H. Knowing this, it is immediate
that
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o oo

() gy = D (hohe,) g (s es) g = D (s ) (B ).
n=0 n=0
In particular, ||h]|2, = 307 (h,&,)?. Finally, if x € B and Y - (z,&0)% <
00, set g = Y 7 (x,&)he,. Then g € H and (x — g,£) = 0 for all £ € S*.
Hence, since S* is weak*® dense in B*, x = g € H. Finally, because z ~

> o, &m)? is lower semi-continuous, || - || is also. O

Given a separable Hilbert space H which is dense and continuously embed-

ded in a separable Banach space B, and a W € M;(B), the triple (H, B, W)
is called an abstract Wiener space if

W(f) = exp (_Hh;”%) for all £ € B*. (3.3.1)

Equivalently, (H, B, W) is an abstract Wiener space if and only if W € M;(B)
and {(-,&) : € € B*} is a centered Gaussian family under W for which
cov(¢,n) = (he,hy) .

As the following theorem shows, this notion applies to any centered
Gaussian W on a Banach B that is non-degenerate in the sense that

[z, &> W(dz) > 0 for all ¢ € B*\ {0}.

Theorem 3.3.2 If B is a separable Banach space and W € M, (B), then
W is a non-degenerate, centered Gaussian measure if and only if there is
separable Hilbert space for which (H, B,W) is an abstract Wiener space, in
which case there is only one such H. Conversely, if H is a separable Hilbert
space, then there is a separable Banach space and a W € My (B) for which
(H, B,W) is an abstract Wiener space.

Proof. Keep in mind that if WV is a centered Gaussian measure on B, then, by
Theorem |lz||% € L*(W;R). Hence, for any € € B*, (z,€) € L*(W;R)
and z(x, &) € LY(W; B).

Suppose that (H,B,W) is an abstract Wiener space. Obviously, W is
a centered Gaussian measure. To check that W is non-degenerate, let & €
B*\ {0} and observe that

/ (€ W(dz) = ||he|% > 0.

Next, to see that H is uniquely determined, note that, for any &, n € B*,

(hesth = (e = [ ). Wide) = { [ ol Wiahn).

and so

he = /x(a@f) W(dx). ()

Since {he : £ € H} is dense in H, this proves that H is uniquely determined.
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Now assume that WV is a centered Gaussian measure on B. Given £ € B*,
define h¢ by (x), and define the inner product (-,--)g by

(hyy, he)ar = /(x,m(x,f) W(dx) for n € B*.

Because W is non-degenerate, ||h¢|% = (he,he)y =0 = £ =0 =
he = 0. Hence (-,--)g is a non-degenerate inner product. Now let H be the
completion of {he : £ € B*} with respect to || - ||z. Equivalently, let L to be
the closure in L2(W;R) of {(-,&) : € € B*}, and take

H{/xw(x)W(dx): weL}.

It is clear that (h,&) = (h, h¢) m, first when h = h,, for some 7 € B* and then,
by continuity, for all h € H. In particular, for any £ € B* with ||£|| g~ = 1,

1

(1.8) < Wilaliclos = i ( [ .82 W) < Clnl

where C' = (/ lzl|% W(do:)) ) ;

and so ||h||p < C||h|| . From this it follows that H is continuously embedded
in B as a subspace. In addition, because ||h¢||% = [(z,£)? W(dx), W(£) =

2
exp (7%) Finally, to see that H is dense in B, suppose that it were not.

Then, by the Hahn-Banach Theorem, there would be a £ € B* \ {0} such
that (h,&) = 0 for all h € H. But this would mean that ||h¢||3, = (he, &) =0,
which contradicts £ # 0. Thus, we have shown that (H, B,V) is an abstract
Wiener space.

Next let H be a separable Hilbert space. Choose an orthonormal basis
{hn : n >0} and, for a > 1, define

[Pl = (Z(Wr 1)_"‘(h7hn)?q> € [0, 00].

n=0
and let B(—) be the completion of H with respect to || - || g(-e). Clearly B(~)
is a separable Hilbert space with inner product

o0

(%y)B(w) = Z(n +1)7° (m, h”)H(y’ h")H’

n=0

and H is dense in it. Further, if b ®) = (n+1)% h,, then {h ) : n > 0} is
an orthonormal basis in B(~®). Now define A : B~ — B(=2) by
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[ee]
Az = Z(n +1)72 (, hﬁ;"’))B(,a)hn.
n=0
Then - -
S OB ARG =D (1) < oo,
m=0 m=0

and so A is a trace class operator on B(~®). Hence, by Theorem there
exists a non-degenerate, centered Gaussian measure W € M;(B(=%)) for
which

(z,y) € B x BECY s (y, Az) gy € R

is the covariance function. Moreover, if x € B(~®) and h, = Az, then h, € H,
and (h,h,)g = (h,x) for all h € H. Finally,

B(—a)
Ihalf =D _(n+1)7 (=, h%_a));—a) = (2, Az) 5o,
n=0
and so )7\/\(5) = exp (_%) -

As is evident from the proof of the second part of Theorem there
are many choices of the Banach space for a given Hilbert space even though
there is only one Hilbert space for a given Banach space. Thus, when think-
ing in terms of abstract Wiener spaces, the canonical object is the Hilbert
space. Metaphorically speaking, the Hilbert space is the skeleton, whereas
the Banach space is simply a flesh coating that provides a comfy place for
the measure to live, and there are a multitude of ways in which the same
skeleton can be coated. A challenging problem is that of determining when
one can find a better coating than the one produced in the preceding proof.

Related to the construction of abstract Wiener spaces for a given Hilbert
space is the following. When H = RY, then there is a unique symmetric,
positive definite transformation on RY such (g,h)g = (g, Ah)r~, and the
(H,RN W) with W = Yo0,4-1 is an abstract Wiener space. In particular,
one can construct all these abstract Wiener spaces from the standard one,
the one corresponding to I using the transformation A_%, and one should
suspect that there is a general principle of which this is a special case. The
following theorem provides such a principle.

Theorem 3.3.3 Let (H, B, W) be an abstract Wiener space and F an iso-
metric, isomorphism from H to the Hilbert space G. If C is a separable Ba-
nach space in which G is continuously embedded as a dense subspace and for
which there exists an extension of F as a continuous, linear map F from B
to C, then (G, C, F*W) is an abstract Wiener space. In particular, one can
take C to be the completion of G with respect to the norm |- ||c on G given
by lglle = |F~gllg and F to be the continuous extention of F as a map
from B onto C.
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Proof. Let FT : C* — B* be the adjoint map for F. If € C*, then, for all
geG,

(9:9n) ¢ = (g:m) = (F~'g, F )
= (F_lg’ hFTn)B = (g’FhFTn)G’

and so g, = Fhl:“Tn' Hence,

Rt - P wia) (T

har, |12 2
b (_ | F"2'77||H> — exp <_ |92|G) :

which completes the proof that (G, C, F*W) is an abstract Wiener space.
Turning to the concluding assertion, it is clear that || - || is a norm on G,
and the completion C of G with respect to it is a separable Banach space in
which G is continuously embedded as a dense subspace. Moreover, F has a
unique extension F as an isometric, isomorphism from B onto C. a

Theorem is the abstract Wiener space analog of the classical isomor-
phism theorem for separable Hilbert space of the same dimension. Namely,
it says that all abstract Wiener spaces corresponding to Hilbert spaces of the
same dimension are, from a sufficiently abstract perspective, the same. Of
course, just as in practice it is foolish to think of all Hilbert spaces of the
same dimension as being the same, one should not think that the associated
abstract Wiener spaces are all the same.

3.3.1 The Cameron—Martin Subspace and Formula

Given a centered, non-degenerate Gaussian measure VW on B, the Hilbert
space H for which (H,B,W) is an abstract Wiener space is called its
Cameron—Martin subspace.

It is important to understand the relationship between the Cameron—
Martin subspace for W and the covariance function c for the Gaussian family
{(-,€) : £ € B*}. Indeed, since (he,n) = (hy, he)g = c(&,n) for &,n € B*,
the map & ~» hg is the map A : B* — B described in §3.1, and therefore
H is the completion of {A¢ : & € B*} with respect to the Hilbert norm
\/c(€,€). When B is finite dimensional, {A{ : £ € B*} = B, and therefore
H = B, but, as is shown below, this is far from the case when B is infinite
dimensional.

Theorem 3.3.4 If (H,B,W) is an abstract Wiener space, then the map
& € B* — he € H is continuous from the weak™ topology on B* into the
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strong topology on H. In particular, for each R > 0, {he : £ € Bp-(0,R)}
is a compact subset of H, By (0, R) is a compact subset of B, H € Bp, and,
when H is infinite dimensional, W(H) = 0. Finally, there is a unique linear,
isometric map I : H — L*(W;R) such that Z(he) = (-,€) for all £ € B*,
and {Z(h) : h € H} is a Gaussian family in L>(W;R) for which (-, )y is
the covariance function.

Proof. To prove the initial assertion, suppose that {& : k > 1} C B* is
weak* convergent to . Then (z,&;) — (z,€) for all € B, and therefore,

by Lemma2.1.1] (-, &) — (-,€) in L2(W;R). Hence
2
||hfk - hf”%—] = ||< a§k> - < 7£>||L2(W;R) — 0.

Given the first assertion, the compactness of {he : £ € Bp-(0,R)} in H
follows from the compactness of Bp«(0, R) in the weak* topology. To see that
Bp(0, R) is compact in B, first note that By (0, R) is compact in the weak
topology on H. Therefore, all that we have to show is that the embedding
map h € By(0,R) — h € B is continuous from the weak topology on H
into the strong topology on B. Thus, suppose that hy — h weakly in H.
Because {hg : £ € Bp-(0, 1)} is compact in H, for each € > 0 there exist an

ne€Zt and {&, ..., &} € Bp-(0,1) such that

n

{he : ¢ € Bp-(0,1)} C | JBu(he,, c).
1

Now choose ¢ so that maxi<m<n [(hr — h,&m)| < € for all & > ¢. Then, for
any £ € Bp-(0,1) and all k > ¢,

(e = 1) < e min | (= hohe = he,.) | < 2R+ 1)e,

which proves that ||hy — hllg < (2R 4+ 1)e for all k& > £.

Because H = {x € B : ||z||lg < oo} and ||- ||z is lower semi-continuous
on B, H € Bp. To see that W(H) = 0 when H is infinite dimensional,
choose {&, : n > 0} as (iii) of Lemm43.3.1] and set X, (z) = (z,&,). Then
{X, : n >0} is an infinite sequence of mutually independent N (0, 1)-random
variables, and so, since

H= {a:e B: ZX% < oo} and /exp (ZX,%) W(dz) =
n=0 n=0
W(H) = 0.

Turning to the map Z, define Z(he) = (-,&). Then, for each &, Z(h¢) is a
centered Gaussian with variance ||he||%;, and so Z is a linear isometry from
{he + € € B*} into L?*(W;R). Hence, since {he : & € B*} is dense in H,
7 admits a unique extension as a linear isometry from H into L?(W;R).
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Moreover, as the L?(W;R)-limit of centered Gaussians, Z(h) is a centered
Gaussian with variance ||h||% for each h € H. 0

The map Z in Theorem [3.3.4] was introduced for the classical Wiener space
by R.E.A.C. Paley and Wiener, and so I will call it the Paley—Wiener map. To
appreciate its importance here, observe that {he : £ € B*} is the subspace
of those ¢ € H with the property that h € H ~— (h,g9)g € R admits
a continuous extension to B. Even though, when dim(H) = oo, no such
continuous extension exists for general ¢ € H, Z(g) can be thought of as
an extension of h ~» (h, g)y, albeit one that is defined only up to a W-null
set. Of course, one has to be careful when using this interpretation, since,
when H is infinite dimensional, Z(g)(x) for a given x € E is not well-defined
simultaneously for all ¢ € H. Nonetheless, by adopting it, one gets further
evidence for the idea that W wants to be the standard Gaussian measure on
H. Namely, because

Z(h) I
e dW=e 2 , heH,

if W lived on H, then it would certainly be the standard Gauss measure
there.

The Paley—Wiener map also provides strong support for the idea that it is
the Hilbert space H that is the canonical component in the triple (H, B, W).
Indeed suppose that (H, By, W) and (H, Ba, W) are both abstract Wiener
spaces. Because there may be no obvious correspondence between elements
of Bf and B3, in general there will be no obvious relationship between the
Gaussian families {(-, &) : & € Bf}and {(-,&1) : & € B3}, and so it will be
hard to understand the connection between the measures WW; and W, in terms
of their Fourier transforms. On the other hand, if Z; and Z, are the Paley—
Wiener maps for (H,Bi,W;) and (H, Ba, W), then the Gaussian family
{Zy1(h) : h € H} will have the same distribution under Wy as {Z, : h € H}
has under Ws. In particular, if £&; € BT then the Ws-random variable that
should be associated with (-, &) is Za(he, ), which need not equal (-, &) for
any & € Bs.

Among the most important applications of the Paley—Wiener map is the
following theorem about the behavior of Gaussian measures under transla-
tion. That is, if y € B and T, : B — B is given by Ty(z) = = + y, we
will be looking at the measure (T} ). and its relationship to W. Using the
reasoning suggested above, the result is easy to guess. Namely, if W really
lived on H and were given by a Feynman-type representation (cf. §3.1)

1 1%,

W(dh) = Ze= =" Agi(dh),

then (7). W should have the Feynman representation
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1 _lr—gl3

Ee = Ag(dh),
which could be rewritten as

[(T,) W] (dh) = exp [(h, g) ,; — 2llgll3;] W(dh).

Hence, if we are correct to interpret Z(g) as (-, g)u, we are led to guess that,
at least for g € H,

[(T,)W(dz)] (dz) = Ry(z) W(dz), where R, = exp|Z(g)—1|lg||%]. (3.3.2)

That is correct was proved for the classical Wiener space by R.
Cameron and T. Martin, and for this reason it is called the Cameron—Martin
formula. In fact, one has the following result, the second half of which is due
to I. Segal.

Theorem 3.3.5 If (H,B,W) is an abstract Wiener space, then, for each
g € H, (T;):W < W and the R, in is the corresponding Radon—
Nikodym derivative. Conversely, if y € B\ H, then (T,). WV is singular with
respect to WW.

