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Classi
al (
ommutative) prob-ability: bi; i 2 I random (
omplex)variables in a 
ommutative C -algebra Bwith 1fbi : i 2 Ig are independent ifE(br1i1 � � � brnin ) = E(br1i1 ) � � �E(brnin ) (s:t:a:)8i1; : : : ; in all distin
t.Equivalently, let Bi; i 2 I be uni-tal subalgebras, with E(1) = 1. ThenBi; i 2 I are independent ifE(b1 � � � bn) = 0whenever E(bj) = 0 (1 � j � n) andbj 2 Bij with i1; : : : ; in all distin
t.
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Free (non
ommutative) proba-bility: A = C -algebra with 1; regardelements as random variables.Ai; i 2 I : unital subalgebras' : A ! C linear (expe
tation)'(1) = 1The Ai's are free if '(a1 � � � an) = 0whenever '(aj) = 0 (1 � j � n) andaj 2 Aij with ij 6= ij+1 (1 � j < n).Note. Does not redu
e to 
lassi
al
ase when A is 
ommutative. E.g., in-dependent a; b need not satisfy '(aba) =0.
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Let B; C be free, b; bi 2 B, et
. For-mal 
omputation gives:'(b
) = '(b)'(
)'(b1
1b2
2) = '(b1b2)'(
1)'(
2)+'(b1)'(b2)'(
1
2)�'(b1)'(b2)'(
1)'(
2);et
.
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MOMENTS ANDCUMULANTSClassi
al 
ase. Let x; y be inde-pendent random variables from the prob-ability distributions (measures) �x; �y,say with 
ompa
t support. Given themoments E(xn); E(yn), we wantE((x + y)n):Let F�(t) =Xn�0E(xn)tnn!;essentially the Fourier transform of�.
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onvolution: Classi
al 
onvolutionde�ned by �x+y = �x � �yThenF���(t) = F�(t)F�(t)logF���(t) = logF�(t) + logF�(t):(logF linearizes �)Hen
e if mn = E(xn) andF�(t) =Xn�0mntnn! = expXn�1 
ntnn!;then 
n is a 
umulant and
n(x + y) = 
n(x) + 
n(y)mn = XfB1;:::;Brg2�n 
#B1 � � � 
#Br:
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Now let a; b be free. De�ne�a+b = �a+2�bthe free 
onvolution of �a and �b.Cau
hy transform:G�(z) = Z az � ad�(a)= z�1 +Xn�1'(an)z�n�1 2 C [[1=z℄℄;
the ordinary generating fun
tion forthe moments mn = '(an).
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De�ne the R-transform R�(z) byR�(z) + 1z = G�(z)h�1i(
ompositional inverse), soG��R�(z) + 1z� = z:
Theorem. R�+2 � = R� +R�Set R�(z) = 1z +Xn�1 kn(a)z�n�1, so

kn(a + b) = kn(a) + kn(b)when a; b are free. Call kn(a) a free
umulant of �.
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NCn: latti
e of non
rossing partitionsof f1; 2; : : : ; ng.
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#NCn = Cn = 1n + 1�2nn �#(max. 
hains) = nn�2�(0̂; 1̂) = (�1)n�1Cn�1
'(an) = mn = XfB1;:::;Brg2NCn k#B1 � � � k#Br;
where ki = ki(a).
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Xµ    = µ       µab a b

k   (a  b  ca  c  )13
3 2 2 5

etc.
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RANDOM MATRICESLet A be a random n � n hermitianmatrix, 
hosen from theGaussian uni-tary ensemble (GUE). Let�1 > � � � > �nbe the spe
trum of A.Choose w 2 Sn uniformly, and let(�1; : : : ; �n) be the shape of w underthe RSK algorithm.Theorem. �i and �i have the samedistribution (after res
aling) as n !1.
14



Let A;B;C be n�n hermitian ma-tri
es with eigenvalues� = (�1; : : : ; �n),� = (�1; : : : ; �n) and 
 = (
1; : : : ; 
n).Horn's 
onje
ture. Chara
teriza-tion of (�; �; 
) when A +B = C.
s�s� =X� 
���s�
��� : Littlewood-Ri
hardson 
oeÆ
ientSaturation 
onje
ture.
k�k�;k� 6= 0) 
��� 6= 0Klya
hko. Saturation ) Horn.Knutson-Tao. Saturation 
onje
-ture is true. 15



A = n� n hermitian matrixspe
trum : �1; : : : ; �n�A = \natural" measure on n� nhermitian matri
es A0 withspe
(A) = spe
(A0)�A = 1n nXj=1 Æ�j(mass 1=n at ea
h eigenvalue).
An; Bn : n�n hermitian (s.t.a.)Let �1; �2 be probability measures with
ompa
t support on R su
h that�An ! �1; �Bn ! �2(weakly). 16



Theorem. Choose A0n and B0n from�An, �Bn. Then�A0n+B0n ! �1+2 �2(weakly, in probability) as n!1.I.e., if we know spe
(A) and spe
(B)(n large) then we 
an bet with a good
han
e to win, that�A+B � �A+2 �B:Thus spe
(A) and spe
(B) determinespe
(A +B) almost surely as n!1.Equivalently, A0n and B0n be
ome freein the limit n!1 with respe
t to'(�) = 1ntr(�):17



ASYMPTOTICREPRESENTATIONTHEORY OF SnFix � ` k. Let � ` n,�� = irred. 
har. of Sn indexed by ���(�) := ��(�1n�k);value atw 2 Sn of 
y
le type (�; 1n�k).Asymptoti
s of ��(�) for � �xed, nlarge?
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ω

j!(u)�!(v)j � ju�vj; !(u) = juj for juj >> 0�(u) = 12(!(u)�juj) (
ompa
t support)
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G!(z) := 1z expZR 1x� z�0(x)dx
G!� = Y(z � yi)Y(z � xi)G!(z) = 1z +Xn�1an(!)z�n�1

K!(z) = G!(z)h�1i= 1zXn�1Cn(!)zn�1C1(!) = 0 8!; C2(!�) = j�jan(!) is a moment and Cn(!) a free
umulant of some probability measurem!. 21



Consequen
es.Theorem. Let �n ` n and^!�n(u) = n�1=2!�n(n1=2u)(so diagram of � is res
aled to havearea 1). Supppose that!̂�n ! !(so C2(!) = 1). Then ��n(�; 1n�k)=f�n
= 0�Ỳi=1C�i+1(!)1An(k�`)=2�1 +O�1n�� ;where � = (�1; : : : ; �`) ` kf�n = ��n(1n)= # SYT of shape �n:22



Theorem (asymptoti
 Littlewood-Ri
h-ardson rule). Let!̂�n ! !; !̂�n ! !0:Almost all shapes (
ounting multipli
-ity) appearing in s�ns�n are \near" ashape �n su
h that!̂�n ! !+2!0;where Cn(!+2!0) = Cn(!) + Cn(!0).
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