UNIFORM ERROR ESTIMATES FOR THE LANCZOS METHOD

JOHN C. URSCHEL

ABSTRACT. The Lanczos method is one of the most powerful and fundamental techniques for solving an ex-
tremal symmetric eigenvalue problem. Convergence-based error estimates depend heavily on the eigenvalue
gap. In practice, this gap is often relatively small, resulting in significant overestimates of error. One way to
avoid this issue is through the use of uniform error estimates, namely, bounds that depend only on the di-
mension of the matrix and the number of iterations. In this work, we prove explicit upper and lower uniform
error estimates for the Lanczos method. These lower bounds, paired with numerical results, imply that the
maximum error of m iterations of the Lanczos method over all n X n symmetric matrices does indeed depend
on the dimension n in practice. The improved bounds for extremal eigenvalues translate immediately to
error estimates for the condition number of a symmetric positive definite matrix. In addition, we prove more
specific results for matrices that possess some level of eigenvalue regularity or whose eigenvalues converge to
some limiting empirical spectral distribution. Through numerical experiments, we show that the theoretical
estimates of this paper do apply to practical computations for reasonably sized matrices.

1. INTRODUCTION

The computation of extremal eigenvalues of matrices is one of the most fundamental problems in numerical
linear algebra. When a matrix is large and sparse, methods such as the Jacobi eigenvalue algorithm and QR
algorithm become computationally infeasible, and, therefore, techniques that take advantage of the sparsity
of the matrix are required. Krylov subspace methods are a powerful class of techniques for approximating
extremal eigenvalues, most notably the Arnoldi iteration for non-symmetric matrices and the Lanczos method
for symmetric matrices.

The Lanczos method is a technique that, given a symmetric matrix A € R™*™ and an initial vector b € R",
iteratively computes a tridiagonal matrix T}, € R™*™ that satisfies T,,, = QL AQ,,, where Q,,, € R™*™ is
an orthonormal basis of the Krylov subspace

K (A, b) = span{b, Ab, ..., A~ 1b}.

The eigenvalues of T,,, denoted by )\gm)(A, b) > ... > A%”)(A, b), are the Rayleigh-Ritz approximations to
the eigenvalues A1 (A) > ... > A\, (A) of A on K,,,(A,b), and, therefore, are given by

TA
(1) )\gm)(A,b) = min max = as’ i=1,..,m,
UCKm(Ab) zeU x'X
dim(U)=m+1—i *#0
or, equivalently,
TA
(2) )\gm)(A,b) = max  min - x’ i=1,..,m.

UCKm(Ab) zeU xTx
dim(U)=;i <70

This description of the Lanczos method is sufficient for a theoretical analysis of error (i.e., without round-
off error), but, for completeness, we provide a short description of the Lanczos method (when K,,,(A4,b) is
full-rank) in Algorithm 1 [24]. For a more detailed discussion of the nuances of practical implementation
and techniques to minimize the effects of round-off error, we refer the reader to [8, Section 10.3]. If A has vn
non-zero entries, then Algorithm 1 outputs T, after approximately (2v + 8)mn floating point operations. A
number of different techniques, such as the divide-and-conquer algorithm with the fast multipole method [1],
can easily compute the eigenvalues of a tridiagonal matrix. The complexity of this computation is negligible

compared to the Lanczos algorithm, as, in practice, m is typically orders of magnitude less than n.
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Algorithm 1 Lanczos Method

Input: symmetric matrix A € R"*", vector b € R"™, number of iterations m.
Output: symmetric tridiagonal matrix T, € R™*™, T,,(i,1) = o,
Ty (iyi+ 1) = By, satistying Ty, = QL AQ,n, where Qp, = [q1 ... @)

Set 8o =0, go =0, g1 = b/||b||
Fori=1,...m

v=Ag

o = qiTv

v=v— 03¢ — Bi—1¢i—1
Bi = [|vll

giv1 =v/Bi

Equation (1) for the Ritz values )\gm) illustrates the significant improvement that the Lanczos method
provides over the power method for extremal eigenvalues. Whereas the power method uses only the iterate
A™b as an approximation of the largest magnitude eigenvalue, the Lanczos method uses the span of all
of the iterates of the power method (given by K,,+1(A4,b)). However, the analysis of the Lanczos method
is significantly more complicated than that of the power method. Error estimates for extremal eigenvalue
approximation using the Lanczos method have been well studied, most notably by Kaniel [10], Paige [15],
Saad [17], and Kuczynski and Wozniakowski [11] (other notable work includes [4, 5, 12, 13, 16, 20, 21, 26]).
The work of Kaniel, Paige, and Saad focused on the convergence of the Lanczos method as m increases, and,
therefore, their results have strong dependence on the spectrum of the matrix A and the choice of initial
vector b. For example, a standard result of this type is the estimate

A (A) =A™ (A, b) tan Z(b, 1) \> LA (A) = A (4)
®) A ) S (Tm_1<1+2lv>> B A W S WYk

where 7 is the eigenvector corresponding to A1, and T),—; is the (m — l)th degree Chebyshev polynomial of
the first kind [18, Theorem 6.4]. Kuczynski and Wozniakowski took a quite different approach, and estimated

the maximum expected relative error (A; — )\gm)) /A1 over all n x n symmetric positive definite matrices,
resulting in error estimates that depend only on the dimension n and the number of iterations m. They
produced the estimate

A (4) =A™ (A, b)
A1(A)

In?(n(m — 1)%)

(4) su (m—12

p E
Aesn , bruU(snTh)

<.103

for all n > 8 and m > 4, where S, is the set of all n x n symmetric positive definite matrices, and the
expectation is with respect to the uniform probability measure on the hypersphere S"~! = {z € R" | ||z|| =
1} [11, Theorem 3.2]. One can quickly verify that equation (4) also holds when the A;1(A) term in the
denominator is replaced by A;(A) — A, (A), and the supremum over SY, is replaced by the maximum over
the set of all n x n symmetric matrices, denoted by S™.

Both of these approaches have benefits and drawbacks. If an extremal eigenvalue is known to have
a reasonably large eigenvalue gap (based on application or construction), then a distribution dependent
estimate provides a very good approximation of error, even for small m. However, if the eigenvalue gap is
not especially large, then distribution dependent estimates can significantly overestimate error, and estimates
that depend only on n and m are preferable. This is illustrated by the following elementary, yet enlightening,
example.

Example 1.1. Let A € S, be the tridiagonal matriz resulting from the discretization of the Laplacian
operator on an interval with Dirichlet boundary conditions, namely, A;; = 2 fori =1,...,n and A; i1 =
Aiy1:=—1fori=1,...,n—1. The eigenvalues of A are given by \;(A) =2+2cos(in/(n+1)),i=1,...,n.
Consider the approzimation of A1(A) by m iterations of the Lanczos method. For a random choice of b, the
expected value of tan® Z(b, 1) is (1 +o(1))n. If tan® Z(b, 1) = Cn for some constant C, then (3) produces
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the estimate
ey ig;nigiib) <OnThs (1+2tan (g e (g 1>>>2
~n(1+0(n 1) ~n.

In this instance, the estimate is a trivial one for all choices of m, which varies greatly from the error
estimate (4) of order In> n/m?. The exact same estimate holds for the smallest eigenvalue \,(A) when the
corresponding bounds are applied, since 41 — A is similar to A.

Now, consider the approzimation of the largest eigenvalue of B = A~ by m iterations of the Lanczos
method. The matriz B possesses a large gap between the largest and second-largest eigenvalue, which results
in a value of y for (3) that remains bounded below by a constant independent of n, namely

vy=(2cos(r/(n+1))+1)/(2cos(m/(n+1))—1).

Therefore, in this instance, the estimate (3) illustrates a constant convergence rate, produces non-trivial
bounds (for typical b) for m = ©(Inn), and is preferable to the error estimate (4) of order In* n/m?.

More generally, if a matrix A has eigenvalue gap v < n~® and the initial vector b satisfies tan? Z(b, 1) > n,
then the error estimate (3) is a trivial one for m < n®/2. This implies that the estimate (3) is most useful
when the eigenvalue gap is constant or tends to zero very slowly. When the gap is not especially large (say,
n~ %, «a constant), then uniform error estimates are preferable for small values of m. In this work, we focus
on uniform bounds, namely, error estimates that hold uniformly over some large set of matrices (typically
S}, or 8"). We begin by recalling some of the key existing uniform error estimates for the Lanczos method.