Proof. Let g € H, and set u = (T), V. Then

fu(€) = /e““g’&> W(dx) = exp(i{g,€) — 5llhell3r)- (+)

Now define v by the right-hand side of (3.3.2). Clearly v € M, (F). Thus, we
will have proved the first part of this theorem once we show that ¥ is given
by the right-hand side of (x). To this end, observe that, for any hq,he € H,

2 2
/6061Z(h1)+a21(h2) dWw = exp (0;1||h1||%{ + ajae (hl, hZ)H + O;lhz”?g)

for all a1, s € C. Indeed, this is obvious when 1 and ay are pure imaginary,
and, since both sides are entire functions of (a1, ag) € C?, it follows in general
by analytic continuation. In particular, by taking h1 = g, a1 = 1, ha = hg,
and ag = 4, it is easy to check that the right-hand side of (x) is equal to (£).

To prove the second assertion, begin by recalling from Lemma that
for any y € B, y € H if and only if there is a K < oo with the property that
[(y,€)| < K for all £ € B* with ||he||g = 1. Now suppose that (T,). WV LW,
and let R be the Radon—Nikodym derivative of its absolutely continuous
part. Given { € B* with ||he||lg = 1, let F¢ be the o-algebra generated by
x ~ (z,§), and check that (Ty). W | F¢ < W | F¢ with Radon-Nikodym

derivative )
(y,€) >

V(o) = e (o) — 25

Hence,
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Y > EW[R|F] B [R* | 7],

and so )

exp <—<y8§>> = (Y2, W) >a=(R*W) € (0,1].
Since this means that (y, £)? < 8log i, y € H, we have shown that (T,),V L
W unless y € H. a

To appreciate that Gaussian measures are as translation invariant as any
probability measures on an infinite dimensional space, one should know about
the theorem of V. Sudakov below.

Recall that a subset of a metric space is said to be meager if it can be
written as the countable union of nowhere dense (i.e., with empty interior)
closed sets. If the metric space is complete, then the Baire Category Theorem
says that meager subsets are nowhere dense.

Lemma 3.3.6 If {K, : n >} is a sequence of compact subsets of an infinite
dimensional Banach space E, then the interior of | J;—, K, is empty.

Proof. By the Baire Category Theorem, all that we have to show is that
compact subsets of F are nowhere dense. Thus, suppose that K C F is
compact. To show that its interior is empty, it suffices to prove that K — K =
{y —x: z,y € K} contains no neighborhood of 0. Indeed, if we knew that
and if Bg(z,r) € K for some z € E and r > 0, then we would have the
contradiction that Bg(0,7) C Bg(x,r) — B(z,r) C K — K. Thus, suppose
that r > 0is given, and choose z1,...,z, € Esothat K C|J _, Bg (xm, 2)
By the Hahn-Banach Theorem, there exists a £ € E* such that ||€||g- = 1
and (,,, &) = 0 for 1 < m < n. Now choose y € Bg(0,r) so that (y,&) > 2.
Then, (z,£) < 7 and (z +y,&) > § for all z € K. Hence x +y ¢ K for any

i
zx € K,and soy € Bg(0,7) \ (K — K). O

Theorem 3.3.7 If u is a Borel probability measure on an infinite dimen-
sional, separable Banach space E, then the set of x € E for which (Ty)«p £ p
is contained in a meager set S, and therefore the set of x € E for which
(T:)« L p is dense in E.

Proof. Using Ulam’s Lemma (cf. Lemma 9.1.7 in [10]), for each n > 1 choose
a compact K,, C E for which u(K,) > 1— L and set I' = |2, K,, and

I'=T-T = Uy ,—1(Kn — Ky,). Clearly z € I' — -z €I and
w(I') =1, and, by Lemma m the interior of I is empty, which means its
complement is dense. Finally, if —x ¢ I', then (—z + I') N I" = ), and so

(To) (') = pu(—z + I') = 0, which means that (Ty).u L p. O

In view of Sudakov’s result, one sees that centered Gaussian measures
provide as good a substitute for Lebesgue measure as one can hope to find:
not only does one know the directions in which the are quasi-invariant under
translation, one has a simple formula for the associated Radon—Nikodym
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derivatives. In particular, provides the basis for an integration by
parts formula that plays a central in the development of the Sobolev type
theory used in what is called Malliavin’s calculus. The integration by parts
formula is based on the observation that if h € H, then, for any non-negative,
Borel measurable functions f and g

EW[(foTh)g] =EY[Rnf(goT-n)]. (*)

Hence, if f € L2(W;R) and g € LP(W;R) for some p > 2, then (f o Tj)g €
L'(W;R) and (*) again holds. Now choose {&; : j > 1} C B* so that
{h; : j > 1} is an orthonormal basis in H when h; = he;, and let P be the
set of functions ¢ of the form ¢(z) = p({(z,&1),..., (z,£&n)) for some N > 1
and real polynomial p on RY. Then, for any f € L2(WW;R) and ¢ € P,

d

%EW [(f o Ten)e] = dii]EW [Rinf(p o T_n)] =EY [Renf (95 ¥) 0 Tin) ],

where 9}/ ¢(z) = (z, h)yp(z) — Optp and

N

optp = d%p@ +sh)| o= (hh)udip((@, &), ..., (,6n)),

j=1

0;p being the partial derivative of p with respect to the j coordinate. In
particular, when t = 0, we have

d

ZEV[(f o Ti)e]|_ =EV[fo7v],

and so, if ¢ € P,
EY [Onev] =B [0, ¢]. (%)
The equation in (xx) is the basic result, but there is a better way to
formulate it. Namely, for ¢ € P, define Vy = Zjvzl On,ph;. Next, let PH

be the set of ¥ : B — H of the form ¥ = Zjvzl Yjh; for some N > 1 and
{; : 1< j <N} CP, and define

Mz

V'¥(z (2,600 (x) — On, v (2)).

]:1

Then, after applying (xx) to each term in (V<p, W)H, one sees that

(VSD’ )L2(W H) (SOV w) Lz(W;R)' (333)

This equation allows us to extend the definition of V well beyond P. Namely,
it shows that V on P is a closeable operator. That is, the closure of its graph
in L2(W;R) x L?(W; H) is the graph of an operator. To see this, suppose
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that or — f in L?(W;R) and that Vi, — F in L?(W; H). What we have
to check is that F' is uniquely determined by f. But, by (3.3.3)),

(. uv/)m(w;H) = kli)n;o(Vgok,W) L2(W:H)

kll)n(}o(tpm VTW)LZ‘(W;R) = (£, VTQ’)Lz(w;R)’

which, since (cf. part (viii) of Exercise P is dense in L?2(W;R) and
therefore PH is dense in L?(W; H), means that F is determined by f. Hence,
if W2(W;R) is the set of f € L2(W;R) for which there is an F € L?2(W; H)
such that (f, F') is in the closure of the graph of V on P, then we can extend
V to W2(W;R) by taking Vf = F.

In the language of operator theory, the preceding can be summarized by
saying that, because the domain of VT is dense, it has a well defined adjoint
(V1) T. Further, says that P is contained in the domain of (V)" and
that (V)T = V. Thus, since the graph of an adjoint is always closed and
the graph of V is contained in that of (V)T the closure of the graph of V
is the graph of an operator, namely it is graph of the restriction of (V)T to
W2(W;R). What remains open is the question whether W2(W;R) is equal
to the domain of (V')T. The reason why this is an important question is
that, in applications, checking whether a function is in the domain of (V)T
is often much easier than showing directly that it is in W2(W;R). Indeed,
f € L2W;R) will be in the domain of (V)T if and only if there is a C' < oo
such that

(£, V) | < Cl2 220wy for ¥ € PH.

L2(WiR
A proof that W2Z(W;R) is in fact equal to the domain of (V)T is outlined
in part (viii) of Exercise [3.3.1]

3.3.2 Some Examples of Abstract Wiener Spaces

The Gauss measures discussed in § 3.2.2 provide a ready source of examples.
Given a positive definite, symmtric trace class operator A on a separable
Hilbert space B, let W be the centered Gaussian measure on B with co-
variance (z, Ay)p. Using the reasoning in §3.1, one sees that B itself with
the inner product (z,y)g = (z, A~ 'y)p is the Cameron-Martin subspace
for W. When B is infinite dimensional, A~! will be an unbounded opera-
tor and its domain {Az : = € B} will not be complete with respect to the
Hilbert norm || -||z. To see what its completion is, choose an orthonormal
basis {e;, : m > 0} for B, where e,, is an eigenvectors for A with eigenvalue
Q. Then (z, A" y)p = > a(z,em)%, and so the || - || y-completion of

m=0—"m

{Ax : x € B} is the Hilbert space
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:{heB Za hem <oo}

with inner product

Z am gvem (h7em)B~

m=0

It should now be evident that (B, H,W) is an abstract Wiener space.
Although the construction described in Theorem [3.2.8| always works, it is
far too crude to yield a refined result of the sort proved by N. Wiener when
he constructed Brownian motion. To formulate Wiener’s result in terms of
an abstract Wiener spaces, take {29 to be the space of all paths w: R — R
with the properties that w(0) = 0 and lim‘tHOO w®l — 0. Then {2y becomes

ST
a separable Banach space when one takes ||w||o, = sup,cg |1_£|2“ and, using

Riesz’s Representation Theorem, it is easy to identify (2; with the space of
signed Borel measures p on R for which u({0}) = 0 and lullo: = [(1+
[t]) |p|(dt) < oo, where |u| denotes the variation measure for p (i.e., if p =
p+ — p— is the Hahn decomposition of u, then |u| = py + p—).

It was shown in Theorem [2.5.7] that almost all Brownian paths are in (2,
and so their distribution induces a centered Gaussian measure Wy on (2.
The most intuitive way to guess the Cameron—Martin subspace for W is to
think about its Feynman type representation. Namely, we are looking for a
separable Hilbert space H C {2y with the property that, for any n > 1, the
Wo-distribution of {h(2): —n? <m < n?} is

TL2

2 1 1 2 m
em ™ ep (=5 Y n(=(h(2) - k(=) II ().
m=—n2+1 —n?2<m<n?

m7#0

Ignoring everything except the exponential in the density, and rewriting the
sum in the exponent as

1 Z 1<h<¢;) f“?l))Q,

one is led to the Feynman representation

Wo(dh) = %exp (_; /R h(t)? dt) A (dh).

With this in mind, take H}(R;R) to be the set of absolutely continuous
h € £2y whose derivative is in L?(Ag;R), and turn Hj(R;R) into a separable
Hilbert space with [|h|| g1 wr) = [|2l/2(re;r)- Using a standard mollification
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procedure, one sees that H}(R;R) is dense in 2. Furthermore, |h(t)] <
|t|%||h||H3(R;R), and so [|hllg, < [|hll g3 (rr), which means that Hg(R;R) is

continuously embedded in (2.

Theorem 3.3.8 If Wy € M1(f2y) is the distribution of a Brownian motion,
then (H§(R;R), 20, Wo) is an abstract Wiener space.

Proof. {w(t) : t € R} is centered Gaussian process with covariance w(s,t) =
110,00 (st)[s| A [t] under Wy. Thus, if u € £2§ and one uses the formula

o = Jim 3 (2 22)),

it is easy to check that w ~~ (w, u) is a centered Gaussian random variable
with variance [[w(s,t)p(ds)u(dt), and therefore {(-,pu) : p € 5} is a
centered Gaussian family with covariance function

cln.v) = [ [ wls. ) uldsyuta).

Next, for € (2§, let h,, be the function given by h,(t) = [w(s,t) u(ds).
Because

w(s, t) = 1[0’00) (St) /0 1[0,|s\](7')1[0,\t|](7'> dr,

one sees that
fotu((T,oo)) dr  ift>0
hu(t) = 0 .
J; n((=oo,7])dr ift <0.

Thus h,, is absolutely continuous, and

. ] u((t,00)) ift>0
hut) = {—,u((—oo,t]) ift <0.

Since |u|((—¢,4)C) < (1+1)7 |l it follows that h, € Hj(R;R). Further-
more, if h € H} (R;R), then

. 0 .

(hs hy) g = h(T)p([r,00)) dr — / h(T)p((—o0, 7]) dr = (h, ).

0 —00

In particular,

Il ey = (s = [ [ ws,8) udshatat) = el ),

and so H}(R;R) is the Cameron—Martin space for W. O

One should understand how the preceding result can be interpreted in
terms of the reasoning used for Hilbert spaces. Namely, the analog here of
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the operator A there is the operator A : 2 — (2 given by Au(t) =
J w(s,t) p(dt). Because

o2 / w(s, t)p(s)ds = —p(t) for o € C2(R;R),

w is minus the second distributional derivative of h, = Ay, and so A~h, =
78%#. Therefore, if H is the Cameron-Martin space for Wy, we should
expect that
B ) o
(h’hu)H - (*8 hvhlt)L2(>\R;]R) - (hvhlt)m()\R;R)’

at least for h € C?(R;R). Starting from this, it is evident why H must be
H}(R;R).

There is an important interpretation of the Payley—Wiener map h €
H}(R;R) — Z(h) € L?*(Wp; R). Namely, for u € £, (w, u) is the Lebesgue
integral

0

/ w(t) pu(dt) = (R) / () du((t.00)) — (R) / w(t) du((—o0. 1),

— 0o

where, taking advantage of the facts that w is continuous and ¢ ~~ ,u((t7 oo))
and ¢ ~» u((—oo, t)) are functions of bounded variation, the integrals on the
right are taken in the sense of Riemann—Stieltjes. A fundamental property
(cf. Theorem 1.2.1 in [11]) of Riemann-Stieltjes integration is that if ¢ is
Riemann integrable with respect to ¢ on an interval [a, b], then 1) is Riemann
integrable with respect to ¢ and

b b
®) / o dip = (D) (b) — pla)dl(a) — (R) / ¥dyp.

Hence, since w(0) = 0 and [p|((t,00)) V |u|((—o0, —1)) < |1l
t>0,

o (L4+1)~* for

0

(w.1) = (R) / " (¢ 00) dut) — (R) |l et 33a)

— 00

This means that Z(h,,) is a bonafide Riemann-Stieltjes integral. Even though
Z(h) will be neither a Lebesgue or Riemann-Stieltjes for general h € Hg(R;R)
and is only defined up to a set of Wy-measure 0, it is the limit in L?(Wp;R)
of Riemann integrals, and that accounts for the use by many authors for the
term Paley—Wiener integral.

