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$1. Jntroduction  1ri 1928, E. Sperner showed that if § ¢ a
col!‘ectidh of subsets of én n-element set sucﬁ that no twé distinct ele-
ments $,T of -§ Zatlsfy § €T, then card § (KH;Z]) , and that
this inequality it bekt possible. Sperhef's Fasult gave rise to the
subject of Vextreta) set theﬁr*." We will jﬁdicate how the hard
Lefschetz thebrem implies an analogue of Sperner's theori‘aqfa whenever
we have a nonsingul;r_irréducible complex projective varl.ety X with
a cellular decomposition into affine spaces. The most intéresting
special cass gfi%és when X = 6/P , where & is a complex sémisimple
algebrait group and P & parabolic subgroup. In particular, thdosing
P to Lé a ctertain maximal parabolic subgroup of & = S0{2n + 1} , we can
deduce the following conjécture of Erd8s and Moser (1963): Llet S be a

set of 2@'4 1 ’di§t3m‘-&t real numbers, and tet T,,...,T, bé subsets of

1 k
S whoie élement sums are all equal. Then k does not exceed the
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middie coefficiént of the polynomial 21 + q)2(1 + qz)z_..(f + qﬂlz ,
and this inequality is best possible.

tet P be a finite partially ordered set {or paset, for short}),
and assume that every maximal chain of P has length n . We say

that P is graded of rank n . Thus, P has a unique rank function

p P {0,1,...,n} satisfying plx}) =0 if x is a minimal element

of P and pofy) = p{x) + 1 if y covers x in P (i.e., if y > x

and no z € P satisfies y>z>x). If plx) =1 then we say that
x has ‘rank i . Define Pi ={x €P : p{x) =i} and set py =

pi(P) = card Pi . The pelynomial F{P,q) = gt Dyt et pnqn .is
called the rank-generating function of P.. We say that P is rank-

symmetric if Pi = P for all i , and that P is rank-unimodal if

= e - aw 1
Po = Py = = P z Pisy z = P for some i

Am antichain (also called a Sperner family or clutter) is a subset

A of P such that no two distinct elements of A are comparable.

The poset P is said to have the Sperner property {or Property S}) if

the largest size of an antichain is equal to max{pi 0=t =n} .
More generally, if k 1is a positive integer then P is said to have

the k-Sperner property {(or Property Sk} if the largest subset of P con-

taining no (k + 1)-element chain has cardinality max{pi + =0+ D,
! k

0%i, < < f, =8} 0 If P has Property S, forall k=n+ !
then we say that P has Property $. See, for instance, [71, £81 for
additional information. Using some results from algebraic geometry,

we will give several new classes of graded posets which have

Praperty S. These posets will all be'rank-symnetric and rank-unimodal.

L
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We will 5imply state here our main results without proofs. Complete
details can be found in the paper '"Weyl groups, the hard Lefschetz

thearem, and the Sperner property.”

§2. Some Algebraic Geometry Let X be a complex projective

variety of complex dimension n . Suppose that there are finitely many
pafrwise*disjoint subsets Ci of X ; each isomorphic as an algebraic
variety to complex affine space of some dimension n such that {a)
the union of the Ci's is X, and (b} Ei - C is & union of some of
the Cj's . (Here, Ei denotes the closure of Ci either in the
Hausdor%f or Zariski topology - under the present circumstances the two
closures coincide.) We then say that the Ci's form a cellutar

decomposition of X {1, p.500). The simplest and most familiar

exampie is complex nrojective space P" itself. This has the cellular
- A 1=1 0 . .
decomposition ¢" U ¢ U . Ut , where 8" is #" minus some

hyperplane l"n-1 , then where En-‘ is Pn-l minus some hyperplane

Fp—Z s etc{

Now given' & cellular decomposition X = UL, define a partial
ordering Qx =-Qx(é],ﬁz,...) on thé Ci's by setting Ei = éj in
Qx if pi < éj . If X is irreducible of dimension n , then Q¥
is Qraded of rank n . |If, moreover, X is nonsfngdiar, then

Poincaré duality implies that Qx is rahk—synmetric. Qur main

result about varieties with cellular decompositions is the following.

Theorem Let X be a nonsingular irreducible complex projective variety
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of complex dimension n with a celfular decomposition X = UCi . Then,
Qx is graded of réﬁk n , rank-symmetric, rank-unimodal, and has

Property 5.

This theorem is proved by first using [1, p.501] to identify QF
with a certain basis for the cohomology ring H*(X,t) , and then using
results about the cohomology of complex projective varieties (in partic-
ular, the hard Lefschetz theorem [101) to construct chains in Qx . A

result of Griggs [B, Thm. 3] then yields Property S.