1.1. Related Work. Uniform error estimates for the Lanczos method have been produced almost exclusively
for symmetric positive definite matrices, as error estimates for extremal eigenvalues of symmetric matrices
can be produced from estimates for S” , relatively easily. The majority of results apply only to either A;(A),
An(A), or some function of the two (i.e., condition number). All estimates are probabilistic and take the
initial vector b to be uniformly distributed on the hypersphere. Here we provide a brief description of some
key uniform error estimates previously produced for the Lanczos method.

In [11], Kuczynski and Wozniakowski produced a complete analysis of the power method and provided
a number of upper bounds for the Lanczos method. Most notably, they produced error estimate (4) and
provided the following upper bound for the probability that the relative error (A — )\gm)) /A1 is greater than
some value e:

Ai(4) =A™ (4,b)

5 sup P > €| < 1.648/neVe?m—1),
) AEST, baU(S™Y) A1(4)

However, the authors were unable to produce any lower bounds for (4) or (5), and stated that a more sophis-
ticated analysis would most likely be required. In the same paper, they performed numerical experiments
for the Lanczos method that produced errors of the order m ™2, which led the authors to suggest that the
error estimate (4) may be an overestimate, and that the In? n term may be unnecessary.

In [12], Kuczynski and Wozniakowski noted that the above estimates immediately translate to relative
error estimates for minimal eigenvalues when the error )\,(1’1") — A\, is considered relative to A1 or A1 — A\,
(both normalizations can be shown to produce the same bound). However, we can quickly verify that
there exist sequences in S7, for which the quantity E [(A{™ — X,)/\,] is unbounded. These results for
minimal eigenvalues, combined with (4), led to error bounds for estimating the condition number of a matrix.
Unfortunately, error estimates for the condition number face the same issue as the quantity ()\7(72”) =)/ An,
and therefore, only estimates that depend on the value of the condition number can be produced.

The proof technique used to produce (4) works specifically for the quantity E [()\1 - )\gm))/)\l] (i.e., the

m 1
1-norm), and does not carry over to more general p-norms of the form E [((A; — )\g ))//\1)”] /p, p € (1,00).

Later, in [4, Theorem 5.2, r = 1], Del Corso and Manzini produced an upper bound of the order (\/ﬁ/m)l/p
for arbitrary p-norms, given by

6 su E
©) Aesl?;+ b~U(S™1)

<A1<A>—A§"‘><A,b>>”r< 1 (F(pé)r(

A1(A)




4 JOHN C. URSCHEL

This bound is clearly worse than (4), and better bounds can be produced for arbitrary p simply by making
use of (5). Again, the authors were unable to produce any lower bounds.

More recently, the machine learning and optimization community has become increasingly interested in
the problem of approximating the top singular vectors of a symmetric matrix by randomized techniques (for
a review, see [9]). This has led to a wealth of new results in recent years regarding classical techniques,
including the Lanczos method. In [13], Musco and Musco considered a block Krylov subspace algorithm
similar to the block Lanczos method and showed that with high probability their algorithm achieves an error
of einm = O(e_l/2 Inn) iterations, matching the bound 5 for a block size of one. Very recently, a number of
lower bounds for a wide class of randomized algorithms were shown in [20, 21], all of which can be applied to
the Lanczos method as a corollary. First, the authors showed that the dependence on n in the above upper
bounds was in fact necessary. In particular, it follows from [21, Theorem A.1] that O(logn) iterations are
necessary to obtain a non-trivial error. In addition, as a corollary of their main theorem [21, Theorem 1],
there exist c1, ¢y > 0 such that for all € € (0, 1) there exists an n, = poly(¢ ') such that for all n > n, there
exists a random matrix A € 8™ such that

(7) P p(A) 710(T) € €2 —-1/2

> —|>1—-e" for all m < cje Inn,
where p(-) is the spectral radius of a matrix.

p(4) 12

1.2. Contributions and Remainder of Paper. In what follows, we prove improved upper bounds for
the maximum expected error of the Lanczos method in the p-norm, p > 1, and combine this with nearly-
matching asymptotic lower bounds with explicit constants. These estimates can be found in Theorem 3.1.
The upper bounds result from using a slightly different proof technique than that of (4), which is more robust
to arbitrary p-norms. Comparing the lower bounds of Theorem 3.1 to the estimate (7), we make a number
of observations. Whereas (7) results from a statistical analysis of random matrices, our estimates follow
from taking an infinite sequence of non-random matrices with explicit eigenvalues and using the theory of
orthogonal polynomials. Our estimate for m = O(Inn) is slightly worse than (7) by a factor of In? Inn, but
makes up for this in the form of an explicit constant. The estimate for m = o(n*/?In"?n) does not have
n dependence, but illustrates a useful lower bound, as it has an explicit constant and the Inn term becomes
negligible as m increases. The results (7) do not fully apply to this regime, as the polynomial in this estimate
is at least cubic (see [21, Theorem 6.1] for details).

To complement these bounds, we also provide an error analysis for matrices that have a certain structure.
In Theorem 4.1, we produce improved dimension-free upper bounds for matrices that have some level of
eigenvalue “regularity” near A;. In addition, in Theorem 4.3, we prove a powerful result that can be
used to determine, for any fixed m, the asymptotic relative error for any sequence of matrices X,, € S",
n = 1,2, ..., that exhibits suitable convergence of its empirical spectral distribution. Later, we perform
numerical experiments that illustrate the practical usefulness of this result. Theorem 4.3, combined with
estimates for Jacobi polynomials (see Proposition 3.7), illustrates that the inverse quadratic dependence on
the number of iterations m in the estimates produced throughout this paper does not simply illustrate the
worst case, but is actually indicative of the typical case in some sense.

In Corollary 5.1 and Theorem 5.2, we produce results similar to Theorem 3.1 for arbitrary eigenvalues A;.
The lower bounds follow relatively quickly from the estimates for A;, but the upper bounds require some
mild assumptions on the eigenvalue gaps of the matrix. These results mark the first uniform-type bounds
for estimating arbitrary eigenvalues by the Lanczos method. In addition, in Corollary 5.3, we translate our
error estimates for the extremal eigenvalues A1 (A) and A, (A) into error bounds for the condition number of a
symmetric positive definite matrix, but, as previously mentioned, the relative error of the condition number
of a matrix requires estimates that depends on the condition number itself. Finally, we present numerical
experiments that support the accuracy and practical usefulness of the theoretical estimates detailed above.

The remainder of the paper is as follows. In Section 2, we prove basic results regarding relative error and
make a number of fairly straightforward observations. In Section 3, we prove asymptotic lower bounds and
improved upper bounds for the relative error in an arbitrary p-norm. In Section 4, we produce a dimension-
free error estimate for a large class of matrices and prove a theorem that can be used to determine the
asymptotic relative error for any fixed m and sequence of matrices X,, € 8", n = 1,2,..., with suitable
convergence of its empirical spectral distribution. In Section 5, under some mild additional assumptions,
we prove a version of Theorem 3.1 for arbitrary eigenvalues );, and extend our results for A\; and A, to the
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condition number of a symmetric positive definite matrix. Finally, in Section 6, we perform a number of
experiments and discuss how the numerical results compare to the theoretical estimates in this work.

2. PRELIMINARY RESULTS

Because the Lanczos method applies only to symmetric matrices, all matrices in this paper are assumed
to belong to §". The Lanczos method and the quantity (Aj(A) — )\gm)(A, b))/ (A1(A) — A\ (A)) are both
unaffected by shifting and scaling, and so any maximum over A € 8™ can be replaced by a maximum over all
A € 8" with A (A4) and A, (A) fixed. Often for producing upper bounds, it is convenient to choose A\ (A4) = 1
and \,(A) = 0. For the sake of brevity, we will often write \;(A) and A§m)(A, b) as \; and )\gm) when the
associated matrix A and vector b are clear from context.