Paley and Wiener did not interpret their integral in terms of abstract
Wiener spaces. Instead, they developed their theory from the observation
that if f € CH(R;R), then (R) [ f(t) dw(t) is a well defined Riemann inte-
gral which, under W, is a centered Gaussian random variable with variance



3.3 Abstract Wiener Spaces 91

1 £112 . (xe:r)- Lhey then used this observation and a mollification procedure
to give meaning to [ f(t)dw(t) for general f € L%*(Ag;R). That is, given
[ € L?*(Ag;R), they chose a sequence {f, : n > 1} C C}(R;R) that con-
verges to f in L?(Ag; R) and realized that the integrals (R) [ f,,(t) dw(t) would
converge in L2(Wp;R) to a centered Gaussian random variable, which they
denoted by [ f(t) dw(t), with variance || f[|72 y, ) From the abstract Wiener
space perspective, what they did is start with ¢ € (25 which are absolutely
continuous with respect to Ag and have a continuous, compactly supported
Radon—Nikodym derivative and then use the same extention procedure as we
used in the proof of Theorem

The stationary Gaussian processes discussed in § 2.6.3 are another source of
abstract Wiener spaces. For example, recall the Ornstein—Uhlenbeck process
discussed at the end of that section, only here rescale time and space its
covariance function is 2~ '~ instead of e~ 2. Again the paths of this process
are continuous and have sublinear growth at infinity. Hence its distribution
is a Borel measure on the space {2 of continuous functions w : R — R
satisfying limy oo % = 0, which becomes a separable Banach space when
one uses the norm [|w||o = sup,cp ‘11—("?' Just as before, £2* can be identified
as the space of signed Borel measures on R for which [(1 + [¢|) |u](dt) < oo,

only now 1({0}) need not be 0. Using the fact that this Ornstien—Uhlenbeck
process is a homogeneous Markov process with transition probability density

—26\\ 3 (v - eitx)2
(r(1—e?")) 2exp (—1%> ,

e

one can use the Feynman formalism to see that its Cameron—Martin subspace
must consist of absolutely continuous h € £2 for which (h + k) € L*(\g;R).
Since elements of (2 are tempered distributions and therefore have Fourier
transforms, the Fourier transform A of such an h will have the property that
(1- Zf)il € L?(Ag;R) and therefore both h and h are in L?(Ag;R) and
1B+ hl|72 0y = NRIZ2(00m) + 17172 (0pm)- This line of reasoning is made
precise in the following theorem.

Theorem 3.3.9 LetU € M,(£2) be the distribution of the Ornstein—Uhlenbeck
process with covariance function %e“”, and let H(R;R) be the space of ab-

solutely continuous h : R — R for which both h and h are in L*(A\g;R).
Then HY(R;R) is a separable Hilbert space with norm

1
2

Wl esmy = (10l ity + 132y )
HY(R;R) is dense in 2, and (H*(R;R), 2,U) is an abstract Wiener space.

Proof. Everything but the final statement is left as an exercise.
Proceeding as in the proof of Theorem [3.3.8] one sees that
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/(w,u)(w, ) U(dw) = %//eflt*sl (ds)v(dt) for v € ©2°.

Given p € 2%, define h,(t) = 3 [e71*7%l u(ds). Then

halt) =~ [ sene = )1 u(as),

and so, for h € H'(R; R),

(o) ooy = =5 [ ([ iOsste = 917 ) o
— [ ) utds) - [ n(oh (o).

Hence (h,p) = (h, hy) m (rir)- In addition,

Jtwnrutaw =5 [ utds)ntat) = (s ) = By s

which completes the proof that (H!(R;R), £2,U{) is an abstract Wiener space.
O

Just as the Cameron—Martin subspace for the distribution of Brownian
motion can be guessed using the ideas in §3.1, so too Cameron—Martin sub-
space for the distribution of the Ornstein—Uhlenbeck process. The operator
A: 2% — 2 here is given by Au(t) = 1 [ e 175! (ds), and one can easily
check that Ay — 9?Au = p in the sense distributions. Using integration by
parts and proceeding in the same way as we did before, one concludes that
Cameron—Martin space for & must be H!(R;R).

There is an interesting connection between stationary Gaussian processes
and Paley-Wiener integrals. Namely, suppose that f € L?(A\g;R) is an R-
valued characteristic function. Then (27)~'f is the density of a even Borel
probability measure on R. Hence f is a non-negative, even Ag-integrable

function. Take 1 to be the Fourier transform of ((27r)~! f)é, and observe
that ¢ is an even element of L*(R;R) and that f(t) = [v(t — s)¢(s)ds.
Using Paley—Wiener integration, now define

X(t,w) = /w(t ) dw(r) € L2(WiR) for ¢ € R.
Then
[ XXt Waldo) = [ it = (s - ) ar
— [wte=s-nuryar = st ),
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and so {X(¢) : t € R} under W, is a centered stationary Gaussian process
with covariance f(t—s). This representation of stationary Gaussian processes
is a key ingredient in much of prediction theory.

3.3.3 Wiener Series

In this subsection I will give a modern version of Wiener’s approach to pro-
viding a mathematically satisfactory treatment of Brownian motion.

Theorem 3.3.10 Let H be an infinite dimensional, separable, real Hilbert
space and B a Banach space into which H is continuously embedded as a
dense subspace. If for some orthonormal basis {hy, : m > 0} in H the series

o0
Z Ymhm converges in B

m=0

(3.3.5)
for ’ygil—almost every y = (Yo, .-, Ym,...) € RY

and if S : RY — B is given by

S(y) {ano_o Ymhm  when the series converges in B
y =

0 otherwise,

then (H, B, W) with W = S*W(I)\{l is an abstract Wiener space. Conversely, if
(H,B,W) is an abstract Wiener space and {h,, : m > 0} is an orthogonal
sequence in H such that, for each m € N, either h,, =0 or ||y, ||g = 1, then

n p
EW |sup Z Z(hm)hm ] < oo forallpe[l,00), (3.3.6)
n20 m=0 B
and, for W-almost every x € B, Y~ [Z(hy,)](z)hm converges in B to the
W-conditional expectation value of  given o ({Z(hn,) : m > 0}). Moreover,
Z [Z(hm)](x)hy, is W-independent of x — Z [Z ()} () .-
m=0 m=0

Finally, if {hy : m > 0} is an orthonormal basis in H, then, for W-almost
every x € B, Y7 _([Z(h)|(x)him converges in B to x, and the convergence
is also in LP(W; B) for every p € [1,00).

Proof. First assume that (3.3.5) holds for some orthonormal basis, and set
Sn(y) = Dm0 Ymhm and W = S,4{';. Then, because S,(y) — S(y) in B
for 'ygi 1-almost every y € RN,
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n
), ; 01| i1(Sn8) | — 1 —3(he;hm)y — —LllRell?
W(E) _nh—{roloE% {e< £>} _nh—%orl__loe 3(heshm)y = =3 lhelln
which proves that (H, B,V) is an abstract Wiener space.

Next suppose that (H, B, W) is an abstract Wiener space and that {h,, :
m > 0} is an orthogonal sequence with |||z € {0,1} for each m > 0. For
each n € N, set 7, = 0({Z(hm) : 0 < m < n}). Clearly, F,, C F,41 and
F =0 (U, o Fn) is the o-algebra generated by {Z(h,,) : m > 0}. Moreover,
if S, = > _oZ(hm)hu,, then, since {Z(hy,) : m > 0} is a Gaussian family
and (z — S, (), £) is perpendicular in L?(W;R) to Z(hy,) for all £ € B* and
0 <m < n,z—S5,(z) is W-independent of F,,. Thus S,, = EV [z | F,], and so,
by Theorem [3.2.5] we know both that holds and that S, — EW[z | F]
Wh-almost surely and in LP(W; B) for all p € [1,00). In addition, the W-
independence of Sy, (z) from x—S,,(x) implies that the limit quantities possess
the same independence property.

In order to complete the proof at this point, all that we have to do is show
that & = EYW[z | F] W-almost surely when {h,, : m > 0} is an orthonormal
basis. Equivalently, we must check that Bg is contained in the W-completion
F of F. To this end, note that, for each h € H, because > _ o (h, hm) rhim
converges in H to h,

En: (hy hon) T (hn) =T (i (h, hm)Hhm> — I(h) in L2W;R).

m=0 m=0

Hence, Z(h) is 7 _measurable for every h € H. In particular, this means
that © ~ (z,&) is 7" _measurable for every £ € B*, and so, since Bp is
generated by {(-,&): £ € B*}, Bg Q?W. O

It is important to acknowledge that the preceding theorem would not have
made Wiener’s life easier. Indeed, Wiener knew full well that what he had to
do is prove a series of the sort described in the first part of Theorem [3.3.10
converges in the space of continuous paths. Being an expert in harmonic
analysis, he chose an orthonormal basis consisting of trigonometric functions
and used non-trivial results from harmonic analysis to prove the required
convergence.

Corollary 3.3.11 If W is a non-degenerate, centered Gaussian measure on
the separable Banach space B, then W(G) > 0 for all non-empty open subsets
G C B.

Proof. Let H be the Cameron—Martin subspace for W on B, and assume
that [|-[|p < |- |-

Since H is dense in B, it suffices to show that W(BB(h,T)) > 0 for all
h € H and r > 0. In addition, because
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W(Bg(0,r)) = /

Bp(h,r)

(NI

R dW < [|Ronllzzowsmy (W(Bi (k1))

and
IR Al sy = e 1Pl /672I(h) AW — el

it is enough to prove that W(BB(O,T)) > 0 for all » > 0. To this end, let
{h, : n > 0} be an orthonormal basis in H, and set S, = > _ Z(hy)hm.

m=0
By Theorem |3.3.10, for each r > 0 there is an n such that W(||x —SnllB <
2) > 1. At the same time, ||S,[|% < [|Snll% = Som_o Z(hm)?, and therefore,

m=0
since x — S, is independent of S,,,

for all » > 0. O

3.3.4 Isoperimetric Inequality for Abstract Wiener
Space

By taking advantage of the dimension independence of , we will prove
here the analog of for abstract Wiener spaces.

Let (H, B,W) be an infinite dimensional, non-degenerate abstract Wiener
space. Given A € Bg and t > 0, define

AW ={z+h:ze€A&heBy(0,t)}.

Equivalently, z € A® if and only if there is a y € A such that ||y — z|z < t.
Notice that A is significantly smaller than it would have been had we used

|l - ||z rather than ||- |z to define it. Also, observe that, because, by (iii) in
Lemma |- ||z is a lower semi-continuous function on B, A® is a closed

subset of B and therefore Borel measurable.

Theorem 3.3.12 For any A € Bg andt >0,
o (W(AD)) > 71 (P (W(A)) +t). (3.3.7)

In particular, if A € Bg andx € A = x+ h € A for oll h € H, then
W(A) € {0,1}.

Proof. Choose a sequence {&, : n > 0} C B*} so that {h, : n > 0} is an
orthonormal basis in H when h,, = h¢, . By Theorem we know that
Bp is contained in the W-completion of o ({(-,&,) : n > 0} ! Thus, since the
set of A for which holds is closed under monotone limits, it suffices
for us to show that it holds when A € Fy = o({(-,&,): 0 <n < N —1})
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for some N > 1. To this end, define the projection map 7y : B — RY by
mn(z) = ((z,&),- - -, (x,&v,l))—r. Then, A € Fy if and only if A = 75" (I')
for some I' € By, in which case A = 7 (I'V), where, as in ,
Y = {y e RN : |y — I'| < t}. Further, W(A) = A (I") and W(A®) =
S (r'®), and so for A follows from for I'.

Given the first part, the second part follows from the fact that, under
the stated condition, A = A® for all ¢+ > 0, and therefore W(4) > 0 =
W(A) = W(AWD) > &(d71(W(A)) +t) — L as t — . 0

An interesting consequence of is the fact that if L € Bp is a sub-
space of B containing H, then W(L) € {0,1}. Thus, for example, with prob-
ability 0 or 1, a Brownian path will be in any Banach space of paths that
contains H} (R;R).

Corollary 3.3.13 Let f : B — [—00,00| be a Borel measurable function
satisfying |f(y) — f(x)| < My — x|z for some X € [0,00) and all x, y € B.
If | f(z)] < oo for W-almost every x € B and m is a median of f under W,
then

2

W({If(x) —m| > At}) <2(1—D(t)) < 2e 7, (3.3.8)
and so, for any g € C(R;[0,00)) satisfying f(z) < f(y) for |z < |yl,

/ o(If () — ml) W(dz) < / g(AJt]) 0.1 (db). (3.3.9)
B R

In particular, if ¥ = sup{||h||g : h € Bu(0,1)} andm is the smallest median
of x ~ ||z||g under W, then
2(1—o(27') < W({z: |z||p > t})
(=)’ (3.3.10)
<21 - M(t—m)T) <2 T

9

and so

/eXp <W> W(da) < (1_:) < /exp (‘g;”}) W(dz)

fora €[0,1).

Proof. The estimate in (3.3.8]) is proved from (3.3.7) in exactly the same way
as the one in (2.4.13)) was derived from (2.4.6)). To prove the upper bounds

in (3.3.10]), simply observe that

Iyllz = llzllz] < o = ylls < Zlly — 2l

The first step in proving the lower bound in (3.3.10)) is to show that

Y = sup{[lh¢|lm : (I€]lB~ =1} (*)
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To check this, begin with the observation that

2 =sup{|lhllz" : Ih]s =1}.

Now suppose that & € B* with ||€]| g« = 1, and set g = Hhhﬁ Note that, since

lgllz =1, llgllz" < ¥. Hence, because 1 > (g,8) = (g, he) ;; = llgllarllhellz,
lhellm < llgllz < X, and so left hand side of (x) dominates the right hand
side. To prove the opposite inequality, suppose that h € H with |kl =
1. By the Hahn-Banach Theorem, there exists a £ € B* with |{]|g- = 1
and (h,&) = 1. In particular, |[hllg|hella > (h,he), = (h,€) = 1, and
therefore ||h|| ;" < ||\hell#, which, together with the preceding, completes the
verification.