§3. Applications The best known examples of varieties with cel-
lular decompositions ére the ''generalized partial flag manifolds"
X =6/P , where G is a complex semisimple algehraic group aqd P is
a parabolic subgroup. The poset Qx has an explicit description in
terms of the Weyl groups of 6 and P [2, §31, [5]. More concretely,
Iét W be the Weyl group of 6 . Then W is generated by a set
5 = {sl,...,sm} of reflections such that (W,5) is a Coxeter system
{as defined, e.g., in [31). Ta every parabolic subgroup P of & con-
taining a given Borel subgroup, there corresponds a subset J of § .

The Wey) group of P is then the subgroup W, of W generate& by

J
J . Then Qx may be regarded as a partial order on the set UJ of
cosets of WJ in W . Hence, Qx has cardinality [U!/lNJl .

The precise definition of Qx will not be given here, but we will

mention two interesting special cases. #f 6 = SiL{n,¢) , then W = Sn .

the group of permutations of {1,2,...,n} , and S consists of the
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"adjacent transpositions' {12),(23)},...,{n - 1,n) . Suppose J =5 -

{(k,k + 1)} . Then, W, S, x5S ,and W has order ni/ki(n - k)! =

J 7Tk
(:) . The poset Qx turns out to be isomorphic to the set of all inte-
ger sequences O = 2 < ses = a, =n -k, drdered component-wise (i.e.,

(al,...,ak) < (bT""’bk) if a, =b, for alt i ). It follows that

QX is a distributive lattice, denoted L{k,n - k} , with rank-generating

funcfion
n n-1 n=k+1
Fllk,n - K),q) =" =X -aXl-q J...0-gq )
K (- qk)(1 - qk 1)---(1 - q)

L{k,n - k) may also be described as the set of all Ferrers diagrams [k,
§2.h] which fit in a k x {n = k) rectangle, ordered by inclusion.
Hence, as a special case of our main theorem, we conclude the follow-
ing: If ©;,---,0, are Ferrers diagrams which fit in a k x {n - k)
rectandgle, with no ; contained in a mj for i # j , then t does
hote exceed the middle coefficient of [:3q , and this bound can be

achieved by choosing Pyoeeesd, tO be of size [+ k(n - K)] . It

-

t

would be interesting to find a combinatorial proof of this fact.
Our second special case consists of choosing G = 50{2n + 1)
Then W is the group of alt n xm signed permutation matrices {i.e.,

one nonzero entry ih evéry row or column, equal to *1 ) and has order

2n1 . For a particular cholce of the parabolic subgroup P , wJ

turns out to be the group of permutation matrices, so |HJ| = 2"n1/n! =
2" . The elements of QX may be identified with subsets of {1,2,...,n} .
The partial order on Qx is given by setting {a],...,aj} = {bi""'bk}

if 8y > 3y > o0 aj ' b1 > b2 > o> by kz ], and bi > a, for
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b= i< j . This partial order makes Qx' into a distributive lat;ice,

denoted M{n) , with rank-generating function
- 2 n
FiM{n),q) = (1 +q}(1 +q7)...(1 +q)} .-

Now suppose § = {al,...,an} is a set of -a distinct positive real

,,,.;a. } and {a, ,...,a. }
r 'r 4y g

nu@het; with @, < *** < dn . {a,

1 i
are ;nequa! subsets of $ with the same element sums, then Liﬁdstrﬁm
;3] oh;éry?q that {ii"'f'ir} and {jl,...,js} aré incomparable
elements of M{n) . From this it is possible to deduce the following

result.

Corollary Let S be a set of distinct real numbers. Assume that r
elements of $ are positive, s are equal to zero (so s =0 or 1},
and t are negative. Let Sl""’sk be subsets of S with the same
element sums. Then .k does not exceed the middle coefficient of the

polynomial

Frst(qf = 25(1+q)(1+qz)...(l+qr) . (1+q){1+q2)...(l+qt) .

Moreover, this bound can be cbtained by choosing § = {-1,-2,...E~r} i
{1,2,...,t} U Z , where Z =¢ or {0} depending on whether g5 = 0.

3

or 1.
PR :,‘_‘; 5
More generally, our main theorem implies that if the glament sums'-

of S$.,...,5

1’ take on j distinct values, then k does. not exceed .

k
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{a) .

It is easy to show that for fixed n=r + s + t , the middle

the sum of the | middle coefficients of L

coefficient of F___(q) is maximized when s =1 and jr - t} =1

rst
From this we deduce the following conjecture of Erdés and Moser [6,

Eqn. {12)1.

Corollary Let S be a set of n =28+ 1 distinet real numbers, and

let f{S,m} be the number of subsets of § with element sum m . Then

f{s,m) = F{{-eg,-¢ + 1,...,£},0) .
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