We begin by rewriting expression (2) for )\gm) in terms of polynomials. The Krylov subspace K, (A, b)
can be alternatively defined as

K:m(A7b) = {P(A)b|P € ,mel}a
where P,,_1 is the set of all real-valued polynomials of degree at most m — 1. Suppose A € S§" has
eigendecomposition A = QAQT, where Q € R™™™ is an orthogonal matrix and A € R™*™ is the diagonal
matrix satisfying A(é,4) = \;(A), ¢ = 1,...,n. Then we have the relation

T Ap BT P2(A) Ab b7 P(A)Ab
v (AR = e T I Ay R BT P2(A)
240 P#£0 P#0

where b = QTb. The relative error is given by

M (A) = A" (4,b) L BEP2 )M = M)

— 1=2 "1

M) = Mn(A) 7 PeRas (A= h) S, B2 ON)

i=1"1
and the expected p'® moment of the relative error is given by

m p n b
e M =AM / D > Y OO YY)
baU(Sm1) A=A gn-1 Pep’/;%,1 (A1 — M) S0 B2P2(0)

=1 "1

P

do(b),

where o is the uniform probability measure on S"~1 Because the relative error does not depend on the
norm of b or the sign of any entry, we can replace the integral over S"~! by an integral of y = (y1, ..., ¥n)
over [0,00)™ with respect to the joint chi-square probability density function

1 Ly Tu
(8) fy(y)=wexp{_2;yi}gyi

of n independent chi-square random variables Y7, ..., Y;, ~ x3 with one degree of freedom each. In particular,
we have

p
A — A / . [ S,y P (M) (A — ) }
9 E rE— = min = 7 dy.
( ) bt (Sn1) [( A — M\ [0,00) PGPZZE;I ()\1 _ An)ZizlyiP%&) fy(y) Yy

Similarly, probabilistic estimates with respect to b ~ U(S™ ') can be replaced by estimates with respect to
Yia A Yn ~ X%7 as

A= A Sy YiP?(A) (A — )

10 MTAN = p i
(10) b (571) [ NN 6] Yin? p%&i}l (M — An) S, Vi P2(N) =

For the remainder of the paper, we almost exclusively use equation (9) for expected relative error and
equation (10) for probabilistic bounds for relative error. If P minimizes the expression in equation (9) or
(10) for a given y or Y, then any polynomial of the form aP, a € R\{0}, is also a minimizer. Therefore,
without any loss of generality, we can alternatively minimize over the set P,,,_1(1) = {Q € Pr—1 | Q(1) = 1}.
For the sake of brevity, we will omit the subscripts under E and P when the underlying distribution is clear
from context. In this work, we make use of asymptotic notation to express the limiting behavior of a function
with respect to n. A function f(n) is O(g(n)) if there exists M,ng > 0 such that |f(n)| < Mg(n) for all



6 JOHN C. URSCHEL

n > ng, o(g(n)) if for every € > 0 there exists a n. such that |f(n)| < eg(z) for all n > ng, w(g(n)) if
lg(n)| = o(|f(n)]), and O(g(n)) if f(n) = O(g(n)) and g(n) = O(f(n)).

3. AsympTOoTIC LOWER BOUNDS AND IMPROVED UPPER BOUNDS

In this section, we obtain improved upper bounds for E [((A; — /\gm))/)\l)p]l/p, p > 1, and produce
nearly-matching lower bounds. In particular, we prove the following theorem.

Theorem 3.1.
M (4) =A™ (4,b)

max
AES™ bald(S71)

21mn]zldum

for m = o(lnn),
A (A) =A™ (A, b) _ 0151 n
M(A) =M (A) T m2hn’lnn

max
AES™ bl (Sm1)

] >1—o(1/n)

form = ©(lnn),
A (A) =A™ (A4,b) _ 1.08
mexm>>m4>“”wm

max
AES™ bl (Sn—1)

form=o (n1/2 In~ /2 n) and w(1), and

A(A) — A4 )\” e In? (n(m — 1))
M (A) = M (A4) = m

max
AES™ bt (S-1)

forn >100, m > 10, p > 1.

Proof. The first result is a corollary of [21, Theorem A.1], and the remaining results follow from Lemmas
3.5, 3.8, and 3.9. O

By Hoélder’s inequality, the lower bounds in Theorem 3.1 also hold for arbitrary p-norms, p > 1. All
results are equally applicable to \,, as the Krylov subspace is unaffected by shifting and scaling, namely
K (A,b0) = K (aA + BI,0) for all a # 0.

We begin by producing asymptotic lower bounds. The general technique is as follows. We choose an
infinite sequence of matrices {A,}0>,, A, € 8", treat m as a function of n, and show that, as n tends
to infinity, for “most” choices of an initial vector b, the relative error of this sequence of matrices is well
approximated by an integral polynomial minimization problem for which bounds can be obtained. First, we
recall a number of useful propositions regarding Gauss-Legendre quadrature, orthogonal polynomials, and
Chernoff bounds for chi-square random variables.

Proposition 3.2. ([7],[25]) Let P € Por_1, {xi}F_, be the zeros of the k'™ degree Legendre polynomial
Pi.(x), Pi(1) = 1, in descending order (v1 > ... > x1,), and w; = 2(1 — x3) " [Pl(x;)] "%, i =1,....k. Then
1 k

1. / P(z)dr = ZwiP(xi)a
-1 i=1

B 1 (4i — Dr L
2. Iz—<1—8k2)cos( 12 >+O(k ), i=1,...,k,

T 1 T
3. 1—3:2(1— )gw < ... <w < —
kriVoo 8(k + 1)2(1 —a2) ' 5 =kt

T-
2

Proposition 3.3. ([22, Chapter 7.72], [23]) Let w(z) dx be a measure on [—1,1] with infinitely many points

of increase, with orthogonal polynomials {px(z)}k>0, Pk € Pr. Then

fil rP%(z)w(x) dz

BT T P
)2 PP w(z) de
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k
Proposition 3.4. Let Z ~ Xi- Then P[Z < z] < [E exp{l—gH2 for x < k and P[Z > z] <

. k k
[%exp{l — %}]5 forx > k.

Proof. The result follows from taking [3, Lemma 2.2] and letting d — oo. (]

We are now prepared to prove a lower bound of order m 2.

Lemma 3.5. If m = 0(n1/2 In~1/2 n) and w(1), then

A (A) =A™ (A4,b) _ 1.08
N @) ] z1—o(l/n).

Proof. The structure of the proof is as follows. We choose a matrix with eigenvalues based on the zeros of
a Legendre polynomial, and show that a large subset of [0,00)" (with respect to fy (y)) satisfies conditions
that allow us to lower bound the relative error using an integral minimization problem. Let 1 > ... > xon,
be the zeros of the (2m)" degree Legendre polynomial. Let A € S™ have eigenvalue z; with multiplicity
one, and remaining eigenvalues given by x;, j = 2, ...,2m, each with multiplicity at least [(n—1)/(2m —1)].
By equation (10),

max
AES™ baUd (S 1)

A — Al i "YiP2 () (M — A
P 1 1 2 € = P min 27,22 (n )( 1 ) > ¢
A — >\n PeEPpm—1 ()\1 — )\n) Zi:l Y;P2()\l)
P#0
i 2m
D Y PP () (20— ay)
= P min pT T a— = )
Pl (w1 = wam) 2050 Vi P2 (2))

where Y73, ..., Y, ~ x?, and Yj is the sum of the Y; that satisfy A\; = z;. Y; has one degree of freedom, and
Yj, j = 2,...,2m, each have at least [(n — 1)/(2m — 1) degrees of freedom. Let wy, ..., wa, be the weights
of Gaussian quadrature associated with 1, ..., 22,,. By Proposition 3.2,

4 + 972 4 + 4972
=1- O(m™ =l-—— > +0(m™®

o 1osme TOMT) e 128m2 T O,

2 4 + 97T2 -3 . "
and, therefore, 1 — z7 = i + O(m™?). Again, by Proposition 3.2, we can lower bound the smallest

m

ratio between weights by

w1 1

— > 1—22(1-

W 1 ( 8(2m + 1/2)2(1 — ﬁ))

—92 1
8m +0(m )> (1 B (4+97r2)/2+0(m1)>

Therefore, by Proposition 3.4,

5 . 1| n—-1 . —1
Plminy; > "2V, | > P|V; > < |— i>2 xply < 2| 2
j>2 w1 3 3wy, | 2m —1