The next step is to show that there exists an £ € B* with [|£]| g~ = 1 such
that [|he||m = Z. To this end, choose {{; : k > 1} C B* with ||{]/g- = 1 so
that ||he, || — X. Because Bp-(0,1) is compact in the weak* topology and,
by Theorem M ¢ € Bp-(0,1) —> he € H is continuous from the weak*
topology into the strong topology, we can assume that {& : k > 1} is weak*
convergent to some & € Bp~(0,1) and that |he¢||g = X, which is possible
only if ||¢||p= = 1. Finally, knowing that this & exists, note that (-,&) is a
centered Gaussian under W with variance X2. Hence, since ||z||z > |(z, €)],

W(l|lzlls = t) = W([(z, &) = t) =1 (R\(-X7't, 27')) =2(1-8(Z't)).
0

The assumption in Corollary [3.3.13|that f is WW-almost surely finite is vital.
Indeed, otherwise we would get a contradiction by taking f(z) = ||z| g

The estimates in and its application represent a significant sharp-
ening of Fernique’s result. An asymptotic version of was proved by
M. Donsker and S.R.S. Varadhan using the result in Theorem [3.4.1] below.
They showed that

1

. _2 > _

allzl%

and from this they concluded that e 22 is W-integrable if and only if v < 1.
The proof given here of the lower bound in (3.3.10)) is an adaptation of their
argument.



98 3 Gaussian Measures on a Banach Space

3.3.5 Rademacher’s Theorem for Abstract Wiener
Space

An important theorem proved by H. Rademacher states that if f : RY — R
is a uniformly Lipschitz continuous function, then it has a gradient at Ag~-

almost every point. More precisely, there is a Borel measurable function V f :
RN — RY such that

i ap JE )~ J@) —UVI@). ),

Y =0 for A\gy —a.e. z € RV,
NO eesh -1 t

In particular, Vf can be chosen so that H [V £l HC is the Lipschitz constant
for f.

The analog for abstract Wiener spaces given below appeared originally in
13-

Theorem 3.3.14 Let (H, B, W) be an abstract Wiener space and f : B —»
R is Borel measurable function for which there exists a A < oo such that
If(y) — f(x)] < Mly — «|lg for all x,y € B. Then there exists an F €
L*(W; H) and an A € B such that W(A) =1 and, for x € A

f(s+th) — f(x)

; —(F(x),h)H—>0ast—>0

uniformly for h in compact subsets of H.

Proof. First observe that, by Corollary [3.3.13] f € LP(W;R) for all p €
[1,00).
Given ¢ € B* with || he||g = 1, define

I = {x €B: lim Jatthe) = J@) it in R}

N0 t
and A¢ = {(z,5) € BxR: x+ she € I¢}.

Since the function t ~ f(x + the) is Lipschitz continuous and therefore ab-
solutely continuous, Lebesgue’s Differentiation Theorem guarantees that, for
each x € B, t ~ f(x + the) is Ag-almost everywhere differentiable, and
therefore, for each € B, 701 ({s : (z,s) € A¢}) = 1. Next observe that

Ie = {1’: (x_ <x7§>h§,<x,§>) € AE}a

and therefore, since « — (x, §) he is W-independent of (z, &) € N(0,1),

WI(I) = /70,1({5: (2 (2.6).5) € Ac}) W(da) = 1.

Define
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limg~ o if z € I
Fe(z) = {0 " ifx¢Fz

f(ztthe)—f(z)
t

Now choose {&,, : m > 0} C B* so that {h,, : m > 0} is an orthonormal
basis for H when h,,, = he,, , and take D be the set of £ € bpan({fm :m > 0})
for which {(he, b)) @ m > 0} C Q. Clearly {he : £ € D} is a dense subset
of H, and since D is countable, I' = [\ p It has WW-measure 1.

Given £ € D and ¢ € P (cf. the notation in §3.3.1),

fx+th§ ()

Ry ¢ ol 3 —
iy / iy P o 1))

— [ @0 w(e) Wida) = 3 (b b)is [ F@0], w12 Wido).
m=0
Since, for each m, by reversing the preceding one has

[ @, v W) = i [ AT 0

- / Fo ()t () W(d),

it follows that

o0

(Fe, ) 2oy = Y, (hes hun) 1 (Fons ) L2 wim)

m=0

for all 1) € P and therefore that Fe = >~ (he, hin) u F (a.s., W) for each
&eD.

Let A be the set of x € I" for which F¢(x) = > >°_ (he, hm) i Fm () for all
£ € D. Then W(A) =1, and, for z € A,

o0

S (e, hun) 11 Fin(2)

m=0

< M|kl for all £ € D.

Thus Y oo Fp(2)? < A% for x € A, and so, if we define the Borel measurable
function F' : B — H by

F(z) = 2 m=0 Fm () hm ?f reA
0 ifx g A,

then Fe(z) = (F(x),he),, for & € D and z € A. Finally, for € A and
h € H, define t € [0,1] — [p(x, h)](t) € R so that [p(z, h)](0) = 0 and
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flx +th) — f(z)
t

[p(z, h)](t) =

Then,

— (F(x),h),, for t € (0,1]\ {0}.

tesztpu|[p(x,9)](t) = [p(z, M](t)] < 2Allg — hllw for g, h € H,

and, for z € A and £ € D, p(x, he) € C’([O, 1];R). Therefore h ~~ p(z,h) |
(0,1] is the continuous extention of its restriction to {he : £ € D}, and so
h € H — p(z,h) € C([0,1];R) is a continuous map. Hence, if z € A, then,
as t \,0,

f(z +th) — f(z)
t

= (F(x),h) ;= [p(z, h)](t) — 0

uniformly for h’s in compact subsets of H. O

As a corollary of Theorem [3.3.14] one knows that a function f satisfying
its hypothesis is an element of the space W2(W;R) described in §3.3.1 and
that F' = Vf. Indeed, for any ¥ € P and m > 0,

(Fmv 1/)) L2(W;R) = (fa 5;1”1#) L2(OW;R)

and so

(F’ W)L%W;H) = (f7va)L2(W;]R)

for all ¥ € PH. Hence, f is in the domain of (V)T and therefore, by (viii) of
Exercise it is an element of W2(W; R). Conversely, one can show that if
f e WEW;R) and ||V f| e (w.m) < 00, then f is W-almost everywhere equal
to a Borel function f satisfying the condition in Rademacher’s Theorem.
Here is an amusing application of Theorem Given a weak* com-
pact subset K of B*, set f(z) = maxeer(x,§). Obviously, f satisfies the
hypothesis in the theorem. Let A be the set of x with the property that

_ iy S th) = f(2)
(F(x),h), = }{r(l) ;

for all h € H,

and define g : B x H — R by
g(z,h) = max{(h, &) : £ € I,} where I, = {{ € K : (z,§) = f(x)}.

Ifx € Aand & € I, then w > (h, ) fort > 0, and so (F(z),h), >
(h,€) for all h € H. Since this means that (F(z),h), = (h h¢)g for all
h € H, it follows that he = F(x) and therefore that there is precisely one
element of I, for each z € A. In other words, for each z € A, there is a

unique &, € K such that (z,£,) = max{(;z:,§> NS K}. When applied to
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Brownian motion, this result says that, on each compact set of times, almost
every Brownian path achieves its maximum value precisely once.

3.3.6 Gross’s Operator Extention Procedure

A major goal of both Segal and Gross was to develop a procedure for extend-
ing operators defined on the Cameron—Martin space to the Banach space in
which it is embedded. This subsection contains a couple of Gross’s fundamen-
tal results in that direction. Throughout, H will be an infinite dimensional,
separable Hilbert space over R.

Lemma 3.3.15 Let (H, B,)V) be an abstract Wiener space and {h,, : m >
0} an orthonormal basis in H. Then, for each h € H, Y °_(h, hn) g Z(hyy,)
converges to Z(h) W-almost surely and in LP(W;R) for every p € [1,00).

Proof. Define the o-algebras F, and F as in the proof of Theorem [3.3.10
Then, by the same argument as was used there, one can identify " _(h, bun) uZ(him)

. —=W .
as EW[Z(h) | Fn]. Thus, since 7~ 2 Bg, the required convergence statement
is an immediate consequence of Theorem [3.2.5 a

Theorem 3.3.16 Let (H, B,W) be an abstract Wiener space. For each fi-
nite dimensional subspace L of H there is a VW-almost surely unique map
Pr : E — H such that, for every h € H and W-almost every x € B,
(h,PL:v)H = Z(IIph)(x), where I}, denotes the orthogonal projection map
from H onto L. In fact, if {g1,...,9dim(r)} 5 an orthonormal basis for L,
then Prx = Z(lhm(L)[I(gi)](x)gi, and so Ppx € L for W-almost every x € B.
In particular, the distribution of x € B —— Prax € L under W is the same
as that of (y1,. .., Ydim(r)) € RIME) — Z(lhm(L) yjg9; € L under ’yg’l{n(L).
Finally, © ~ Ppx is W-independent of x ~~ x — Ppx.

Proof. Set ¢ = dim(L). It suffices to note that

4 ¢ ¢
I(Lh) =T (Z(h7gk)Hgk> = (hgr)nT(gr) = (Zl(gk)gk,h>
H

forall he H O

The definition of an abstract Wiener space that we have been using is
not the same as Gross’s. The difference is that his definition included the
property that is derived in the following theorem.

Theorem 3.3.17 Let (H, B,W) be an abstract Wiener space and {h,, : n >
0} an orthonormal basis for H. If L, = span({ho,...,hn}), then, for all
€ > 0 there exists an n € N such that EW[|Prxz||%] < € whenever L is a
finite dimensional subspace of H that is perpendicular to L.
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Proof. Without loss in generality, we will assume that ||- |z < || ||&-

Arguing by contradiction, we will show that if the asserted property did
not hold, then there would exist an orthonormal basis {f, : n > 0} for H
such that > 0" Z(f,) f» fails to converge in L*(W; B).

Suppose that there is an € > 0 such that for all n € N there exists a finite
dimensional L L L, with E"[|[Pyz||%] > €. Under this assumption, define
{nm:m >0} CN, {ly, : m >0} €N, and {{fo,...,fn,} : m >0} C
Ly, inductively by the following prescription. First, take ng = 0 = fy and
fo = ho. Next, knowing n,, and {fo,..., fn,, }, choose a finite dimensional
subspace L L L, so that EW[|Ppz|%] > €, set £, = dim(L), and let
{9m1,--->9mu, ; be an orthonormal basis for L. For any ¢ > 0 there exists
an n > Ny, + £,, such that

L

Z |1, gm.j L, gmk) y — 0jk| < 6.
jik=1

In particular, if § € (0,1), then the elements of {II1, gm;: 1 < i< ¥{,} are
linearly independent and the orthonormal set {g, ; : 1 < j < {,,} obtained
from them via the Gram—-Schmidt orthogonalization procedure satisfies

4 4

Z NGm.; — L, 9m.jllg < Km Z ’(HL,,Lgm,pHL,Lgm,k) - 6i,j’
j=1 j,k=1

for some K,, < oo which depends only on ¢,,. Moreover, because L L L, ,
Gm,j L Ly, for all 1 < j < £,,. Hence, we can find an n,,q1 > Ny +
£,, for which span({hn Sy < n < nm_H}) admits an orthonormal basis

{frm+1s--s fnmir b L Ly, with the property that Zi’“ lgm.; — frm+illa <
€

Z.
Clearly {f, : n > 0} is an orthonormal basis for H. On the other hand,

N +lm 272
EV | Y. Z(f)fn
n="nm,+1 B
1
. 2 2
>e—E" || (ZGms)9ms — L(Fanti) Frm+s)
1 B
l0n

1
>€— Z EY [Hz(gm,j)gm,j - I(fnm-&-j)fnm-i-j ||§{] 2
1

and so, since EV [||Z(gi,m)gm,; — I(fnmﬂ)fanHiI]% is dominated by
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[N

E™[|[(Z(9ms) = Z(Fnt)) grmil[] +EY (TS )]
<2 gm,; — Frm+illH

gm.j = Frm+illu

we have that

N +lm 272
B () fn > < forallm >0,
Z (fo)f, 25 forallm> 0
N +1 B
and this means that Yo" Z(f,)f. cannot be converging in L?(W; B). O

Besides showing that my definition of an abstract Wiener space is the same
as Gross’s, Theorem [3.3.17] allows us to prove a very convincing statement,
again due to Gross, of just how non-unique is the Banach space for which a
given Hilbert space is the Cameron—Martin subspace.

Corollary 3.3.18 If (H, B, W) is an abstract Wiener space, then there ex-
ists a separable Banach space By that is continuously embedded in B as a
measurable subset and has the properties that W(By) = 1, bounded subsets
of By are relatively compact in B, and (H, By, W | BO) is again an abstract
Wiener space.

Proof. Again we will assume that |- ||g < |- ||g-

Choose {&, : n > 0} C B* so that {h, : n > 0} is an orthonormal
basis in H when h, = he,, and set L, = span({ho,...,h,}). Next, using
Theorem choose an increasing sequence {n,, : m > 0} so that ng =0
and EW [||PLx||QB]% < 27™ for m > 1 and finite dimensional L L L,, , and
define Qg for £ > 0 on B into H so that

e

Qor = (r,§0)ho and Qx = Z (x,&xYhy,  when £ > 1.

n=ng_1+1

Finally, set S, = P, = Z;n:o Q¢, and define By to be the set of x € B
such that

oo
lzll5, = 1Qozlle + ) ¢*|Qezlls <co and |[Smz —z|5 — 0.
=1

To show that ||-||g, is a norm on By and that By with norm ||- ||, is a
Banach space, first note that if z € By, then

m
lalls = lim [Snzlls < [Qolls + lim 3 lIQezlls < [z,

and therefore | - ||, is certainly a norm on By. Next, suppose that the se-
quence {z : k > 1} C By is a Cauchy sequence with respect to || - || 5,. By
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the preceding, we know that {zj : k > 1} is also Cauchy convergent with
respect to || - || g, and so there exists an « € B such that z; — z in B. We
need to show that « € By and that ||z — z||p, — 0. Because {zj : k> 1}
is bounded in By, it is clear that ||z| g, < co. In addition, for any m > 0 and
E>1,

|l — Smellp = lim ||x¢ — Smaellp < lim ||zp — Smael B,
£—00 l— 00

= lim Y n®(|Quueln < Y
—

12| Quakll s + sup ||lze — k|| -
O n>m n>m >k

Thus, by choosing k for a given € > 0 so that sup,.,, [[ze — 2| B, < €, we
conclude that lim,, , ||z — Smz|| g < € and therefore that S,,z — z in B.
Hence, z € By. Finally, to see that xp — = in By, simply note that

lz — il 5y = 1Qo(@ — zi) |5 + Y mP||Qu(x — zx)lls

m=1

o0
< lim <||Qo(93e —zi)ls+ > m*[|Qum(xe — Ik)||B> < sup ¢ — il 8o,
>

m=1

which tends to 0 as k — oo.