1| n—-1 2m—1 —1 %
[1 B (523/3) 3 Qm—IJ } [1 — (311;1 {22{14 61——%; [2%—1J) }

We now restrict our attention to values of Y = (Y7,...,Y},) € [0,00)™ that satisfy w, m>1121}>j > wmfﬁ. If, for
J>

s
|

Y

some fixed choice of Y,
S VP2 () (a1 — )

(11) min <z — Ta,
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then, by Proposition 3.2 and Proposition 3.3 for w(z) = 1,

2m <) 2
in ity Yi PP (ay) (1 — ) o i ity wi PP (ay) (1 — )
2m - 2m
P > o1 Y P2 () Pl >0y wiP?(z;)
2
_ 2w P () (1 — ) )
- PEH:/I)IH 1 sz P2( ) _( _-'171)
P£O j=1 Wi L=\
1
P2(y)(1—y)d
= min /_1 i _ A I +0(m™?)
PP T 128m?
P#0 / P(y)dy
-1
44972 44 972 12 + 2772
= — O(m™=3) = O(m=3).
Som? ~ Tosmz O = g T OMT)

Alternatively, if equation (11) does not hold, then we can lower bound the left hand side of (11) by 21 — 25 =

% + O(m_g). Noting that x1 — z2,, < 2 completes the proof, as % and % are both greater than
1.08. a

The previous lemma illustrates that the inverse quadratic dependence of the relative error on the number
of iterations m persists up to m = 0(711/2/1n1/2 n). As we will see in Sections 4 and 6, this m~2 error is
indicative of the behavior of the Lanczos method for a wide range of typical matrices encountered in practice.
Next, we aim to produce a lower bound of the form In®n/(m?In*Inn). To do so, we will make use of more
general Jacobi polynomials instead of Legendre polynomials. However, due to the distribution of eigenvalues
required to produce this bound, Gaussian quadrature is no longer exact, and we must make use of estimates
for basic composite quadrature. We recall the following propositions regarding composite quadrature and
Jacobi polynomials.

Proposition 3.6. If f € C'[a,b], then fora =29 < ... < x, =,

b n b—
/ Fla)do =Y (o = i) (o) <

a /
<= xrg[%lf (x)|i:ﬁ’fn(xl Tio1),

« ,
where x} € [x;—1,24], i =1,...,n.

Proposition 3.7. ([19, Chapter 3.2]) Let {P,ga”@)(z)},?;o, a,B > —1, be the orthogonal system of Jacobi
polynomials over [—1,1] with respect to weight function w®P(z) = (1 — z)*(1 + x)?, namely,
k

@p), _  Lk+a+1) K\T(k+i+a+p8+1) (z—1Y
B (x)_klf(k+a+ﬁ+1)zo<i) T(i+a+1) (2 )

Then
ot o 2 20tk +a+ DI(E+ B+ 1)
(cr8) B B
. /‘1 [Pk (x)} e Ck+a+B+0)kT(k+a+8+1)
Fk+a+1) T(k+B5+1) 1
HT(a+1) ' KI(B+1) } for max{a 8} > 4,
= %P]giirl,wrl)(x)!

(i) max | ‘P,Ea’ﬁ)(x)‘ = max{

z€e[—1,1

o d (e,
(iii) P (x)

(i) max {z € [-1,1]| P () = 0} < \/1 - (ki‘Zi/f/z

Proof. Equations (i)-(iii) are standard results, and can be found in [19, Chapter 3.2] or [22]. What remains
is to prove (iv). By [14, Lemma 3.5], the largest zero z; of the k' degree Gegenbauer polynomial (i.e.,
P,E’\_l/z”\_l/m (x)), with A > —5/12, satisfies

(k—1)(k+2\+1)
(k+XN)2+30+54+3A+2)2/(k—1)

2
) forozZﬂ>—% and k > 1.

2
1 <

- (k-Dk+22+1) <A+1>2.

(k+\)2 k+ A
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By [6, Theorem 2.1], the largest zero of P}Ea,Bth)(x) is strictly greater than the largest zero of PIEO"B)(:C) for
any t > 0. As a > [, combining these two facts provides our desired result. O

For the sake of brevity, the inner product and norm on [—1, 1] with respect to w®?(z) = (1 —z)%(1 +z)”
will be denoted by (,-)a,p and || - ||a,3. We are now prepared to prove the following lower bound.

Lemma 3.8. If m = © (lnn), then

A (A) =A™ (A p) 01510 n
P > >1—o0(1/n).
Acsh bata(s7-1) | A(A) = An(A) T m2In’lnn |~ o1/n)

Proof. The structure of the proof is similar in concept to that of Lemma 3.5. We choose a matrix with
eigenvalues based on a function corresponding to an integral minimization problem, and show that a large
subset of [0,00)™ (with respect to fy (y)) satisfies conditions that allows us to lower bound the relative error
using the aforementioned integral minimization problem. The main difficulty is that, to obtain improved
bounds, we must use Proposition 3.3 with a weight function that requires quadrature for functions that are
no longer polynomials, and, therefore, cannot be represented exactly using Gaussian quadrature. In addition,
the required quadrature is for functions whose derivative has a singularity at x = 1, and so Proposition 3.6
is not immediately applicable. Instead, we perform a two-part error analysis. In particular, if a function is
C'0,a], a < 1, and monotonic on [a, 1], then using Proposition 3.6 on [0,a] and a monotonicity argument
on [a, 1] results in an error bound for quadrature.

24951
Let £ = {llnnJ , k= |m*%%| and m = ©(Inn). Consider a matrix A € S” with eigenvalues given
nlnn
by f(z ) j =1,.., k, each with multiplicity either |n/k| or [n/k], where f(x) = 172(171’)%, and z; = j/k,
j=1,..k. Then
A=A — PLYiP2(A) (A — N
Plilze = P min 2122 (n)(l )26
AL — A PEPZZL* (A1 = An) Zi:l YiP%(\;)
0

o p| g D BPUEDOIG)
e 2> VP2 (f(25))

where Y7,....,Y, ~ X% and )7'] is the sum of the Y;’s that satisfy A\; = f(z;). Each SA/J», j=1,....,k, has either
|n/k] or [n/k] degrees of freedom. Because m = O(Inn), we have k = o(n'?%?) and, by Proposition 3.4,

n n-\ F
P[999[2] < V5 1.001[3), 5 =1, k] > (1 — (999001 k) — (1.001e—'0°1)W>

= 1-—o(1/n).
Therefore, with probability 1 — o(1/n),
L S PP @) (- fg) 998 X PRI @) (1 f(a)
P 2370, V3P (f(a)) I S P2(f(x;))
Let P(y Z ay PZO) ,a. € R r=0,....m—1, and define

grs(@) = PO (f(2)) PO (f(x))  and  grs(2) = grs()(1 = f(2)),

r,s =0,...,m — 1. Then we have

Yh PA(f) (= ) S aras Y5y rs())

iy P2(f(x)) S aras Y grs(ay)

We now replace each quadrature Z i=10r, s(zj) or Z i=19r, s(z;) in the previous expression by its correspond-

ing integral, plus a small error term. The functions g, s and §, s are not elements of C'[0, 1], as f'(z) has
a singularity at x = 1, and, therefore, we cannot use Proposition 3.6 directly. Instead we break the error
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analysis of the quadrature into two components. We have g, s, §r s € C'10,a] for any 0 < a < 1, and, if a is
chosen to be large enough, both g, s and g, s will be monotonic on the interval [a,1]. In that case, we can
apply Proposition 3.6 to bound the error over the interval [0, a] and use basic properties of Riemann sums
of monotonic functions to bound the error over the interval [a, 1].

The function f(z) is increasing on [0, 1], and, by equations (iii) and (iv) of Proposition 3.7, the function
PT(Z’O) (y), r =2,...,m — 1, is increasing on the interval

12 ¢ ()

The functions Pég’o) (y) =1and PI(Z,O) (y) = €+1+4(¢+2)(y—1)/2 are clearly non-decreasing over interval (12).
By the inequality /1 —y <1 —y/2, y € [0, 1], the function P*%(f(z)), r =0,...,m — 1, is non-decreasing
on the interval

t+5/2 \*
(13) [1_(2m+2£—1) 71}

Therefore, the functions g, s(x) are non-decreasing and g, s(z) are non-increasing on the interval (13) for all

20
r,s =0,...,m — 1. The term (ﬁ%) = w(1/k), and so, for sufficiently large n, there exists an index
j*e€A{1,...,k — 2} such that

t+5/2 \* e+5/2 \* 1
1—-( —m— < Xax 1-( — — 1.
(2m+212—1) st <t \omrw—1) Tk S

We now upper bound the derivatives of g, s and g, s on the interval [0, z;«]. By equation (iii) of Proposition
3.7, the first derivatives of g, s and g, s are given by

C e = (o [ L peo (€0)( f(s €O ( ¢z | L p(eo)
e f<><[ GPW) PO PO [P <y>]y_f(z)>
1
= B2 (e DRV )P @) + 5+ £+ DR ()P (f @)
and
(1,@—4771

u(@) = gL (@) (1 = 2)T = 20, (2) =

y
By equation (ii) of Proposition 3.7, and the inequality (1:) < (ea:) ,z,ye N,y <z,
Y Y

-1

1—ax) € r+0\ (s+¢ r+L0\ [(s+¢
! < ( J
gl = R (e () () e enn(T) ()

-1

o gmitt C+5/2 \* 1\ 7 felm+e—1)\*
- 1 2m + 20 — 1 k 1 ’

~

and

-1

l—xp)" € (P4 0\ [(s+ /1
A~ < / 2( J

wer[%%*]}gr,s(xﬂ < we%%*]lgr,s(x)u e ( ) >( ) )

£—1

oo mtt C+5/2 N 1\ T fetm+e—1)\**
= ¢ 2m + 20— 1 2 0 ‘
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Therefore, both max |¢g/ ()] and max g’ (z)| are o(m*°°%). Then, by Proposition 3.6, equation (ii)
z€[0,z,+] ' z€[0,z+] 7

of Proposition 3.7 and monotonicity on the interval [z;-, 1], we have

k 1 J* T k 1
1 1 J 1
% ZQT,S(%’) - /0 grs(z)dz| < % Z r.s(@;) /0 grs(z) dz| + % Z grs(xj) — / grs(z) dx
j=1 Jj=1 j=j*+1 a

L+o(1)  grs() _ 140(1) 1 <e(m+e+1)>2“+” _ L4o(1)

= 9kmA-002¢ Lk = 9mo002¢ T (+1 = 9002

and, similarly,

1 1
i) = [ e da
j=1

1

;i 7/%*9“( )da| + |- Xk: s (5) / s () dar

Ij*

IN

=1 Jj=j
1+0( )+gr,s($j*) < 1+ ( ) grs( ) 1+O( )
910020 L = 90020 L = 9002

Let us denote this upper bound by M = (1 + 0(1))/(2m°°%%). By using the substitution = = 1 — (1_79)(, we
have

<

/O 1gr,s<x>dx:§<P£f’°>,3§w>>m and / @) dr = (PO, PEO)
Then
S PUE) St [HPO0 R et
PP S PR~ f(ag)  peEno Ma,«as[% (PO P+ es]
[ér,s| <M

Letting @, = a,||P“||s.0, 7 = 0, ...,m—1, and noting that, by equation (i)

2€+1 1/2
() , we obtain the bound

2r+4+1
m—1 ~ ~ PT(Z 0) Ps(p 0)>z7170
Z] 1 PQ(f(mJ)) < ZT',S:O firts L|Pr(e’o)|e,o|Ps(z’0)|e,o + Ehs}
— ~mz;”x m—1 ~ m—1 ~ ~ 4 ’
PP S P — fa) a0 S e S G
|ér, | <e
where
M(Zm—i—f—l) 2m+4—1

Let B € R™™ be given by B(r,s) = (P, PEY) oy of [ POV o 1P 55, s = 0,.,m — 1. By

Proposition 3.3 applied to w®~1(z) and equation (iv) of Proposition 3.7, we have

a” Ba 1 —1/2\°
max —-—— a < <2 (m—i—é / )
ack™o0 al'a 172 \2 0+1/2
L=y/1- (m+z—1/2>
This implies that

S PUe) T (BraiT)a

PP S P () (1 flry) gk @ (- ellT)a

1 e a’ Ba n em
1—em a_e%" aTa 1—em

2 m+£{—1/2 2+ em
1—em £+1/2 1—em’
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and that, with probability 1 — o(1/n),

k O 2 2 2
- Y,P 7)) (1 — f(z; . .
iy 2=t o] (F2)) (O = fles)) (1 — o(1)) 998( L+1/2 ) N 021512n n
Piz%fl > =1 YiP? (f(x5)) 4 \m+0-1/2 m2In°Inn
This completes the proof. O

In the previous proof, a number of very small constants were used, exclusively for the purpose of obtaining
an estimate with constant as close to 1/64 as possible. These constants can be replaced by more practical
numbers (that begin to exhibit asymptotic convergence for reasonably sized n), at the cost of a mildly worse
constant. This completes the analysis of asymptotic lower bounds.

We now move to upper bounds for relative error in the p-norm. Our estimate for relative error in the one-
norm is of the same order as the estimate (4), but with an improved constant. Our technique for obtaining
these estimates differs from the technique of [11] in one key way. Rather than integrating first by b; and using
properties of the arctan function, we replace the ball B" by n chi-square random variables on [0, 00)", and
iteratively apply Cauchy-Schwarz to our relative error until we obtain an exponent c¢ for which the inverse
chi-square distribution with one degree of freedom has a convergent ¢ moment.

Lemma 3.9. Let n > 100, m > 10, and p > 1. Then

A(A) =A™ (a,8)\" » In? (n(m — 1)%)
( EEw )] =T

max
AES™ prtd(Sm-1)

Proof. Without loss of generality, suppose A\1(A) = 1 and A,(4) = 0. By repeated application of Cauchy
Schwarz,

Zy:l i@ (M) (L = Ai) < [2?—1 yiQ*(N\i)(1 — )\1)1 % = |:Z:‘L—1 yiQ* (M) (1 — )\i)Qq] '
> e YiQ2(\) - S Q2 () = ST 07 (N

for ¢ € N. Choosing ¢ to satisfy 2p < 29 < 4p, and using equation (9) with polynomial normalization
Q(1) = 1, we have

m P B n q
D . / (zi_g Q> (A1 — i) )
e < min 7 5
AL — Ay QEPm-1(1) [0,00)™ Zi:l yiQ ()\z>

P
q

" A dy]

B =

E

A

~ p 1
27 P

Zi:)\i<,8 yzQQ()\z)(l — )\i)Zq 2d
/IOvW>" ( S wiQ2(\) fr(y)dy

IN

min
QEPm-1(1)

2

Zi:)\iZQ y'LQQ()\Z)(l — )\i)Qq 3q >
+ /[O,oo)n < Z?:l le2()\z) fy (y) dy

for any 8 € (0,1). The integrand of the first term satisfies

< S in < BiQZ(A) (1 — A 3
- S piQ2(\)

max [Q(x)V2(1 — )" (M) g

P

(Zi:)\i<,8 yzQ2()\z)(1 — )\i)2’1> 27

Yo Q2 (M)

IN

z€[0,8] Y1

and the second term is always bounded above by 1 — 8. We replace the minimizing polynomial in P,,_1(1)
Tm—l (%x -1

by Q(z) = m
m-1(3—

, where T;,,_1(-) is the Chebyshev polynomial of the first kind. The Chebyshev
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polynomials T;,,_1(+) are bounded by one in magnitude on the interval [—1, 1], and this bound is tight at the
endpoints. Therefore, our maximum is achieved at = = 0, and

A 1/2 292 2 e
s Q)20 -0 = |7, (5 1)
By the definition Tp,—1(x) = 1/2 ((x — Va2 — 1)m71 + (Jc + \/ﬁ)ml), |z| > 1, and the standard
inequality e?® < 1 fi, z € 1[0,1],

m—1
2 1({2 2 2 11+ yT=B\""
e (5-1) =55y G) ) ()
1
> iexp{Q l—ﬁ(m—l)}.

In addition,

Sty CT(n/2-1/9TA/4) _ TO/M) .
Amw< h ) W= T i) < aarae”

which gives us

1

(m)\ P1p 1/4 1/p

(A2 < [t v
1 — \n

In (n1/4p(m - 1)2) (assuming v < 1, otherwise our bound is already

where v = /1 — 3. Setting v = T
m—

greater than one, and trivially holds), we obtain

A _)\gm) pq1/p
AL — Ay

1/4p 1/p
(Zrm) ™ 4 g2 w4 (m — 1))
(m— 12

E

IN

/ 1/p
(Era) " + 4w (ntom - 1)
(m —1)?