To show that bounded subsets of By are relatively compact in B, it suffices
to show that for any sequence {z, : £ > 1} C Bp,(0, R), then there is an
x € B to which a subsequence converges in B. For this purpose, observe
that, for each m > 0, there is a subsequence {zy, : k > 1} along which
{Smxe, : k > 1} converges in L, . Hence, by a diagonalization argument,
{z¢, : k > 1} can be chosen so that {S,,x¢, : k > 1} converges in L,,  for
all m > 0. Since, for 1 < j < k,

2o, =z, 8 < |Smze, — Smaells+ D 1@n(xe, — 22,5

n>m

1
S ||Srn'r€;C - ml'ZjHB +2R Z ﬁa

n>m

it follows that {zy, : k > 1} is Cauchy convergent in B and therefore that it
converges in B.

We must still show that By € Bp and that (H, By, | By) is an abstract
Wiener space. To see the first of these, observe that x € B — ||z||, € [0, 00]
is lower semicontinuous and that {z : ||Smz —z||p — 0} € Bp. In addition,
because, by Theorem |Smz — x||g — 0 for W-almost every = € B,
we will know that W(By) = 1 once we show that W(||z| 5, < o0) = 1, which
follows immediately from
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V)] = EY [1Qolls]) + > m BV [|Qmel| 5]
1
< E™[|IQor] 5] + ZmQEWmexn%F

<EY[IQoz] 5] + Zm22 "

The next step is to check that H is continuously embedded in By. Certainly
he H = ||Spmh—h|p < ||Smh—h|lg — 0. Next suppose that h € H\{0}
and that h L L, _, and let L be the line in H spanned by h. Then Prx =
|hll 72 [Z ()] (z)h, and so, because L L L, ,

| Llkls Al
— > EWY[Z(h)?]? = :
o 2 BT e = Tl

Hence, we now know that h L L,,, = |||z < 27™||h||g. In particular,
||Qm+1h||3 27" Qmr1h|lg < 27™||h||g for all m > 0 and h € H, and so

00 ) m2
BBy = Qohll5 + > m*|Qmhlls < <1 +2)° 2m> 7l = 25[R| -
m=1

m=1

To complete the proof, we 12nust show that H is dense in By and that, for
each £ € Bi, W(¢) = e~ zlhell | where he € H is determined by (h,he) =
(h, &) for h € H. Both these facts rely on the observation that

|z — Smz| B, = Z n?||Qnzllp — 0 for all z € B.

n>m

Knowing this, the density of H in By is obvious. Finally, if £ € B, then, by
the preceding and Lemma [3.3.15]

Mm,

(2,6) = lim (Spe,&) = lim > (2,6)(hn, &)
n=0

m— 00

Nm

= lim > (e, hn) p; [Z(hn)] () = [Z(he)] ()

m— 00
n=0
for W-almost every « € Bj. Hence (-,£) under W is a centered Gaussian
with variance ||he||%. 0

Using the ideas in the preceding proof, one can show that, given a separable
Hilbert space H, H itself equals the intersection of all the Banach spaces in
which H is the Cameron—Martin subspace. See 2] for details.
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3.3.7 Orthogonal Invariance

Consider the standard Gauss distribution 7o ; on RY. Obviously, 7o, is or-
thogonal invariant. That is, if O is an orthogonal transformation of R,
then 7o s is invariant under the transformation Tp : RY — RY given by
Tox = Ozx. On the other hand, none of these transformations can be ergodic,
since any radial function on RY is invariant under Tp for every O.

Now think about the analogous situation when RY is replaced by an in-
finite dimensional Hilbert space H and (H, B,W) is an associated abstract
Wiener space. As we are about to show, W is invariant under orthogonal
transformations on H. On the other hand, because |||/ = oo for W-almost
every x € B, there are no non-trivial radial functions now, a fact that leaves
open the possibility that some orthogonal transformation of H give rise to er-
godic transformations for WW. The purpose of this subsection is to investigate
these matters, and I begin with the following formulation of the orthogonal
invariance of W.

Theorem 3.3.19 Let (H, B, W) be an abstract Wiener space and O an or-
thogonal transformation on H. Then there is a W-almost surely unique, Borel
measurable map To : B — B such that Z(h)oTo = Z(O"h) W-almost surely
for each h € H. Moreover, W = (Tp). W.

Proof. To prove uniqueness, note that if 7' and T” both satisfy the defining
property for T, then, for each £ € B*,

(T, &) = I(he)(Tx) = T(O " he) = I(he)(T'x) = (T'x, )

for W-almost every x € B. Hence, since Bg-(0,1) is separable in the weak*
topology, Tz = T'x for W-almost every x € B.

To prove existence, choose an orthonormal basis {h,, : m > 0} for H,
and let C be the set of z € B for which both > >°_ [Z(hy)](z)h, and
> olZ(hm)](z)Ohyy, converge in B. By Theorem we know that

m=0

W(C) =1 and that

S olZ(hm)](x)Oh,, ifzeC

m=0

~ Tox =
v tor {0 ifz¢C

has distribution W. Hence, all that remains is to check that Z(h) o Tp =
Z(OTh) W-almost surely for each h € H. To this end, let ¢ € B*, and
observe that

[Z(he)|(Tox) = (Tox,&) = Y (he, Ohum) y[Z(hn)](x)
m=0

= 3 (OThe ) y (@)

m=0
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for W-almost every x € B. Thus, since, by Lemma the last of these
series convergences W-almost surely to Z(O" he), we have that Z(he) o To =
I(OThE) W-almost surely. To handle general h € H, simply note that both
h € Hv+— Z(h)oTe € L*(W;R) and h € H — Z(OTh) € L*(W;R) are
isometric, and remember that {h¢ : £ € B*} is dense in H. O

I discuss next the possibility of T being ergodic for some orthogonal
transformations O. First notice that Ty cannot be ergodic if O has a non-
trivial, finite dimensional invariant subspace L, since if {hy,...,h,} were an
orthonormal basis for L, then Y. _, Z(h,,)? would be a non-constant, To-
invariant function. Thus, the only candidates for ergodicity are O’s that have
no non-trivial, finite dimensional, invariant subspaces. In a more general and
highly abstract context, Segal |7] showed that the existence of a non-trivial,
finite dimensional subspace for O is the only obstruction to T being ergodic.
Here I will show less.

Theorem 3.3.20 Let (H, B,W) be an abstract Wiener space. If O is an
orthogonal transformation on H with the property that, for every g,h € H,
lim (O"g, h)H =0, then Tp is ergodic.

—=———n—00

Proof. What we have to show is that any Tp-invariant element @ € L?(W;R)
is W-almost surely constant, and for this purpose it suffices to check that

i [0 75)0]| =0 (4

for all ® € L?(W;R) with mean value 0. In fact, if {h,, : m > 1} is an
orthonormal basis for H, then it suffices to check (x) when

(@) = F([Z(h)](@),.., [T(hn)](x))

for some N € Z*+ and bounded, Borel measurable F : RY — R. The reason
why it is sufficient to check it for such @’s is that, because Ty is W-measure
preserving, the set of ®’s for which () holds is closed in L?(W;R). Hence, if
we start with any @ € L2(W;R) with mean value 0, we can first approximate
it in L?(W;R) by bounded functions with mean value 0 and then condition
these bounded approximates with respect to o ({Z(h1),...,Z(hn)}) to give
them the required form.

Now suppose that @ = F(I(hl),...,I(hN)) for some N and bounded,
measurable F. Then

BV [@o18)e] = [[ FOF0) 0.4, x i),
RN xRN

where
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A, = Bn with B,, = (((hk,O"hg)H>)

1<k (<N

and the block structure corresponds to RV x RY. Finally, by our hypothesis
about O, we can find a subsequence {n,, : m > 0} such that lim,;, ,cc Bn,, =
0, from which it is clear that 4o ¢, ~tends to 4o,s X 70,7 in variation and
therefore

lim EW[(®oT5m)o] = EV[@]* = 0.

m—00

O

Perhaps the best tests for whether an orthogonal transformation satisfies
the hypothesis in Theorem [3.3:20] come from spectral theory. To be more
precise, if H, and O, are the space and operator obtained by complexifying
H and O, the Spectral Theorem for normal operators allows one to write

2
0, = / e dE,,
0

where {E, : a € [0,27)} is a resolution of the identity in H. by orthogonal
projection operators. The spectrum of O, is said to be absolutely continuous
if, for each h € H, the non-decreasing function o ~~ (Eah, h) . is absolutely
continuous, which, by polarization, means that o ~~ (Eah, h ) H. is absolutely
continuous for all h, h’ € H.. The reason for introducing this concept here is
that, by combining the Riemann-Lebesgue Lemma with Theorem |3.3.20] one
can prove that Ty is ergodic if the spectrum of O, is absolutely continuous.
Indeed, given h, ' € H, let f be the Radon—Nikodym derivative of a ~
(Eah, 14 ) H. and apply the Riemann—Lebesgue Lemma to see that

2m
(O"h,W),, = / em f(a)da — 0 asn — oo.
0

This conclusion is substantially weaker than one proved by Segal. He proved
that T will be ergodic if and only if O has no non-trivial eigenfunctions. See
[12] for another proof of this result.

Exercise 3.3.1

(i) Let u be a Borel probability measure on the separable Banach space E,
st A={z € E: (T).p < pu}, and, for x € A, let R, be the Radon-Nikodym
derivative of (T ). with respect to . Show that, forz,y € A = z4+y € A
and R4y = Ry oT_,R,. Use this to show that if (H, B, W) be an abstract
Wiener space and g, h € H, then Z(g) o T, = Z(g) + (9, h)n (a.s., W).

(ii) Let {X(¢) : t € R} be a centered Gaussian process with covaiance
function cos(2m(t — s)). Describe the distribution of this process in terms of
an abstract Wiener space.
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(iii) Let (H, B,W) be an abstract Wiener space, and suppose that {&, :
n > 0} C B* has the property that {h, : n > 0} is an orthonormal sequence
when hy, = he, . Set Sp(z) =Y 0 (@, &m)hm, and show that there exists an
a > 0 such that

E [exp (a sup |Sn|>} < 0.
n>0
iv) Let (H}(R;R), £29,Wp) be the abstract Wiener space for Brownian
0

motion, and let 0 = sp < s17 < -+ < s, be given. Set L = span({hm :0<
m < n}) where hy,(t) = (t A sp,)t for 0 < m < n, and show that

Sm — Sm—1

Prw(t) = Xn: (w(sm) = w(sm=1)) (him(t) = hm—1(t)) |
m=1

Next, for y € R™, define

’(/J(t,y) _ Z (ym - ymfl)(hm(t) - hmfl(t))

— Sm — Sm—1
m=1

where yo = 0. Show that if F': {2y — [0, 00) is Bg,-measurable, then, for all
I' € Bgn,

EWe [F, (w(sl), . ,w(sn)) € F] = / EWo [F(PLw + (- ,y))] v0,4(dy),
r
where A = ((s;c A Sg))1<k v<n and conclude that the distribution of Prw is
that of Brownian motion conditioned to return to 0 at times s1 < - -+ < ,,.
(v) Let (£2, H'(R;R),U) be the abstract Wiener space in Theorem m
Given s1 < sg, set L = span({hl,hg}) where hi(t) = %e"“s’“‘, and show
that

2(0.)(82) — 2h1(82)0.)(81)) (hg(t) — 2h1(82)h1(t>) .

Prw(t) = 2w(s1)hi(t) + 1— 4hy(s2)?

Conclude that the distribution of w — Prw is that of the Ornstein—Uhlenbeck
process conditioned to be at 0 at times s; and ss.

(vi) Show that if O : H}(R;R) — H}(R;R) is an orthogonal transfor-
mation and lim,,_, (O"g, h)Hé(R;R) =0 for all g,h € H}(R;R) N CX(R; R),
then lim,, ((’)"g, h)H(}(R;R) =0 for all g,h € H}(R;R).

(vii) Given a € (0,00), define O, : H}(R;R) — H(R;R) by Oyh(t) =
a_%h(at), and check that O, is an orthogonal transformation and that it

extends to 2 as the scaling map in (ii) of Theorem Next, use (vi)
above and Theorem [3.3.20| to show that O, is ergodic under Wy if o # 1.

(viii) Let H be an infinite dimensional, separable Hilbert space and
(H,B,W) an abstract Wiener space. Refering to the discussion at the end
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of §3.3.1, choose {{; : 7 > 1} C B* so that {h; : j > 1} is an or-
thonormal basis for H when h; = he,, and define the spaces P, PH and
WZ(W;R) as they were defined there. Show that P are dense in L?(W;R)
and L?(W; H), respectively. Next, recall the operators V : P — PH and
VT :PH — P, and note that P and therefore W2(W;R) are contained in
the domain Dom((V") ") of the adjoint (V") of V. You are to show that
in fact WZ(W;R) = Dom((V') 7).