< .068

for m > 10, n > 100. This completes the proof.
O

A similar proof, paired with probabilistic bounds on the quantity E?:z Y; /Y1, where Y1, ..., Y, ~ x%, gives
a probabilistic upper estimate. Combining the lower bounds in Lemmas 3.5 and 3.8 with the upper bound
of Lemma 3.9 completes the proof of Theorem 3.1.

4. DISTRIBUTION DEPENDENT BOUNDS

In this section, we consider improved estimates for matrices with certain specific properties. First, we
show that if a matrix A has a reasonable number of eigenvalues near A\;(A), then we can produce an error
estimate that depends only on the number of iterations m. In particular, we suppose that the eigenvalues of
our matrix A are such that, once scaled, there are at least n/(m — 1)® eigenvalues in the range [3, 1], for a
specific value of 3 satisfying 1 — 5 = O (m_2 In? m). For a large number of matrices for which the Lanczos
method is used, this assumption holds true. Under this assumption, we prove the following error estimate.

Theorem 4.1. Let A 8", m>10,p>1, a >0, andn>m(m —1)*. If

_ AL(A) = Ai(A) (2p+ a/4) In(m — 1)\ > n
#{&M4MM%%AM<< [ >}>WPJW,
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then

1

A(A) = A4 0)\"” (2p + a/4)? In2(m — 1)
<1A1<A>An<A> )] S TR VE

bl (S 1)

In addition, if

AL(A) — N\i(A) (a+2)In(m —1) 2 n
* {MA) ‘ N (A) — A(A) = < Hm — 1) ) } Z 1)
then
M(4) =A™ (4,b) (a+2)°In®(m — 1) »
ettty | (A () S e 1 21-0(e™™).

Proof. We begin by bounding expected relative error. The main idea is to proceed as in the proof of Lemma
3.9, but take advantage of the number of eigenvalues near \;. For simplicity, let Ay = 1 and A, = 0. We
consider eigenvalues in the ranges [0,28 — 1) and [28 — 1, 1] separately, 1/2 < 8 < 1, and then make use of
the lower bound for the number of eigenvalues in [§, 1]. From the proof of Lemma 3.9, we have

_y(m)\ P ) Q2O (1 — )\ 29\ 27
E AL — N < min / Zz:)\i<2,@—711y Q (2 )( ) Py () dy
A1 — A QEPm—_1(1) [0,00)™ Zizl yiQ ()\z)

Zi:A122ﬁ71 yzQQ()\Z)(l — )‘i)2q 27 P
i /[Ofo@” < S yiQ(\i) fr)dy|

D=

where ¢ € N, 2p < 29 < 4dp, fy(y) is given by (8), and 8 € (1/2,1). The second term is at most 2(1 — 3),
and the integrand of the first term is bounded above by

Sincas BQO = 2P\ (S e QP01 - A
D1 Ui (M) - D1 YiQ2(N)

IN

Zi:)\i<2ﬂ—1 yiQQ()\i)(l - Az‘)Qq He
Dinsp YiQ* (i)

_ 1/4
maxXgye(o,25—1] |Q(9«")‘1/2 (1- 5'3)2q ’ <Zz‘:>\i<2ﬂ—1 yl)
ming g Q)] 2in>p Vi

2 41 -1
Let /1-p8= (2p+/4) nl(m ) < 1/4 (if B < 1/2, then our estimate is a trivial one, and we are already
m—
done). By the condition of the theorem, there are at least n/(m — 1)* eigenvalues in the interval [8, 1].

Therefore,

Din<28-1Yi v 1/4 or—1/4
/[Ooo)n SLE ) Ar(ydy <0 R [Y } E [Y }

Yini>p Vi Yoxd, Yoxto m-nyen

D(n/2+ /4T ([n/(m — 1)*]/2 — 1/4)
T(n/2)T ([ (m = 1)1 /2)

(m(m —1)*/2+1/4)'(m/2 —1/4)
T'(m(m —1)>/2)'(m/2)

1.04 (m —1)2/4

IN

IN
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2x
~ Ty (2;3—1 — 1)

for n > m(m — 1)* and m > 10. Replacing the minimizing polynomial by Q(x) = we

obtain

(SIS

maXyeo,26—-1] ‘@(x)’

1 - 1/2 8 < 1/2 (2 -
‘2 Ty (2371 - 1) Tt (E - 1)

Combining our estimates results in the bound

—2
(1—a)* 1 1
2

minge(g,1] ’@(90)

1
(m) Plp 1/p
E <AA1 __Ai ) 1 < (104v2(m - 1)) P e~ VTBn-010 91— )
_ (Lo4v2)'P N (2p + a/4)*In*(m — 1)
(m—1) (m—1)
(2p + a/4)*In*(m — 1)
< 077 ()2

for m > 10, p > 1, and a > 0. This completes the bound for expected relative error. We now produce a

2)1 -1
probabilistic bound for relative error. Let /1 — 8 = (4 2) In(m )

. We h
Tm—1) e have
MoNT g, DB
A — A\ QEPm_1(1) Z?:l EQQ()‘Z)
Q% (2)(1 - -~ Y
< win max_,ﬁe[(?_,gg 1] Q (233)( SU) ZZ.)\[<2571 + 2(1 . ,3)
QEPm-1(1) miNge(g,1] Q*(x) ZmizﬂYi
_ 2 Zi~>\v<2/3—1 Y;
< 72 (—1) Zinewoi oty o g
"A\B Dinzp Vi
< 4 Zi:)\i<2[371 }/Z
< exp{—4ﬂ(m—1)}7+2(1—ﬂ).
By Proposition 3.4,
Sini<as Vi 1 n
P|ZEA20 s ym-1)| < Pl Y Yizom| 4P| Y Vi<
Ei:)\izﬁ Y i\ <2B—1 X >f3 Q(m B 1)
< @) (Ve2) Y = o).

Then, with probability 1 — O(e™™),

A — /\gm)

16 (a+2)%2In*(m — 1)
A=\ '

(m—1)2 8(m —1)2

< 16(m — 1)%e~VI=Am=1) L o1 — ) =

The 16/(m — 1)? term is dominated by the log term as m increases, and, therefore, with probability 1 —
O(e™™),
_ y(m) 27,2 -
A1 — A §.126(a+2) In“(m —1)
/\1 - )\n (m — 1)2
This completes the proof. O

The above theorem shows that, for matrices whose distribution of eigenvalues is independent of n, we can
obtain dimension-free estimates. For example, the above theorem holds for the matrix from Example 1.1,
for a = 2.

When a matrix has eigenvalues known to converge to a limiting distribution as dimension increases, or a
random matrix X, exhibits suitable convergence of its empirical spectral distribution Lx, :=1/n Z:’l:l Oni(Xn)s
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improved estimates can be obtained by simply estimating the corresponding integral polynomial minimiza-
tion problem. However, to do so, we first require a law of large numbers for weighted sums of independent
identically distributed (i.i.d.) random variables. We recall the following result.

Proposition 4.2. ([2]) Let a1, a3, ... € [a,b] and X1, Xo, ... be i.i.d. random variables, with E[X1] =0 and
E[X7] < co. Then 237"  a;X; — 0 almost surely.

We present the following theorem regarding the error of random matrices that exhibit suitable convergence.

Theorem 4.3. Let X,, € §", A(X,,) € [a,b], n = 1,2, ... be a sequence of random matrices, such that Lx,
converges in probability to o(z) dxz in La([a,b]), where o(z) € C([a,b]), a,b € supp(c). Then, for allm € N
and € > 0,

lim P
e A (Xn) — Mn(X) b—a

Jim (’M(Xn) — A (X, b) b—£<m>’ N ) o,

where £(m) is the largest zero of the m'™ degree orthogonal polynomial of o(x) in the interval [a,b].