Hint: Here are steps that you might want to take. Given f € Dom(( D )7
set F = (V)T f. For N >1,let fy = EW[f|Fn] and Fy = EW[F | Fy],
where Fy = 0@(-,@) : 1 < j < N}), and show that fy € Dom((V")T)
and Fy = (V)T fx. Since fy — fin L2(W;R) and Fy — F in L>(W; H)
as N — oo, conclude that it suffices to prove the result when H = B = RY
and W = 2. That is, let 8; on C*(R";R) denote partial differential with
respect to the jth coordinate and 9 1(z) = (z;0(x) — ;4 (x), and define

V' = Zj 1 0]y for ¥ = (¢1,---,¢N)T € CH(RY;RY). What one needs
to show is that if (f, F') € L2(70';; R) x L2({;; RY) satifies

(£,V'7) = (F.7)

L2(y0,15R) L2(v0,1;RN)

for all ¥’s with polynomial coordinates, then there exists a sequence {¢y :
k > 1} of polynomials on RY such that ¢p — f in L?*(y);R) and
(6190) cee aNgo)T — Fin L? (yéYl; RY). Perhaps the best way to do this is to
introduce the functions Hy(z) = vazl Hy, (z;) for k = (ky,...,ky) € N

1

where Hj, is the kth Hermite polynomial, set Hy = (k!)”"% where k! =
H " 1 k;!, check that {Hy : k € NV} is an orthonomal basis in L?(7};; R),
and show that

2 o\ 2
||F||L2(’Y(])\{1§RN) = Z ||k||1(f’Hk)L2('yé\fl;R)’

keNN

where |k|; = Z;vzl k;.

3.4 Asymptotic Properties of Abstract Wiener Spaces

3.4.1 Large Deviaviations in Abstract Wiener Spaces

The goal of this subsection is to derive the following result.

Theorem 3.4.1 Let (H, B,W) be an abstract Wiener space, and, for e > 0,
denote by W, the W-distribution of x ~» €. Then, for each I' € Bp,
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h 2
— inf 1Al < lim elog W, (1)
hel 2 0 (3.4.1)

2
< limelogW,(I') < — inim.
eNO0 helr

The original version of Theorem [3.4.1| was proved by M. Schilder for the
classical Wiener measure using a method that does not extend easily to the
general case. The statement that I have given is due to Donsker and Varad-
han, and my proof derives from an approach that was introduced into this
context by Varadhan.

The lower bound is an easy application of the Cameron—Martin formula.
Indeed, all that one has to do is show that if h € H and r > 0, then

2
@elogWE(BB(h,r)) > —m.

lim 5 (%)

To this end, note that, for any £ € B* and § > 0,
Wg(BB(hg, 5)) = W(BB(EiéhE, 67%5))
_ W [e—e*%<z,£>—2—t||hgu%,33(07 6—%5)}

> ¢3¢ lgllas =2 el (B (0, 44)),

which means that

2

Bo(he,) € By(h,r) = Tag clog W (B (h,r) 2 ~dlells- — 152,
and therefore, after letting 6 \, 0 and remembering that {he : = € B*} is
dense in H, that (x) holds.

The proof of the upper bound in is a little more involved. The first
step is to show that it suffices to treat the case when I' is relatively compact.
To this end, refer to Corollary [3:3.18] and set Cr equal to the closure in
B of Bp,(0, R). By Fernique’s Theorem applied to W on By, we know that

EW [eo‘l\IHZBO] < K for some a > 0 and K < oco. Hence

R2

WC(B\CR) = W(B\CeféR) < Ke %<,

and so, for any I' € Bg and R > 0,

R2

W (I') <2W(I'NCR) V (Ke ).

Thus, if we can prove the upper bound for relatively compact I'’s, then,
because I' N Cg is relatively compact, we will know that, for all R > 0,
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lim elog W.(I") < — [(inf thl%{) A (aRQ)} ,
eNO hel 2

from which the general result is immediate.
To prove the upper bound when I is relatively compact, we will show
that, for any y € B,

iy s
lim lim elog W, (Bp(y, 7)) < 2t ity e H (%)
N0 €\0 -0 if y ¢ H.

To see that () is enough, assume that it is true, and let I" € Bp \ {0} be
relatively compact. Given 8 € (0,1), for each y € I' choose r(y) > 0 and
€(y) > 0 so that

L
U=By|1%

if H
We(Bg(y,r(y))) < {6,31 ifZ Z H

for all 0 < € < €(y). Because I is relatively compact, we can find N € Z* and

{y1,...,yn} C I such that I' C Uf[ Bg(Yn,mn), where 7, = r(y,). Thus, for
sufficiently small € > 0,

Wy < veww (- [ (52 meinii ) n 5 )

1-5
2

and so
1

inf h2>A}
;relfll i} 3

T < _
1{1(1)elogW€(F) < K

Now let 5\, 0.
Finally, to prove (xx), observe that

We(Ba(y.r) = W(Bp(, 5)) =BV [ oo 0 oy o)
1 2
< o @WOTIElsIRW [ E @] = < (8= T5E —riilse),

for all £ € B*. Hence,

lim lim elog W, (Bp(y,r)) < — su ( L6 — L|h 2).

Jiun Tom clog We (B (y, 7)) < = sup ((4€) = 5lhelli

Note that the preceding supremum is the same as half the supremum of (y, &)
2

over £ with ||h¢||g = 1, which, by Lemma , is equal to % ifye H

and to co if y ¢ H.
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3.5 Brownian Motion on a Banach Space

This section is devoted to the study of Brownian motion on a Banach space.
To be precise, given a non-degenerate, centered, Gaussian measure VW on
a separable Banach space B, what we will show is that there exists an B-
valued stochastic process {B(t) : t € R} with the properties that: B(0) = 0,
t ~» B(t) is continuous, and, for each { € B* with [|h¢|g = 1, {(B(t),§) :
t € R} is an R-valued Brownian motion. Equivalently, for all n > 1 and
to < -+ <tn, B(t1) — B(to), -+, B(tn) — B(tn—1) are mutually independent
random variables, the mth one of which has distribution (cf. the notation in

Theorem (3.4.1) Wy, —¢.._,-

3.5.1 Abstract Wiener Formulation

Let W on B be as above, use H to denote its Cameron—Martin sub-
space, and take H}(R; H) to be the Hilbert space of absolutely continuous
h R — H such that h(0) = 0 and ||h| g wa) = ||iLHL2(R;H) < oo. Fi-
nally, let £29(B) be the space of continuous w : R — B satisfying w(0) = 0
and lim; o w = 0, and turn {29(B) into a Banach space with norm
[wll 2By = sups>o(1+1) " |lw(t)| £. Exactly the same line of reasoning used
when B = R applies here and shows that {2)(B) is a separable Banach space
in which H}(R; H) is continuously embedded as a dense subspace.

Theorem 3.5.1 With H}(R; H) and 2y(B) as above, there is a unique
WéB) € M (£2(B)) such that (H&(R;H),QO(B),W(SB)) is an abstract
Wiener space. Moreover, {w(t) : t € R} is a B-valued Brownian motion
under W(SB),

We will use an approach based on an analog Theorem [3.3.10} Begin by
choosing an orthonormal basis {g,, : m > 0} in Hg(R;R), and, for n > 0,
teR, and y = (Yo, -, Ym,---) € BN, set Sp(t,y) =0 o g (t)Ym-

Lemma 3.5.2 For WN-almost every y € BN, {S, : n > 1} is relatively
compact in 29(B).

Proof. Choose By C B, as in Corollary [3.3.18] so that bounded subsets of By
are relatively compact in B and (H , By, W T BO) is again an abstract Wiener
space. Without loss in generality, assume that || - || < || - || B,- By Fernique’s
Theorem, we know that C = EW [||x||‘}30] < 0.

Next, for s € R, define

fulr) = {|s| Alr| if sT >0

0 if sTt<0’
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observe that

n

Sn(t,y) — = (fe = for9m) 2 Ym
m=0
and conclude that the WN-distribution of S,,(t) — Sn(s) is W,,, where €, =
n 2 N
Zm:O (ft - fsv gm)Hl(R) S t—s. HG‘HCG, EW [Hsn(t) - SH(S) ||4B0] S O(t_ 5)2'
In addition, {||S,(t)—=Sn(s)||B, : » > 1} is a submartingale, and so, by Doob’s
Inequality plus Kolmogorov’s Continuity Criterion, there exists a K < oo
such that, for each T' > 0,

E |sup sup 15n () = S
n>0 —T<s<t<T (t—9)

()llso | o geps (%)

From (x) and S,(0) = 0, we know that for W"-almost every y € BY,
{Sp(+,y) : n > 0} is uniformly bounded and uniformly equicontinuous on
each interval [T, T] with respect to || - || g,. Since this means that, for every
T > 0 and WH-almost every y € BY, {S,(t,y) : n > 0 & t € [-T,T]}
is relatively compact in B and {S,(-,y) | [-T,7T] : n > 0} is uni-
formly || - || p-equicontinuous, the Ascoli-Arzela Theorem guarantees that,
WH-almost surely, {S,(-,y) : n > 0} is relatively compact in C(R; B) with
the topology of uniform convergence on compacts. Thus, what remains to be
shown is that YWN-almost surely,

Sn(t
i sup sup 1Sn(E:0) 5

= 0.
T—00 >0 |¢|>T |t]

But

1Sn(t,y) Il <Y sw 15n(t, )l B
|t > 2+ It] T Siatsi<arn |t]
7e 1Sn(t,y) Il

< 278 sup T
ey o<ft|<aett  [t]B

)

and therefore, by (),

S (t 21K
E |sup sup 150 (t)] B < BE ok
n>0 |t >2% ||

O

In addition to the preceding compactness result, we need the following
simple criterion for checking when a relatively compact sequence in {29(B)
converges.
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Lemma 3.5.3 Suppose that {w, : n > 0} is a relatively compact sequence
in 20(B). If limy, o0 (wn (t), &) exists for each t in a dense subset of R and &
in a weak™® dense subset of B*, then {w, : n > 0} converges in £2y(B).

Proof. For a relatively compact sequence to be convergent, it is necessary
and sufficient that every convergent subsequence have the same limit. Thus,
suppose that w and w’ are limit points of {w, : n > 0}. Then, by hypothesis,
(w(t),&) = (W'(t), &) for t in a dense subset of R and £ in a weak* dense subset
of B*. But this means that the same equality holds for all (¢,£) € R x B*
and therefore that w = w'. O

Proof of Theorem|[3.5.1] In view of Lemmas and and the separabil-
ity of Bp~(0,1) in the weak* topology, we will know that {S,(-,y): n >0}
converges in §2y(B) for W-almost every y € BY once we show that, for each
(t,€) € 10,00) x B*, {{Sn(t,y),£) : n >0} converges in R for WH-almost ev-
ery y € BY. But if £ € B*, then (S,(t,9),£) = >0 (Um, &) gm(t), the random
variables ¥y ~» (Ym,&)gm(t) are mutually independent, centered Gaussians
under WY with variance ||h¢||%gm(t)%, and Y 7 gm(t)? = 1fel 3 gy = ¢
Thus, by Kolmogorov’s convergence theorem for sums of mutually indepen-
dent, square integrable random variables, we have the required convergence.
Next, define S : [0,00) x BY — B so that

limy, 00 Sn(t,y) if {Sn(-,y): n > 0} converges in 2(B)
S(ty) = :
0 otherwise.

Given = € 2y(B)*, determine h= € Hg(R; H) by (h,hz) . @ = (hs 5)
0 1’

for all h € H}(R; H). We must show that, under WY, y ~ (S(-,y),Z) is a
centered Gaussian with variance th”%lé (r; g7 1O this end, define &, € B* so
that p(z,$m) B = 2,(B)(9m®, =) 0y ()~ for © € B, where g,z is the element
of £29(B) such that g,,x(t) = gm(t)x. Then,

n
. =\ — i . =\ — 1; N_
(S(-,y), =) = nh—>H;o<Sn( Y), =) nh—>12<> zO:<ym,§m> W-almost surely.
Hence, (S(-,y), Z) is certainly a centered Gaussian under WY, and, because
we are dealing with Gaussian random variables, almost sure convergence
implies L2-convergence. To compute its variance, choose an orthonormal basis
{hi : k > 0} for H, and note that, for each m > 0,

o0

[ om0 W) = e [ = S s, 2

k=0

Thus, since {gmhx : (m, k) € N?} is an orthonormal basis in H}(R; H),
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E’R Z gmhk7~— =

m,k=0 m,

hE

(gmhk7h )HI(RH) Ilh ||H1(RH)
0

kel
Il

Finally, if WSB) is the WN-distribution of y ~ S(-,y), then the preceding
shows that (H& (B), $20(B), W(B)) is an abstract Wiener space. To see that

{w(t) : t € R} is a Brownian motion under W(()B), it suffices to show that, for
all s <t and € € B*,

E[(w(s), &) {w(s),6)] = w(s, t)lhel,

where w(s,t) = 1g,o0)(st)[s| A [t|. To this end, define =, € £2o(B) by

20(B) (W, Zs) 0By = B{W(S),&) B~ for w € (D).

Then hz, = fshe, where f; € H{ is defined as in the proof of Lemma
Hence

E[(w(s),f)(w(s),f)] = (h’Et’hEs)Hé(]R;B) = (ftva)Hé(]R;R)”hE”%I = w(sﬂt)thH%{

O

3.5.2 Strassen’s Theorem

This subsection is devoted to a beautiful version of the law of the iterated
logarithm, proved originally by V. Strassen for classical Brownian motion.
The original statement of the law of the iterated logarithm says that if
{X, : m > 1} is a sequence of independent, identically distributed square in-
tegrable R-valued random variables with mean 0 and variance 1 and S,, i ,

where S, = >" _| X, and 4, = \/2nlog(logn V 3), then, with probability
1, the sequence {S‘n : n > 1} is compact and the set of its limit points coin-
cides with the interval [—1,1]. A. Khinchine was the first to prove such a result
when he did so for Bernoulli random variables. Over time, various people, in-
cluding Kolmogorov, extended the result to more general random variables,
and it was finally proved in full generality by P. Hartman and A. Wintner.
Strassen’s version introduced an innovation that was not anticipated.

Theorem 3.5.4 Given w € 2(B), define w,(t) = %Zt) forn > 1 and
t € R, where A, = ,/2nlog(nV 3). Then, for WSB)-almost every w, the

sequence {&n, 1 n > 1} is relatively compact in 2o(B) and its set of limit
points coincides with the closure By (g,my(0,1) in B of By(0,1). Equiva-

lently, for WéB)—almost every w,
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lim ||, — WH%(B) =0

n—r oo

and, for each y € BHé(R;H)(O, 1), lim, ,  ||@n — y”QO(B) =0.

Proof. Without loss in generality, we will assume that ||- || < || ||z-

The proof relies on the Brownian scaling invariance property (cf. (v) in
Exercise which says that WSB) is invariant under the scaling maps S,
20(B) — 25(B) given by Saw = a~2w(a-) for a > 0 and is easily proved
as a consequence of the fact that these maps are isometric from HE(R; H)
onto itself. In addition, we will use the fact that, for R > 0, » € (0, 1], and
w € 20(B), [lw(r-) = Ba@;m) (0, B)|lay(3) < lw— B (0, R)|l gy 5)- To
see this, let h € Byi(r,m)(0, R) be given, and check that h(r-) is again in
By (0, R) and that [|w(r-) = h(r-)[loyB) < llw =l oyB)-

To prove that @, tends to Bg(0,1), begin by observing that, for any
Be1,2),

lim ||@, — Bg(0,1)|p < lim max  ||w, — Bg(0,1)] 5.
n—oo m—r oo[jm 1< <ﬁ

Taking the preceding comments into account and applying the upper bound

in (3.4.1), one can justify

WSB) ( max Hwn —WHQ B) = 5)

B -l<n<pgm

— wiB) max M _B (0, 1 >4
0 pm—1<pn<Bm An Hé(R,H)( ) 0 (B) =
A gm—1 (5/1 m—1
(B) —m [Bm—1] [Bm—1]
< N—B ) i e} el CC Al
=Wy -t w(nf™" ) = Brayem (0’ B ) B B
Ajgm-1 (5/1 m—1
B
< WP | |lw - By wr:m) (07 LZ,;J) > §2 !
20(B)
WﬁmA 2 (”w - BH&(]R;H)(O? 1)”00(3) > 6)

LBm— lJ

2| gm—1
< exp (_Rtng log ) Lﬁm_1J>

for all B € (1,2) and R < 14 6. Now, take R = 1£2 choose 8 € (1,2) so that
%2 > 1, and conclude that

Z WéB) ( max  [|&, — Bg(0,1)|oy(B) > 5) < 00

pm-t<n<pgm
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and therefore that

W (T @ — Bir(0. 1)y ) > 5) = 0.
Because B is separable, to prove that, W(()B)—almost surely, lim, llon —
— B
nllp = 0 for every n € By (r;my(0,1)

hllg =0 (a.s.7W,§B)) for each h € Byi(r;r(0,1). In addition, because

n—r 00

, it suffices to prove that lim,_, __ ||@, —

_— leo®lls _
p sup =
TﬁooweA\tM[T*l,T] 1+ |t|

for any relatively compact A C {2(B), and, by the preceding, for WéB)—
almost every w, the union of {w, : n > 1} and By (r,m)(0,1) is relatively
compact in 2y(B), it suffices to prove that

b sup @D =G0 GERTD) = (A — AEERY)

=0 a.S.J/V(B)
n—oo te[k—1,k] 1+1¢ ( o)

for each h € B (r,;)(0,1) and k > 2. Since, for a fixed k > 2, the random
variables

(@gam — @pam (£EY)) [ {t: £t € k7K, m>1,

are W(gB)—independent random variables, we can use the Borel-Cantelli
Lemma to reduce the problem to showing that, if

i (1) = Opm (t+ k7Y —pm (K71)  ift >0
M Y @ (t = k) — @ (—kY) i E <0,

then -
B -
S WS (lnam — hllgysy < 0) = o0
m=1

for each 6 > 0, k > 2, and h € By (g.)(0,1). Finally, since (WéB))(kmAi; )2
ram
is the WéB) distribution of w ~» @yzm, then by the lower bound in (3.4.1)
with R = 1£2 € (0,1), one sees that
2 m 2
WP (l@2m — Bl gy(m) < 8) > e 7108008 K™ = (mlog k)~ T
for sufficiently large m. O

An essentially trivial corollary of Theorem is the law of the law of
iterated for centered Gaussian random variables with values in a separable
Banach space B. Indeed, if (H, B, ) is an associated abstract Wiener space
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and S, is the nth partial sum of such random variables, then S,, has the same
distribution as w(n) under W(SB), and therefore, almost surely,

— || S,
lim H—{h(l) : hGBHl(]R'H)(O’]')}H =0
A, o B

and

. =0 for all & € By (g, (0,1).
Further, by taking h(t) = (1 At)Tg for g € H, one sees that By (0,1) =
{h(1) : h € Byyr;m)(0,1)}.

The preceding corollary is far less interesting than the one Strassen had
in mind. Namely, by combining his theorem when H = R with a beautiful
idea of A. Skorokhod (cf. Chapter 7 in [9]), he realized that it provides an
elegant proof of the Hartman—Wintner law of the iterated logarithm. What
Skorokhod had shown is that if X is an R-valued random variable with mean
value 0 and variance 1 and if {B(t) : ¢t € R} is a Brownian motion, then
there is a stopping time o for {B(t) : ¢ > 0} such that B(o) has the same
distribution as X. For example, if P(X = +1) = %, then one can take o to
be the first time ¢ > 0 that |B(¢)| = 1. In any case, the expected value of o
is 1, and {B(t+0)— B(o) : t > 0} is independent of B(o) and has the same
distribution as {B(t) : ¢ > 0}. Next, use induction to construct a sequence of
stopping times {(, : m > 0} so that (o =0 and, for n > 1, 7, = (, — (1 is
the stopping time o relative to {B(t)—B((n—1) : t > 0}. Then {7, : n > 1} is
a sequence of mutually independent, identically distributed random variables
with mean value 1, and { B((,) — B((s—1) : n > 1} is a sequence of mutually
idependent random variables each of which has the same distribution as X.
Therefore proving the law of the iterated logarithm for X comes down to

understanding the bavior of ij@ as n — oo. To this end, set B, (t) = B/(lnt),

and observe that, by Theorem [3.5.4 applied when H = Hg(R;R), {Bn in >
1} is almost surely relatively compact in 20(R), and so, since, by the law of
large numbers, %” — 1 almost surely,

‘Bx(lin) - Bn(1>’ = [Bu(n'Ga) = Ba(D)] — 0

n

almost surely. Finally, we know that {B,,(1) : n > 1} is almost surely compact
and that its set of limit points is the closure of {h(1) : ||A[| g1 @g) < 1} in R
and is therefore the interval [—1,1].

Exercise 3.5.1 For w € {y(B), define

co- {0 s
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(i) Show that w* € 25(B) and that w ~» wx* is an isometric, linear map of
20(B) onto itself. Further show that h* € H(R; B) if h € Hi(R; B) and that
h ~ h* is an orthognal transformation on H{(R; B). In particular, conclude

that w* has the same distribution under WSB) as w.
(ii) Set
t
Xn(t,w) = e ()

\/2log oy (n Vv 3),

and show that, for WSB)—almost every w € 20(B), {Xn(-,w): n>1}is a
relatively compact sequence for which B (py(0,1) is the set of limit points.
Hint: Note that

16 (- 0) = Bll gy = ([ Xn (@)™ = B7) o)

and that X,,(-,w) = A;[t|w*(2). Conclude that

1 Xn (- @) = hllgym) = ||l — h”m(B)'

3.6 One Dimensional Euclidean Fields

In this section we will be studying Hilbert spaces for which the only Banach
spaces that can be used to construct an associated abstract Wiener space
consist of generalized functions (i.e., distributions) because evaluation at a
point cannot be an element of its dual. Such a abstract Wiener spaces describe
what physicists call a field, and when the, like L?(Ag~;R), the Hilbert space
is invariant under the Euclidean group, it is called a Fuclidean field.

3.6.1 Some Background

Recall the normalized Hermite functions {h, : n > 0} introduced in §2.3.3
They form an orthonormal basis not only in L?(\g;R), they also form a
basis in L. Schwartz’s test function space .(R;R) of smooth functions ¢ all
of whose derivatives are rapidly decreasing in the sense that

lim |x|k‘8eg0(m)’ =0 forall k,¢eN.

To be precise, using (cf. §7.3.4 in [11] for more details) the results in §2.3.3,
especially (2.3.20) and (2.3.22)), one can show that ¢ € Z(R;R) if and only
if




3.6 One Dimensional Euclidean Fields 121

oo

||<P||5ﬂ<m>(R;R) = (Z (n + é)m(%ﬁ”);()\mﬂ{)) < oo forall meN,
n=0

and that Z(R;R) becomes a complete, separable metric space when one uses

the metric
o0

lle — wHy(m)(RR)
plp, ) =Y 27 ——.
(e, 9) L+ [l = ¥l wom w;w)

m=0
As a consequence, the dual space .#*(R;R) of tempered distributions can
be described as the set of linear functionals v on .(R;R) for which the
sequence {(ﬁn, u) : n > 0} has at most polynomial growth, and the action of
u € S*(R;R) on p € .Z(R;R) is given by

(p,u) = Z(% i) 12 (i) (s 1), (3.6.1)

n=0

The preceding leads to a natural decomposition of .#*(R; R) into subspaces
corresponding to their elements relationship to L?(Ag;R). Namely, set \,, =
n -+ %, and, for m > 0, define .7 (™) (R;R) to be the space of u € .7*(R;R)
for which

2

l[wll 5 =m ;) (Z/\ ™ hn,u ) < 0.

Clearly .#(—™) (R;R) is a separable Hilbert space with inner product
('Uf V). (=m)(R;R) = Z/\ m hnau ny VU >

and, if h%_m) = )\T? iLn, then {hﬁf’“) : n > 0} is an orthonormal basis for
it. Alternatively, let H be the Hermite operator in (2.3.21), and define the
operators (—H)% for m € Z by

Z i (2210 paro im0 9 € 7 (RS R).

These operators are self-adjoint and therefore extend to .*(R; R) by defining
(=H) % u so that

(o, (=H) Fu) = (-H) % o, u).
By ([2:3.21)), we know that (—H) % h,, = A hy, and so it should now be clear
that u € ™ (R;R) <= (—H) 2u € L?(\g;R) and that (—H)> maps
L?(Ag;R) isometrically onto .#(~™)(R;R). Finally, if Q; is the operator in

[E520), then, by (Z375)

<}~Ln»Qtu> = <Qtﬁnvu> = e_Ant<hnvu>a
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and so @Q; maps Z*(R;R) into (R;R) and, as t \, 0, Q:u — wu in
SR R) if w € L™ (R; R).

3.6.2 An Abstract Wiener Space for L?(Ag;R)

The Hilbert space L?(\g; R) is an example of a Hilbert space that requires the
preceding considerations. Indeed, if B were a Banach space of distributions for
which §y was represented by an element of B*, then there would have to exist
a fo € L?(\g;R) such that (o, Jo)r2(aer) = ©(0) when ¢ € #(R;R). But
this would mean that |0(0)] < || follz2(xe®)ll#llL2(reir), and so || follLz(ae;r)
would be infinite.
Proceeding as in the proof of Theorem u define A : .2 (R;R) —

2 (R;R) by

A“—ZA u) 2 (k)
and observe that
—2 —2
Z(h% LARTD) D(RR) Z)‘ < 00
n=0

Hence, by Theorem there is a centered, Gaussian measure W) €
M (2 (R;R)) for which (u, A’U)y(*Q)(RR) is the covariance function.

Moreover, given u € .~ (R;R), set f, = Au, note that f, € L*(\g;R),
and check that, for g € L?(A\g;R),

o0

(ga U)Y(fz)(]R;R)> = Z (ga h'EL 2)).5’(*2>(R;R) (h%_mv u)y(*%(R;R) = (gv fu)Lz(AR;R)

n=0

and that || fu[3. OmR) = (u, Au)
following theorem

S (RR)" Therefore we have proved the

Theorem 3.6.1 (LQ(AR;R),Y(_Q)(R;R),WL) is an abstract Wiener space.

There is an interesting connection between this abstract Wiener space and
Brownian motion. Namely, define

B(t) = Z(1p,) fort>0
~I(1p) fort<0.
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Then {B(t) : t € R} is a centered Gaussian process under Wy, with the
covariance function w in (2.5.3). Hence there is a continuous version of {B(t) :
t > 0}, and this version will be a Brownian motion.

If elements of .%(—2) (R; R) were bonafide functions and we pretended that
Z(f)(u) = (f,u)L2(xs;m), then the preceding would be saying that

B(t,u) = I u( dT ift>0
— [Pu(r)dr ift<o.

That is, “u(t) = B(t,u)”. To make this mathematically kosher, we have
to formulate it in the language of distribution theory. That is, given v €
S*(R;R), dv is the element of .7*(R;R) satisfying

(p,0v) = —(¢',v) for all p € (R;R).

To see that u = OB(-,u) in this sense, set

f _ l[O,t] lf t 2 0
k =110 ift<0

and Bs(t,u) = (Qsft,u) for s > 0. Then, as s \, 0,
||BS(t7 ) - B(tv ')HLQ(WL;]R) = ”stt - ft||L2()\R§R) —0 (*)
uniformly for ¢ in compacts. At the same time,
<stta u> = ;{%(Qs‘fta Qsu )LQ()\ R) hm (fta QS+JU)L2(/\R R)
;{%(Qoftv QSU)LZ(AR;R) = (ft7 US)LQ(AR;R)’

where us = Qsu, and so

Bu(t.u {fous T)dr ift>0
0 .
J; us(r)dr ift <0,

Hence, for any ¢ € Z(R;R),

[ Bt wa=- [ et

and therefore
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</ ’/cp’(t)B(t,u) dt + (o, u)
< ( / ‘ [ @@ - Bw) d
+ (/@, U — ug)? WL(du)> : .

By Minkowski’s inequality and (x), the first term on the right tends to 0
as s N\, 0, and, because u; — u in .#(“2(R;R) and sl -2 (miry <

1
2 2

Wr, (du))

1
2 2

WL(du)>

lull -2 mry € L*(WL; R), the second term does also. Finally, because
Z(R;R) is separable, having proved that (¢’, B(-,u)) = —(p,u) (a.s.,Wr)
for each ¢ € Z(R;R), it follows that v = 9B(-,u) for Wr-almost every
u e .2 (R;R). As a dividend of these considerations, we see that Wy, is
supported on a much smaller class of distributions than .(~2)(R;R). Namely,
we now know that Wy, is supported on the space of tempered distributions
that are the first derivative of functions that are Holder continuous of every

?rder less than % and grow at infinity slower than every power greater than

In the engineering literature, the derivative of Brownian motion is known
as white noise. That is because, if one pretends the B(t) exists in a classical
sense, then the process {B (t) : t € R} would be totally uncorrelated Gaussian
process. In fact, its covariance function ¢(s,t) would be oo when s = t and
0 when s # t. Hence, for each t € R, B(t) would be a centered Gaussian
random variable with infinite variance which is independent of {B(s) : s # t}.
Admittedly, this picture is much more intuitively appealing than the more
mathematically correct one given above, but loss of intuition is a price that
mathematicians are accustomed to paying.