Proof. The main idea of the proof is to use Proposition 4.2 to control the behavior of Y, and the convergence
of Lx, to o(x)dx to show convergence to our integral minimization problem. We first write our polynomial
P e P, as Pz) =" " a;z7 and our unnormalized error as

=0
Yoy YiP? (i) (A1 — )

A(Xp) — /\im) (Xn,b) = min =
P SR
—  min Z;?;i:o Qjy Ay Z?:z Yi/\gl_‘—jz (A1 —Ni)
- m m—1 n y + I
aaeyﬂfo Zjl,jzzo a0y Doy YA

where Y7, ..., Y, are i.i.d. chi-square random variables with one degree of freedom each. The functions z7,
j=0,...,2m — 2, are bounded on [a, b], and so, by Proposition 4.2, for any €1,e3 > 0,

1 — » 1 o=
- MOy — ) — = J(Ay — \s - _
‘nZYZAI()\l ) nZAz(Al )| < e, j=0,..,2m—2,
1=2 1=2
and
1 & R R
‘nz;YiAg—nz;Ag < €3, j=0,..2m—2,

with probability 1 — o(1). Lx, converges in probability to o(x)dz, and so, for any e3,€e4 > 0,

n b

1 ; )
- Z)\z(/\l - ) —/ 2! (b — z)o(x) dz| < es, j=0,..,2m—2
i=2 a
and
I b
-3 N —/ zlo(x)dz| < e, j=0,..,2m—2,
"= a

with probability 1 — o(1). This implies that
m—1 b ; R .
M) AP o) = iy im0 %% [y 2742 (b = 2)o (@) do + B (. o)
1{(An) — Aq ns = mi

m —1 b . . .
% D a0 Qi1 [fa g tizo(z) de + E(]hh)}

)

where |E(j1,j2)| < €1 + €3 and |E(j1, j2)| < €2 + €4, j1,j2 = 0, ...,m — 1, with probability 1 — o(1).
The minimization problem

min f; P*(x) (ﬁ%i) o(z)dx

b
PGPZZE;I [, P?(z)o(x) dx
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TA
corresponds to a generalized Rayleigh quotient %, where A, B € SV, and A\pnaz(A), Amaz(B), and
oTBa

Amin(B) are all constants independent of n, and a = («vp, ...,am,l)T. By choosing €1, €3, €3, €4 sufficiently
small,
(aTEa)aTBa — (aTEa)aT Aa

(aTBa+ aTEa)a” Ba
(61 + 63)m/\max (B) + (52 + 64)771)\maac (A) <e

B ()‘min(B) —(e2+ 64)m))‘min(B) -

for all @« € R™ with probability 1 — o(1). Applying Proposition 3.3 to the above integral minimization
problem completes the proof. O

The above theorem is a powerful tool for explicitly computing the error in the Lanczos method for certain
types of matrices, as the computation of the extremal eigenvalue of an m x m matrix (corresponding to the
largest zero) is a nominal computation compared to one application of an n dimensional matrix. In Section
6, we will see that this convergence occurs quickly in practice. In addition, the above result provides strong
evidence that the inverse quadratic dependence on m in the error estimates throughout this paper is not so
much a worst case estimate, but actually indicative of error rates in practice. For instance, if the eigenvalues
of a matrix are sampled from a distribution bounded above and below by some multiple of a Jacobi weight
function, then, by equation (iv) Proposition 3.7 and Theorem 4.3, it immediately follows that the error is of
order m~2. Of course, we note that Theorem 4.3 is equally applicable for estimating \,.

5. ESTIMATES FOR ARBITRARY EIGENVALUES AND CONDITION NUMBER

Up to this point, we have concerned ourselves almost exclusively with the extremal eigenvalues \; and
An of a matrix. In this section, we extend the techniques of this paper to arbitrary eigenvalues, and also
obtain bounds for the condition number of a positive definite matrix. The results of this section provide the
first uniform error estimates for arbitrary eigenvalues and the first lower bounds for the relative error with
respect to the condition number. Lower bounds for arbitrary eigenvalues follow relatively quickly from our
previous work. However, our proof technique for upper bounds requires some mild assumptions regarding
the eigenvalue gaps of the matrix. We begin with asymptotic lower bounds for an arbitrary eigenvalue, and
present the following corollary of Theorem 3.1.

Corollary 5.1.
Xi(A) =A™ (A, b)

7

(
AL(A) = An(A)

max
AES™ brtd(Sm1)

>1- 0(1)] >1 - o(1/n)
for m = o(lnn),

max

AES™ batd(Sm-1)

form =0©(lun), and

Ai(A) =A™ (4, ) B
AM(A) =N (4) — m2In’lnn

] >1-o0(1/n)

Ai(A) = A" (A, b) _ Lo8
AM(A) = A (4)

max
AES™ batd(S71)

m2

] >1-o(1/n)

form=o (n1/2 In~"1/2 n) and w(1).

i—1
Proof. Let @1, ..., oy, be the eigenvectors corresponding to A1(4) > ... > A\, (A), and b=1b— Z(go?b)b. By
j=1
the inequalities
TA TA -
)\Z(-m)(A,b) < max 2 = T < max x 7 T )\gm) (A,b),
wekpn(A0N0 272 T er, (apno 27T

‘(ETLP]:O7
j=1,...,i—1
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the relative error

Ai(A) = A (AD)  Mi(A) =A™ (A,D)
AM(A) = An(A) 7 A(A) = An(4)
The right-hand side corresponds to an extremal eigenvalue problem of dimension n — i + 1. Setting the

largest eigenvalue of A to have multiplicity 7, and defining the eigenvalues \;, ..., A,, based on the eigenvalues
(corresponding to dimension n — i + 1) used in the proofs of Lemmas 3.5 and 3.8 completes the proof. O

Next, we provide an upper bound for the relative error in approximating A; under the assumption of
non-zero gaps between eigenvalues Ay, ..., A;.

Theorem 5.2. Letn > 100, m>9+14, p>1, and A€ S". Then

E Ai(A) — )\gm) (A, D) e < 068 n? (572(i’1)n(m _ ,I:)Sp)

peaatsn) [\ N(A) = () = e

and
Ai(A) — )\(m) (A,0) In2 (5—2(i—1)/3n(m _ i)2/3)
£ < 571 o1 ol
brU(S™—T) )\Z(A ( ) (m—z’)2 0( /TL)
where
Lo Moi(A) = M(4)
0= 34 m1n7i M) (A)

Proof. As in previous cases, it suffices to prove the theorem for matrices A with A\;(A) =1 and A\, (A4) =0
(if \; = A\, we are done). Similar to the polynomial representation of )\gm) (A,b), the Ritz value )\Z(-m)(A, b)
corresponds to finding the polynomial in P,,_; with zeros /\ém), k=1,..,i — 1, that maximizes the corre-

i1
sponding Rayleigh quotient. For the sake of brevity, let ¢;(z) = H()\,(cm) — 2)%. Then A" (A,b) can be
k=1

written as
b2P2( )\ i PVIDY
)\Em)(A,b) = max Zj ! j2 g )¢( J) J7
PEPm—i Y5y b3P2(Nj)¢i(Ny)

and, therefore, the error is bounded above by

N S BP0 - )
MA) AT AD) < e S e

The main idea of the proof is very similar to that of Lemma 3.9, paired with a pigeonhole principle. The
intervals [A;(A) — 6A1, Aj(A) + 0], j = 1,...,4, are disjoint, and so there exists some index j* such that

the corresponding interval does not contain any of the Ritz values /\Ecm)(A,b), k=1,..,i —1. We begin
by bounding expected relative error. As in the proof of Lemma 3.9, by integrating over chi-square random
variables and using Cauchy-Schwarz, we have

D

1 i n 2 90\ 77
RCONIE . D jmir YiPH(A)di(A) (1 = Aj)
B0 < /[om( S POy Friw)dy

- P

: >y <s Y P2 (A0 () (1 = 2>\ ’
< Pén’Pli,l—i /[000)"( Z] lyJ ( )¢z( ) fY(y)dy

> jseis Y P2 B (Ag) (1= A)2 |
" /[o,oo)n< Z] LY P2(N)di(N)) > Ty (y)dy

=
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for g € N, 2p < 2?9 < 4p, and any 8 € (0,1). The second term on the right-hand side is bounded above by
1 — 3, and the integrand of the first term is bounded above by

Y in,<p Ui P2 ())0i(A) (1 = A >, <p Y2 di(A) (1 = Aj)* :
i1 YiP2 () ei(A)) i1 YiP2(N)ei(N))

P@I26 @)1 —a)* (Emww)“
208 [P [Y20 (A0 vir

vl
-m"ﬁ

IN

2
By replacing the minimizing polynomial in P,,—; by T,,—; (ﬂm — 1), the maximum is achieved at x = 0,

and, by the monotonicity of T,,_; on [1,00),

2 2 1
Ton—i (6)\3* - 1) > T (B - 1) > §CXP {2 1-5 (m - Z)} .