The Ornstein—Uhlenbeck process is another process that can be con-
structed starting from

(L*(Or;R), (R R), Wy

by the procedure we just used to construct Brownian motion. The reason
why the Gaussian process {Z(1jp4) : t € R} under Wy has the distri-
bution of a Brownian motion is that (1[0,5]7 1[07t])L2(AR;R) = s A t. Thus,
what is needed to construct an Ornstein—Uhlenbeck process is a family

iy o t € R} C L2(Ag; R) for which (s, %) 5« . = e~ *=31. To find such
L2(\g;R) 2

a family, remember that eIl is the characteristic function of the Cauchy
distribution m, and conclude that we can take ¢y € L?(Ag;R) to be the
function whose Fourier transform is e (1 + 52)_%. Another expression of i
is contained in (ii) of Exercise [3.7.1]
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3.7 An Abstract Wiener Space for L%(R";R)

As we have seen, the abstract Wiener space for L?(\g;R) already requires
the introduction of distributions, albeit distributions of a mild order.

Although the order of the distributions required goes up with dimension,
only a few new ideas are required. The first step is to introduce the Hermite
functions for RY. Given n = (nq,...,ny) € NV define

N
hn () = H ﬁnj (z;) for z € RY.
j=1

Then {hy, : n € NV} forms an orthonormal basis in L?(R"Y;R). In addition,
for each n

N
- N
Hhy = —Anhy where H = 1(A—[z[?), Ay = (Hn||1+5), and || = ;nj

The first of these is just the standard construction of bases on product spaces
from bases on the factors, and the second is an easy consequence of ([2.3.21)).
Further, these Hermite functions play the same role in Schwartz’s theory of
tempered distributions on RY as their antecedents do for his theory of tem-
pered distributions on R. That is, the test function space .%(R";R) consists
of ¢ € L?(\gn;R) with the property that

m 7 \2
Z )\n (SO’ hn)L2()\RN ;]R) < 0 fOI“ all m Z O7
neNN

and the space .7*(RY;R) of tempered distributions is the set of linear func-
tionals u on . (RY;R) with the property that

Z A; "™ (i, u)? < 0o for some m > 0.
neNN

Finally, for each m > 0, one takes .#(~™)(RY;R) to be the separable Hilbert
space u € .*(RY;R) for which

1
2
[wll.srm v my = ( Z Aﬁm<hmu>2> < o0.

neNN

Obviously, if h,({m) = )\,? hy, then {hsfm) : n € NV} is an orthonormal basis
for .7(=™) (RN R).

In view of the preceding preparations, it should be clear how to go about
constructing an abstract Wiener space for L?(Agn;R). Indeed, define A :
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FSEN-DRN;R) — #N-D(RN;R) by

N+41

Au = Z An 2 (hL_N_l),u)y(,N,l)(RN;R)ﬁn.
neNN
Then
Z (hf;Nfl), AhgﬁN*l))y(_N_l)(RN;R) = Z /\;Nflcard{n : nljy = ¢}
neNN {=0
2 N+1 o] NA-N—2
< i +Z(£—|— 3) card{n: |n|; < ¢}
=1
2 )N“ . N+ 1)N
<|= + — 5 <
(]V ;g;(€_+:¥)N+2

Hence, by Theorem there is a centered Gaussian measure
Wiy € My (N "D(RY;R))

for which (U, Au) S (—N-1)(RN.R) is the covariance function. Next, for a given

u e SEN-D(RN:R), set f, = Au, and check that (g,u)y(,N,U(RN;R) =
(gu fu)LQ(ARN;]R) for g € L2()‘RN§R) and ||fu||%2()\mN iR) = (uaAu)y(—N—l)
Therefore (L?(Ag~;R),. N =D(RN;R), Wy ) is an abstract Wiener space.

When N > 2, there is no true analog of Brownian motion because there
is no way to interpret the Hilbert space H}(R™;R) as a space of tempered
distributions. One might naively guess that it should be a space consisting
of u € *(RN;R) for which Vu € L?(\gn;RY), but, because, when N > 2
such elements of L?(Ag~;R) are defined only a set of measure 0, the condition
u(0) = 0 makes no sense, one cannot use that condition to determine u
uniquely. See part (i) of Exercise for more details.

In spite of preceding, there is an approximate analog of Brownian motion,

known as the Brownian sheet, in higher dimensions. To describe it, for t =
(tl, S ,tN) € RV define

—

Il
—

Py () = (1[0,tj+](xj) - 1[t;,0)(xj)) for z = (x1,...,2y5) € RY,

J

and set B(t) = Z(®;). Then {B(t) : t € RV} is a centered Gaussian family
under Wy, y with covariance function

[ Isil Altyl if sjt; >0forall1<j<N

0 otherwise.

EVeN [B(s)B(t)] = {
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As a consequence, one finds that B(t) — B(s) is independent of B(s) if s; < t;
for all 1 < j < N and that there is a C' < oo such that

EWEN [(B(t) — B(s))’] < CTN |t —s| for T > 1 and s, t € [T, T|".

Hence, by Corollary m there is a version of {B(t) : t € RY} which is
Holder continuous of every order less than % Finally, by essentially the same
argument as we used when N = 1, one can show that

ONB(t,u)

————— = u for Wy ny-almost every u € y(fol)(]RN; R).
O, - Oy

3.7.1 The Ornstein—Uhlenbeck Free Field in Higher
Dimensions

As distinguished from H}(R;R), the analog H!(RY;R) of H*(R;R) is a func-
tion space: one simply has to complete .7 (R™; R) with respect to the Hilbert
norm corresponding to the inner product

(9. h‘)Hl(]RN;JR) = (97h)L2(,\RN;R) + (VQ7Vh)L2()\]RN;RN)'

However, when N > 2. it will be shown that H(R™;R) is not the Cameron—
Martin space for a centered Gaussian measure on a Banach space of distri-
butions on which evaluation at a point is given by an element of its dual.
Thus, like the one for L?(RY;R), a Gaussian measure for which H!(R";R)
is the Cameron—Martin space lives on a space of distributions that cannot be
evaluated at a point, and so the associated abstract Wiener space describes
a Euclidean field.

To understand what follows, it is helpful to re-interpret the construction
that we made at the end of § 3.6.2 of the Ornstein—Uhlenbeck process starting
from (L?(Ag;R), ZCH(R;R),WL). If ¢ € Z(R;R), then (h, ) g (rr) =
(h,Lg)LZ)(XR;R) for h € H'(R;R), where L is the Bessel operator 1 — 9°.
Clearly L maps . (R;R) continuously into itself, and, in terms of the Fourier
transform, the action of L is given by Eg\o = (14 £2)p(€). Further, if, for
any a € R and ¢ € (R;R), L%p is given by @(5) = (1+&%)%¢(&), then
L® also maps .(R;R) continuously into itself and L8 = L® o LA, Since
(z/J,Lago)p(/\R;R) = (Lo‘ap,z/})Lz()\R;R) for ¢, € L (R;R), this definition of
L® on .*(R;R) is consistent with the one on .(R;R), and the function 1),
in §3.6.2is L™26,.

When o < 0, it is easy to check that L® is a continuous, linear map
of .7(=™)(R;R) into itself for every m € N and that L~2 is an isomet-
ric isomorphism of L?(Ag;R) onto H'(R;R). In particular, we can apply
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Theorem to see that (H'(R;R), B, (L™2),Wy) is an abstract Wiener
space when B is the Banach space {L_%u cu e AR, R)} with norm
Iz|l5 = | L2 2| s-2 r:R)- As we know, there is a more pleasing choice, namely
the one in Theorem but the construction used here is too crude to arrive
at that choice.

With the preceding in mind, it should be clear how to construct an
abstract Wiener space whose Cameron-Martin space is H'(RY;R) from
(LQ()\RN;R),Y(’N*I)(RN;R),WLN). Namely, one first observes that, for
¢ € S(RYN;R), (hy @) 1 (®VR) = (h,Lgo)LQ(/\ R where L is the Bessel

RN

operator 1 — A. Proceeding as in the case when N = 1, one uses the Fourier
transform to define the operators L for a € R first on .(RY;R) and then on
#*(RN;R) and checks that L2 is a bounded linear map of .~V =1 (RN R)
into itself and an isometric isomorphism from L%(Ag~;R) onto H!(RY;R).
Hence, by Theorem (H'(RY;R), B, (L_%)*WLN) is an abstract Wiener
space when B is the Banach space {L*%u cu e SEN-DRY, R)} with norm
Izl = 122 ]| -~ @n p)-

The critical difference between the cases N = 1 and N > 2 comes
from the fact that (1 + |¢[2)"2 is an element of L2(Ag~;R) if and only if
N =1, and therefore L™26, € L?(Ag~;R) if and only if N = 1. Thus, when
N > 2, there are no functions 9., z € RY, for which (¢I’wy)L2(,\M »)=

k(y — x), where k(&) = (1 + [€2)~. As a consequence, when N > 2,
there is no centered Gaussian process {X (z) : * € RV} that plays the role
for (HY(RY;R), . “N=D(RN;R), Wpy) that the Ornstein-Uhlenbeck plays
when N = 1. Alternatively, this difference can be seen in terms of L~!. For
5o to be an element of B*, it is necessary that there exist an hg € H'(RY;R)
such that

<<)0,50> = (wth)Hl(RN;R) = (chth)Lz()\RN iR) = <§07Lh0>

for all p € .#(RY;R). This means that Lhy = & and therefore ﬁg(g) =
(1 +1€%)7t But (1 + [£]*)~! € L?(Ag~;R) if and only if N € {1,2} and

Vho(€) = (1 + |€%)71¢ € L2(Agn; RY) if and only if N = 1. Thus hg exists
if and only if N = 1.

3.7.2 Is There any Physics Here?

There are many reasons why the answer is a resounding NO. Physicists want
non-trivial quantum fields, and all we have done is produce Euclidean fields,
and not even particularly interesting ones.

Feynman’s path-intregal formalism provides a way of understanding why
we have not been doing physics. If Feynman were asked to describe the mea-
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sure W in an abstract Wiener space (H, B, W), he would say that W is given
by the formula in . Of course, unless H is finite dimensional, from a
mathematical standpoint, is irreparably flawed when H is infinite di-
mensional: as we have seen, the measure W lives on the Banach space B and
does not even see H. Nonetheless, as we saw when we derived , one
can make accurate predictions based on expressions like ([3.1.1)), and so I will
ignore its flaws in the following.
The Feynman representation of measure Wp4 in

(H'(R%;R), (R4 R), Wry)

is

Wren(dh) =

l ox _ ”hH%2(R4;R) + HVhH%?(]R‘L;R‘l)
A 2

) )\Hl(]R4;]R) (dh)

Although we have given a mathematically satisfactory description of Wpy,
that is only the first step in producing a physically satisfactory quantum
field. A basic physical requirement is that a quantum field be invariant under
Lorentz transformations (i.e., ones that preserve the quadratic form —a?% +
2?22 23) of coordinates, whereas Wpy is invariant under Euclidean (i.e.,
ones that preserve |z|?) transformations of coordinates. The obvious way to
convert a Euclidean invariant field into Lorentz invariant one is to replace
by ix1, a step that is easier to describe than it is to carry out.

Besides the issue raised in the preceding paragraph, there is another serious
problem to be confronted even in the Euclidean setting. The problem is that
the free field is a Euclidean model of a system of free particles, particles which
do not interact. The simplest Euclidean model of interacting particles would

h 2
be one in which the density exp (—HH;M) is replaced by

( 120 ey + |h||4L4(R4;]R)>
exp | — ,
2

and the problem is that, although this would make perfectly good sense if
Wry lived on H'(R*;R), no naive interpretation is available when one takes
into account of the fact that Wpy4 lives on a space of distributions. Indeed, one
knows how to apply lots of linear operations to distributions, but one doen’t
know how to apply non-linear ones to them. Nelson was able to handle this
problem for a two dimensional Euclidean field and showed that it could be
transformed into a Lorentz invariant field. Using different techniques, in a
sequence of articles J. Glimm and A. Jaffe carried out the same program for
three dimensional fields. Seeing as the book [4] that they subsequently wrote
is 535 pages long, I think that I can be forgiven, maybe even thanked, for not
attempting to summarize their work here. As far as I know, to date, nobody
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has succeeded in constructing a non-trivial four dimensional quantum field,
and there are results that indicate that nobody ever will.

Exercise 3.7.1

(i) In connection with the problems with the space H}(RY;R), let C be
the space of ¢ € C'(R%R) for which o(0) = 0 and Vi € L2?(R%R).
Then H}(R?%R) is the completion of C with respect to the Hilbert norm
”‘p”Hé(R?;R) = ||V<PHL2(]R2;R2)~ Now define

1 if || > 1
Un(w) = 100 L < g <
0 if o] < 1.

Choose a p € C* (R?;;[0, 00)) which vanishes off of Bgz(0,1) and has integral
1, set p,(z) = n%p(nx), and take p, = p, * ¥,. Clearly, ¢, € C. Show that
¢n — 1 in *(R%R) and [V | r2gr2;r2) — 0. Thus, just because the
|| |72 r2;m) norms of a sequence in C tends to 0, the sequence need not
converge to 0 in .%*(R?; R).

(ii) Our representation in § 3.7.1 of powers of the Bessel operator L was as
Fourier multipliers. The goal in here is to describe the distributions of which

the Fourier mulipliers for L=! and L% are the Fourier transform. To do S0,
define

N

rn(\) = (4m)" 2 / 272771 dt for A > 0,
0

and set

|z

kn(z) =7ryN ("”f) and Yy (x) = a4 (4) for z € R \ {0}.

Show that ky (€) = (1+]¢|*) =" and ¢y (€) = (1+ [¢2)~%.
Hint: Observe that

|z|2

2 oo
N (@) = / e 'gy(x) dt where g;(z) = (471'25)7%67 LI
0

(iii) Continuing (ii), show that r1(\) = 2~ '¢~V*, and use Abelian assym-
totics for Laplace transforms to show that

log & if N =2
N as A\ 0.
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