In addition,
1/2
< §G-1/2,

1

1/4 i—
6./ (0) _ i
1/4
¢i/ ()‘j*) k=1
We can now bound the p-norm by

1 1/4 14 /P
NGO 2/°1(1/4) n —y(m—i)/p 4 ~2
E[(n =) s [ T(1/2) seviz| ° T

A

A A

where v = /1 — 3. Setting v = b
m—

is already greater than one, and trivially holds), we obtain

- In (6*(i71)/2pn1/4p(m - 2)2) (assuming v < 1, otherwise our bound
i

1
(21/4r(1/4)) /p N %th (6‘2(i_1)n(m B Z.)gp)

1
L m\Pp T(1/2)
EKAZ Al ) } < e
In® (6720 Vn(m — i)®P)
< 068 — ,

for m > 944, n > 100. This completes the proof of the expected error estimate. We now focus on the
probabilistic estimate. We have

Zg z+1YJP2( )(151(/\])( )‘j)

A(A) =A™ (A < min

PeEPm—i Z] 1YP2()‘7) ( )
. P (@)i(2)(1 = 2) 2jir, <5 Vi
S LS T POe0n Y, TP
< gLz, <Z — 1> w +(1-7)
-
Y;
< 45720V exp{—4y/T— B(m Zﬂ;?ﬁ’mm.

By Proposition 3.4,

Zj:)\'</3 YvJ

P J > 3.02
v "

IN

P I:Y]* S n—2.01] +IFD Z Yj Z nl.Ol
J#5*

(e/n2.01)1/2 + (n.Olel—n'Ol)("_l)/2 _ O(l/n)

IA
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In (6=20= D302y — 4)2)

Let /1 -8 = I ) . Then, with probability 1 — o(1/n),
m—i
4 In? (672013021 — 4)2)
(A) =AM (A) <
MA AW < Tt 16(m — )2

The 4/(m —i)? term is dominated by the log term as n increases, and, therefore, with probability 1 —o(1/n),
In® (6‘2(i_1)/3n(m - i)2/3)
(m —1)? '

This completes the proof. O

A (A) =A™ (4) < 571

For typical matrices with no repeated eigenvalues, § is usually a very low degree polynomial in n, and, for
i constant, the estimates for \; are not much worse than that of A;. In addition, it seems likely that, given
any matrix A, a small random perturbation of A before the application of the Lanczos method will satisfy
the condition of the theorem with high probability, and change the eigenvalues by a negligible amount. Of
course, the bounds from Theorem 5.2 for maximal eigenvalues \; also apply to minimal eigenvalues A,,_;.

Next, we make use of Theorem 3.1 to produce error estimates for the condition number of a symmetric
positive definite matrix. Let x(A) = A;(A)/A,(A) denote the condition number of a matrix A € S},
and k(™ (A,b) = )\gm)(A, b)/A{™ (A, b) denote the condition number of the tridiagonal matrix T, € ST,
resulting from m iterations of the Lanczos method applied to a matrix A € S, with initial vector b. Their
difference can be written as

w(A) () = A AT AN AN A (= A0) A (- )

An A AT A A
Ap— Al A\
= A)-1) | ———— CONY I ) pil—"
(K}( ) ) )\1 _ )\n + R ( ’b) Al _ )\n b)
which leads to the bounds
_ (m) _\(m) (m)
K(A) K (A,b) S )\1 /\1 H/(A) )\m >\71,
k(A) A1 —An A=Ay
and )
w(A) — k(M (A,b) A = A
> A —1)—.
fmAy = A= DS

Using Theorem 3.1 and Minkowski’s inequality, we have the following corollary.

Corollary 5.3.

K(A) — k(™ (A b _
2 e [y 2 0o D] 21
/{(A)-*:—T_{
for m = o(lnn),
— k(M) 7 — 2
AesT, brU(Sm1) x(m) (A, b) m2In°Inn
K(A)=R
form = 0©(lnn),
su P w(4) — 5 (A,b) > 108,%_1 >1—o0(1/n)
AesT, bU(S™—1) K(m) (A, b) = m?2 -
k(A)=R
form=o (n1/2 In~1/2 n) and w(1), and
1/p
sup E Kk(A) — K (A, ) \" < 068(R+1) In? (n(m — 1))
Aest, b~U (ST K(A) - (m — 1)2

K(A)=R
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forn >100, m > 10, p > 1.

As previously mentioned, it is not possible to produce uniform bounds for the relative error of (™) (A, D),
and so some dependence on k(A) is necessary.

6. EXPERIMENTAL RESULTS

In this section, we present a number of experimental results that illustrate the error of the Lanczos method
in practice. We consider:

o cigenvalues of 1D Laplacian with Dirichlet boundary conditions Ajqp = {2 + 2cos(in/(n+ 1))}y,
e a uniform partition of [0,1], Aynir = {(n —14)/(n — 1)}y,
e cigenvalues from the semi-circle distribution, Agem: = {\;}i,, where

1/24+ (Niy/1 = A2 +aresin\;) /r = (n—i)/(n—1),i=1,..,n,
e eigenvalues corresponding to Lemma 3.8, Ajog = {1 — [(n+ 1 —1)/n] e -

For each one of these spectra, we perform tests for dimensions n = 10%, i = 5,6,7,8. For each dimension,
we generate 100 random vectors b ~ U(S™ '), and perform m = 100 iterations of the Lanczos method on
each vector. In Figure 1, we report the results of these experiments. In particular, for each spectrum, we
plot the empirical average relative error (A — )\gm)) /(A1 — Ayp) for each dimension as m varies from 1 to 100.
In addition, for n = 10%, we present a box plot for each spectrum, illustrating the variability in relative error
that each spectrum possesses.

In Figure 1, the plots of Ajap, Aunif, Asemi all illustrate an empirical average error estimate that scales with
m~2 and has no dependence on dimension n (for n sufficiently large). This is consistent with the theoretical
results of the paper, most notably Theorem 4.3, as all of these spectra exhibit suitable convergence of their
empirical spectral distribution, and the related integral minimization problems all have solutions of order
m~2. In addition, the box plots corresponding to n = 10® illustrate that the relative error for a given
iteration number has a relatively small variance. For instance, all extreme values remain within a range
of length less than .01 m =2 for Apap, 1 m~2 for Auniy, and 4 m ™2 for Agemi. This is also consistent with
the convergence of Theorem 4.3. The empirical spectral distribution of all three spectra converge to shifted
and scaled versions of Jacobi weight functions, namely, Ajq, corresponds to w212 (@), Aunif to w0 (),
and Agemi to wl/Q’l/Z(x). The limiting value of m?(1 — &(m))/2 for each of these three cases is given by
jf,a /4, where ji o is the first positive zero of the Bessel function J,(z), namely, the scaled error converges
to 7r2/16 ~ .617 for Ajqp, = 1.45 for Aypir, and 7T2/4 ~ 2.47 for Asemi. Two additional properties suggested
by Figure 1 are that the variance and the dimension n required to observe asymptotic behavior both appear
to increase with a. This is consistent with the theoretical results, as Lemma 3.8 (and A;,g) results from
considering w®?(x) with a as a function of n.

The plot of relative error for Ajyg illustrates that relative error does indeed depend on n in a tangible
way, and is increasing with n in what appears to be a logarithmic fashion. For instance, when looking at the
average relative error scaled by m?, the maximum over all iteration numbers m appears to increase somewhat
logarithmically (~ 4 for n = 10°, ~ 5 for n = 10%, ~ 6 for n = 107, and =~ 7 for n = 10%). In addition, the
boxplot for n = 108 illustrates that this spectrum exhibits a large degree of variability and is susceptible to
extreme outliers. These numerical results support the theoretical lower bounds of Section 3, and illustrate
that the asymptotic theoretical lower bounds which depend on n do occur in practical computations.
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